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Abstract—In this paper, we analyze a class of actor-critic
algorithms under partially observable Markov decision process
(POMDP) environment. Specifically, in this work we focus on the
two-time-scale framework in which the critic uses a temporal
difference with neural network (NN) as nonlinear function
approximator, and the actor is updated using greedy algorithm
with the stochastic gradient approach. Instead of the common
construction of hidden state estimator, we develop the idea
originated from Singh, Jaakkola and Jordan (1994) into an
online action-dependent actor-critic paradigm. This framework
explores the ability of the adaptive dynamic programming (ADP)
approach in POMDP environment without implementing extra
architectures such as state estimators. Both the theoretical analy-
sis and simulation studies validate that the framework performs
effectively under certain assumptions given in this paper.

I. INTRODUCTION

In certain real-world applications, it may not be possible for

the agent to know the environment thoroughly and completely.

Let’s consider, for example, a robot equipped with sensors that

return an observation [1]. The robot may not know its exact

location, but only the limited information from a camera with

which sensory observations are recorded. Instead of telling the

robot its exact location, the sensors observe whether it is in

a corridor, an open room, a T-junction, or, the fact that there

is a wall to its left [2] . This category of problems is referred

in the community as various terms such as “hidden state”,

or less often used “incomplete perception”, or “perceptual

aliasing”[1]. Mathematically speaking, this category of prob-

lems, known as partially observable Markov decision process

(POMDP), introduces the Hidden Markov Model (HMM) into

reinforcement learning [3]. The POMDP differs from HMM

in that there is not as yet known computationally tractable

algorithm for POMDPs [4].

So far, there are two approaches to tackle this kind of

problems [1]: state-free stochastic policies and policies with

internal states. For instance, the policies with internal states

approaches are rooted in the system theory: the observability

and state observer theory of linear systems. Such approaches

integrate the state estimation with learning control and con-

struct an internal representation of the system states by feature

extraction from past internal representations and the obser-

vation states from sensors [5]. This involves a discussion of
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the length of the past time-window frame: how long should

the critic keep in mind? Recurrent neural network has been

suggested to be a powerful tool in memory [2], which is

successfully demonstrated in [6].

The prevailing research on POMDP up to now is based

on building up a state estimator to output a “belief state”

to estimate the underlying state [7],[8]. Briefly speaking,

A belief state is a probability distribution over states of

the environment, indicating the likelihood, given the agent’s

past experience that the environment is actually in each of

those states. By introducing this term to summarize the past

experience, the hidden states are kept Markov [2]. The state

estimator can be constructed using either the estimated model

or Bayes rule. However, an inevitable drawback of this kind

of approaches lies in that state estimation is notorious for its

heavy computational cost and infeasibility for online learning

[4]. Another concern is that the state estimate component

puts strong restrictions on the environment [4], which usually

becomes an unrealistic assumptions in many real applications.

There are other issues worth attention intrinsically aroused by

state estimation, such as convergence. Implementing the state

estimator into the system introduces the convergence issue to

not only the state estimator itself but also other components

in the system, like the critic and actor.

In this paper, we analyze a class of actor-critic algo-

rithms under a POMDP environment. Specifically, in this

work we focus on the two-time-scale framework in which

the critic uses temporal difference with neural network (NN)

as nonlinear function approximator, and the actor is updated

using greedy algorithm with the stochastic gradient approach.

Instead of the common construction of hidden state estimator,

we develop the idea originated in [4] from semi-batched Q-

learning to online action-dependent actor-critic structure. This

is an intriguing topic since it explores the capability of the

adaptive dynamic programming (ADP) approach in POMDP

environment without implementing extra architectures such

as state estimators. To our best knowledge, this is the first

time to extend the theoretical framework in [4] to an online

action-dependent actor-critic paradigm with neural network as

nonlinear function approximator.

The rest of this paper is organized as follows. Section

2 introduces the framework and detailed analysis of each

network and the whole system. In Section 3, simulation results

with detailed analysis of the proposed method are presented.

Finally, a conclusion is given in Section 4.
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II. SYSTEM ARCHITECTURE AND CONVERGENCE

ANALYSIS

Fig. 1 shows the main architecture of the actor-critic

paradigm adopted in this paper. In this architecture, chain

backpropagation rule is the key to the training and adaptation

of the parameters of all these networks (action network, and

critic network) [9]. Since the learning in the action network

is similar to the classic ADP model, we will only focus on

the system architecture and the convergence issue. In order to

focus on the learning principle, we assume neural networks

with a simple 3-layer nonlinear network (with 1 hidden layer)

are used in both action network and critic network. We would

like to note that the learning principles discussed here can

also be generalized to any arbitrary function approximator by

properly applying backpropagation rule.

Fig. 1. The framework from the actor-critic perspective

A. Convergence of Each Network

In the following, we first give the assumptions for the

convergence of each network at a time, and then prove the

convergence of the algorithm in an analytical way. When

one component (e.g., the critic network) is updating, other

components are considered as stationary, namely, their weight

matrices do not change.

For clear presentation, we adopt the following notations in

this paper.

la(t) the learning rate of action network at time t
lc(t) the learning rate of critic network at time t
x(t) the actual state of the system at time t
o(t) the observation of the system at time t
rux(t) the sample average of actual payoffs received on

executing action u in state xt at time t
u(t) the action the actor takes in observation ot at time t

Assumption 1: (Stepsize) The step sizes lc (t) , la (t) are

positive, non-increasing, and predetermined chosen prior to

execution of the algorithm. Further, they satisfy

lim
t→∞ lc (t) = 0,

∞∑
t=0

lc (t) =∞,

∞∑
t=0

l2
c
(t) <∞

lim
t→∞ la (t) = 0,

∞∑
t=0

la (t) =∞,

∞∑
t=0

l2a (t) <∞ (1)

Remark: This assumption concerns the step size parameters
and is standard for any stochastic approximation algorithm.

Assumption 2: (MDP property) [10] The underlying MDPs

are ergodic for every stationary policy, namely, the MDP

is irreducible and aperiodic. Furthermore, there is a unique

stationary distribution that satisfies πe = 1, πP = π with

π (i) > 0 for all i; here, π is a finite or infinite vector,

depending on the cardinality of state space S. And we further
assume:

(1) the instantaneous reinforcement signal (state transition

cost) ri,j(t) satisfies

∀i, j, t, var (ri,j (t)) <∞ (2)

(2) the discount factor γ < 1. (if γ = 1, all policies lead to
a cost free absorbing terminal state w.p.1 [4], which we will

not discuss in this paper).

Remark: This is similar to the assumption made in [10],

however, Markov chain with absorbing state is not suitable for

our discussion in this paper. This assumption places constraints

on the underlying infinite-horizon discounted MDP. In essence,

we assume that the MDP is irreducible and aperiodic, the

steady-state variance of transition costs is finite, and that the

cost-to-go from any state is well defined and finite.

We assume that the objective of the algorithm is to minimize

a nonnegative cost-to-go function J : H → [0,∞) , or vice
versa, maximize a negative counterpart J : H → (−∞, 0].
Assumption 3: (Value function property) [11]: J is contin-

uously differentiable and its derivative satisfies the Lipschitz

condition

‖∇J (x)−∇J (x′)‖ ≤ K ‖x− x′‖ ,∀x, x′ ∈ H (3)

Where K is some nonnegative constant.

We will now move on with our assumptions. We assume

that all random variables introduced so far are viewed as

defined on a probability space (Ω, F, P ). We introduce {Pt},
an incremental sequence of σ-fields contained in subfields of
Pt , which is used to describe the history of the algorithm up

to time t . Before we introduce the next assumption, we would
like to note the measure-theoretic terminology that a random

variable Z is Pt measurable meaning that Z is completely

determined by the history depicted by Pt [11].

Assumption 4: [11] Let

Pt = {r (t− 1) , r (t− 2) , · · · , lc (t− 1) , lc (t− 2) ,
· · · , la (t− 1) , la (t− 2) , · · · } (4)

Where (t− 1), (t− 2), · · · represent different time steps of
the past history. All the random variables are allowed to be Pt

measurable, lc(t), la(t) are assumed to be non-negative and

mutually conditionally independent given Pt.

Remark: This assumption allows for the possibility of decid-
ing whether to update a particular component at time t, based
on the past history of the process [11].

To examine the learning process taking place in the critic

network, we define the following objective function for the

critic network
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Ẽc =
1
2

∑
i

pi [αJ (t)− J (t− 1) + r (t)]2 (5)

=
1
2

Eo [αJ (t)− J (t− 1) + r (t)]2

It can be seen that (5) is an “averaged” square error in a

statistical sense. To obtain a local minimum of the “averaged”

square error, the Robbins-Monro algorithm can be applied here

by first taking a derivative of this error with respect to (w.r.t)

the parameters, which are the weights in the critic network in

this case, Let

ec = αJ (t)− [J (t− 1)− r (t)] (6)

Since J is smooth in w̃c, and w̃c is bounded, then we have

∂Ẽc

∂w̃c
= Eo

[
ec

∂ẽc
∂w̃c

]
(7)

According to Robbins-Monro algorithm, the root (can be

global or local) of ∂Ẽc

∂w̃c
as a function of w̃c can be obtained

by the following recursion, on condition that the root exists

and that the stepsizes meet the standard requirements, i.e. As-

sumption 1. And Δwc will converge to a stationary minimum.

Δwc (t) = −lc (t)∇wc
J (t) (8)

= −lc (t) {αJ (t)− [J (t− 1)− r (t)]} ∂J (t)
∂wc (t)

Since the action network is almost the identical as above,

we do not take detailed procedure for its convergence proof.

Interested readers can refer to [9] for details.

B. Convergence Of The Whole System: Two-time-scale Prob-
lem

As for the asynchronous implementation, the update of the

value of a particular state may proceed independently of the

updates of the values of other states. [11] showed that as

long as each state is updated infinitely often, i.e., each state

is visited with probability 1 (w.p.1), and each action is tried

infinitely number of times in each state, then the asynchronous

algorithm eventually converges to the optimal value function.

Also, the relation of time scale of different network is a

big issue. As pointed out in [3], in this work we adopt the

assumption that the policy will only change slightly. This

assumption’s merit lies in that it makes possible that the learner

can assess the effect of the policy refinement on the average

reward since the Bellman Error term contains information not

available to the learner.

There are two aspects of views of the actor-critic time

scale problem. The first holds that the whole structure can be

viewed as a loop diagram in Fig. 2. From this perspective, we

can consider the internal loop includes the system model and

critic network, and the outer loop includes the action network

and the internal loop. To be stabilized, the internal loop must

operate at a higher frequency than the outer loop, according to

feedback theory [12]. The second aspect is that the actor-critic

can be viewed as a kind of adaptive tracking control [13]. It

Fig. 2. The framework from a control community perspective

can be understood as the critic is trying to track the actor’s

policy adaptively. The two-time-scale involves a tradeoff, or

pessimistically speaking, a dilemma. Let’s talk about the

learning rate of the critic first. On one hand, the learning

rate should satisfy Assumption 1, namely, non-increasing and

decaying with time. On the other hand, to track changes of the

statistics of the environment that are slow relative to the step-

size of the algorithm convergence of stochastic approximation

driven by stationary or asymptotically stationary ergodic noise,

constant step-sizes should be used [14].

However, to assume that the environment changes slowly

relative to the step sizes employed by users is such a restrictive

assumption that is difficult to be satisfied in many applications.

To this end, in our current work we simply assume the learning

rate of the actor decays slowly compared with the learning

rate of the critic. If the statistics of the actor is changed at a

rate slower than that of the critic in stochastic approximation,

it will be practical to study the tracking ability of stochastic

approximation with decreasing stepsizes,

Assumption 5: (Two-time-scale) [13],[15] Let lc (t) and la (t)
be the learning rate of the critic network and action network

of the POMDP system, respectively. Then ∃d > 0,

∑
t

(
la (t)
lc (t)

)d

<∞ (9)

Remark: For finite MDPs, according to the convergence law
of positive term series, the assumption can be weakened as

lim
t→∞

la (t)
lc (t)

= 0 (10)

Equations (1) and (9) indicate this is a contraction mapping

with radius of convergence < 1, i.e. la(t) should be faster than
lc(t), so |la(t)| < |lc(t)| < 1.

C. Convergence of POMDP Problem

Here we present the analysis of the actor-critic paradigm

driven by POMDP environment. Our idea is originated in [4],

which set a rough theoretical framework for semi-batched Q-

learning without state estimators.

Theorem 1: (The online Action-dependent version) Given

Assumption 1, 2, 3, 4, the gradient-based action-dependent

actor-critic paradigm using nonlinear function approximator

will converge to the optimal value of the following system

equations w.p.1, i.e., ∀o ∈ O
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V (o) =
∑
x

Pπ (x|o)
[
rπx (t) + γ

∑
o′

Pπ (x, o′)V (o′)

]
(11)

Pπ (x, o′) =
∑
x′

(Pπ (x, x′)P (o′|x′)) (12)

Further, if Assumption 5 is satisfied, then there exists a

persistent policy π so that during learning, the actor-critic

algorithm will converge to the solution of the following system

equation w.p.1, i.e.,∀o ∈ O

J (t) =
∑
x

Pπ (x|o, u)

.

[
rux (t) + γ

∑
o′

Pu (x, o′)max
u′

Ju′
o′ (t + 1)

]
(13)

For the online version, the estimated value function is the

following

J (t) =
∑
x

Pπ (x|o, u)

[
rux (t) + γ

∑
o′

Pu (x, o′)J (t + 1)

]
(14)

Pπ (x|o, u) is the asymptotic probability under optimal

policy π , and Pu (x, o′) is computed in equation 12.

Proof: The (state, action) pair becomes (state, observation,

action) pair in the POMDP situation. First we introduce some

indicator functions. Let

χt (o, u) =

⎧⎨
⎩ 1

at time t action u was
executed in observation o

0 otherwise

χt (x|o, u) =

⎧⎨
⎩ 1

at time t the actual hidden was x
when the obsevable pair was (o, u)

0 otherwise

χt (o, o′|u) =

⎧⎨
⎩ 1

at time t transition took
place from o to o′ if u was taken

0 otherwise

J (t + 1) = (1− χt (o, u) lc (t))J (t)

+χt (o, u) lc (t)
[∑
x

χt(x|o,u)
χt(o,u)

rux (t) + γ
∑
o′

J (t)
χt(o,o′|u)
χt(o,u)

]
(15)

Also the following assumption holds

Vt (o) = max
u

Ju (t) (16)

The bias can be expressed as

Ft (o, u) =
∑
x

χt(x|o,u)
χt(o,u)

rux (t)

+γ
∑
o′

{
Vt+1 (o′, u′)

χt(o,o′|u)
χt(o,u)

}
− J (t)

=
∑
x

χt(x|o,u)
χt(o,u)

rux (t)

+γ
∑
o′

{
max
u′

Ju′
(t + 1)

χt(o,o′|u)
χt(o,u)

}
− J(t)

(17)

Then we have

Ft (o, u) =
∑
x

(
χt(x|o,u)
χt(o,u)

rux (t)− Pπ (x|o, u) rπx (t)
)

+γ
∑
o′

χt(o,o′|u)
χt(o,u)

[
Vt (o′)− V̂t (o′)

]
+γ

∑
o′

[
χt(o,o′|u)
χt(o,u)

− Pu (o, o′|π)
]

V̂t (o′)

(18)

Where

Pu (o, o′|π) =
∑
x

Pπ (x|o, u)

[∑
x′

(Pu (x, x′)P (o′|x′))
]
(19)

And the V̂t is the observation of Vt.
We further define the following two terms:

Pt (x|o, u) := E

{
χt (x|o, u)
χt (o, u)

}
(20)

Pt (o, o′|o, u) := E

{
χt (o, o′|u)
χt (o, u)

}
(21)

Therefore, the expected value of Ft (o, u) can be bounded
as

‖E {Ft (o, u)}‖
≤

∥∥∥∥E

{∑
x

(
χt(x|o,u)
χt(o,u)

− Pπ (x|o, u)
)

rπt (x)
}∥∥∥∥

+γ
∥∥∥Vt − V̂t

∥∥∥
+γ

∥∥∥∥E

{∑
o′

[
χt(o,o′|u)
χt(o,u)

− Pu (o, o′|π)
]

V̂t (o′)
}∥∥∥∥

≤ γ
∥∥∥Vt − V̂t

∥∥∥ + cεt

(22)

Where εt satisfies

εt = max
(
ε1t , ε

2
t

)
(23)

ε1t = max
(x,o,u)

|Pt (x|o, u)− Pπ (x|o, u)| (24)

ε2t = γ max
(o,o′,u)

|Pt (o, o′|o, u)− Pu (o, o′|π)|

Thus the bias Ft (o, u) is a contraction mapping.
Next we will show that the variance of Ft (o, u) is also

bounded. Since the discounted factor γ is smaller than 1, then

the variance is bounded since the variance of the sample prob-

abilities is bounded. Therefore, by theorem 1 of [10], for ∀ε >
0, with probability 1− ε , ∀δ > 0 , lim

t→∞ |J (t)− J (∞)| < δ,
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thus the online action-dependent version converges w.p.1 [4].

In brief, it is proved that the difference caused by the online

updating asymptotically diminishes to zero in the time limit

sense almost surely (a.s).

III. SIMULATION ANALYSIS

A. System Model

In this section, we will demonstrate the performance of

the proposed approach in a Furuta pendulum swing-up and

balancing task. In this paper, the case under study is identical

to the one in [16]. The model is described with the differential

equations as follows.

M (q)
∂2q

∂t2
+ P

(
q,

∂q

∂t

)
= Bu (25)

M (q) =
[

M11 (q) M12 (q)
M12 (q) M22 (q)

]
(26)

P

(
q,

∂q

∂t

)
=

⎡
⎣ P1

(
q, ∂q∂t

)
P2

(
q, ∂q∂t

)
⎤
⎦ (27)

M11 (q) = Jeq + Mpr
2 cos2 (q1) (28)

M12 (q) = −1
2

Mprlp cos (q1) cos (q2) (29)

M22 (q) = Jp + Mpl
2
p (30)

P1

(
q, ∂q∂t

)
= −2Mpr

2 cos (q1) sin (q1)
(
∂q1
∂t

)2
+ 1
4Mprlp cos (q1) sin (q2)

(
∂q2
∂t

)2 (31)

P2

(
q, ∂q∂t

)
= 1
2Mprlp sin (q1) cos (q2)

(
∂q1
∂t

)2
+Mpgrlp sin (q2)

(32)

• Mp = 0.027 mass of the pendulum
• lp = 0.153 the length of the pendulum center to the pivot

• Lp = 0.191 total length of pendulum
• r = 0.0826 the length of arm pivot to pendulum pivot

• g = 9.81 the gravitational acceleration constant
• JP = 1.23×10−4 the pendulum moment of inertia about

its pivot axis

• Mag = 10 analog control conversion gain (in New-

ton/volt)

This model consists of four state variables:

q1(t) angle of the driving arm w.r.t the horizontal position;
∂q1(t)
∂t angular velocity of the driving arm;

q2(t) angle of the pole w.r.t the vertical position;
∂q2(t)
∂t angular velocity of the pole;

In the simulation, a run consists of a maximum of 1000

consecutive trials. Note that only angle of the driving arm

and angle of the pole are observable whereas angular velocity

of the driving arm and angular velocity of the pole are not.

That is to say q1(t) and q2(t) constitute the observable layer.

TABLE I
SUMMARY OF PARAMETERS USED IN SIMULATION

Parameters *lc(0) la(0) lc(f) la(f)

Value 0.6 0.3 0.005 0.001 *

Parameters Nc Na Tc Ta Nh

Value 50 100 0.05 0.005 6

A run is considered successful if the last trial (trial number

less than 1000 in this case) of the run lasted 100,000 time

steps. Otherwise, the run is considered unsuccessful. All the

results are based on 20 random runs with zero initial states

and random initial weight matrices. In our simulation, the time

step was set 0.02s; a pole is considered failure once the pole is

outside the range of [−12◦, 12◦] or the driving arm is beyond

the range of [−170◦, 170◦] in reference to the central position.
The control u generated by the action network is converted into
force by an analog amplifier through a conversion gain Mag
= 10 (in Newton/volt). Other parameters are shown shown in

Table I.

B. Result Analysis

The network’s parameters are demonstrated as follows.

lc (0) initial learning rate of the critic network

la (0) initial learning rate of the action network

lc (t) learning rate of the critic network at time t which is

decreased by 0.05 every 5 time steps until it reaches

lc (f) and stays at lc (f) thereafter
la (t) learning rate of the action network at time t which is

decreased by 0.05 every 5 time steps until it reaches

la (f) and stays at la (f) thereafter
Nc internal backpropagation cycle of the critic network

Na internal backpropagation cycle of the action network

Tc internal training error threshold of the critic network

Ta internal training error threshold of the action network

Nh total number of hidden nodes

The details of these parameters are summarized in Table

I. To be more applicable, we also conducted experiments of

additive noise both on sensor and actor, i.e., to the state mea-

surements and the action network output. Identical to the noise

level setting in [9], we implemented the actor noise through

u = u × (1 + noise percentage) . For the sensor noise,

the experiments were carried on with adding both uniform

and Gaussian random variables to the angle measurement.

The uniform state sensor noise was implemented through

θ = θ × (1 + noise percentage) . Gaussian sensor noise

was zero mean with specified variance.

The results under different noise levels are shown in Table

II. Fig. 3 and Fig. 4 show the trajectory and histogram of

pendulum angle in a typical run under noise free situation,

respectively. Fig. 5 shows the performance of the pole angular

velocity (note that this variable is not available to actor and
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TABLE II
SUMMARY OF PARAMETERS USED IN SIMULATION

Noise type Result

Noise free 40.5
Uniform 10% actor 46.2
Uniform 10% sensor 44.1

Gaussian σ2 = 0.1 sensor 59.3
Gaussian σ2 = 0.2 sensor 76.4
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Fig. 3. Pole angle trajectory of the pendulum

critic). From Fig. 5 we can see that the actor-critic not only

balance the pole angle, but can also stabilize the hidden state
∂q2(t)
∂t as well. This is within our expectation in that the pole

angular velocity converges since the pole is balanced in the

steady state. From these results one can see, the proposed

framework is able to fulfill the balancing task of Furuta

pendulum. This indicates that the proposed approach may

provide important theoretical suggestions of the ADP research

as well as powerful practical techniques. Preliminary results

are promising and effectively validate the framework proposed

in this paper under POMDP environment.

IV. CONCLUSION

In this paper, we develop the idea originated in [4] into an

online action-dependent gradient-based actor-critic paradigm
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Fig. 4. Histogram of pole angle trajectory of the pendulum
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Fig. 5. Pole angular velocity trajectory of the pendulum

[9]. This is an important topic since it explores the ability

of the adaptive dynamic programming approach in POMDP

environment without building up state estimators to output

belief states. Both theoretical research and detailed simulation

results based on the Furuta pendulum balancing task are used

to demonstrate the effectiveness of this approach.
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