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Abstract – We present a fault-independent redundancy
identification algorithm. The controllabilities and ob-
servabilities are defined as Boolean variables and repre-
sented on an implication graph. A major enhancement
over previously published results is that we include all
direct and partial implications, as well as node fixation.
The transitive closure, whose computation now requires
a new algorithm, provides many redundant faults in a
single-pass analysis. Because of these improvements,
we obtain better performance than all previous fault-
independent methods at execution speeds that are much
faster than any exhaustive ATPG. For example, in the
s9234 circuit more than half of the redundant faults are
found in just 14 seconds on a Sparc 5. All 34 redundant
faults of c6288 are found in one pass. Besides, our single
pass procedure can classify faults according to the causes
of their redundancy. The weakness of our method, as we
illustrate by examples, lies in the lack of a formulation
for the observabilities of fanout stems.

1. Introduction

Redundant faults in a combinational circuit are faults
that no input patterns can detect [2]. Redundancy iden-
tification makes sure that the circuit does not have re-
dundant logic gates, because redundancies increase the
circuit size, which in turn increases the chip area, power
consumption and propagation delay. The other reason
as to why redundancies should be identified is the reli-
ability of the circuit, because in the presence of redun-
dant faults some testable faults may be masked. There
are three types of approaches to redundancy identifica-
tion: first is automatic test pattern generation (ATPG),
the second is testability analysis where depending on the
type of method we use, i.e., approximate or exact, we can
identify all or a subset of redundant faults, and the third
is the fault-independent approach.

∗Visiting Professor, Dept. of ECE, Rutgers University, Piscat-
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An ATPG based method uses an exhaustive test pat-
tern generator to determine whether or not a target fault
has a test. A complete test generation thus produces a
list of all redundant faults. These ATPG tools include D-
algorithm [18], PODEM [8], FAN [6], SOCRATES [19],
recursive learning [13] and others [4, 11, 14].
Testability analysis involves circuit topological anal-

ysis, but no test vectors. It has linear complexity [2].
The analysis may involve controllability and observabil-
ity variables for all signals [17]. Goldstein [9] invented
an algorithm to determine the difficulty of controlling
and observing signals in digital circuits. These mea-
sures, also known as SCOAP measures, consist of combi-
national and sequential 0-controllability, 1-controllability
and observability. Probability is another type of testabil-
ity measure. The 1-controllability and 0-controllability
are the probabilities of a signal value on a line being
set to 1 and 0, respectively, by a random vector. Parker
and McCluskey [16] gave an algebraic procedure for com-
puting line controllabilites. Seth and Agrawal developed
PREDICT [20], where they break the circuit into par-
titions known as supergates, which completely include
reconvergent fanouts. Their technique can compute ex-
act probabilities, but the computational complexity of
the problem is exponential in the supergate size.
Fault-independent methods analyze the circuit topol-

ogy and function without targeting a specific fault.
Menon et al. [10, 15] proposed repeated computation
of the controlling value paths associated with every
reconvergent gate of every circuit stem. Iyer and
Abramovici [12] developed an algorithm based on the
concept that a fault requiring conflicting signal assign-
ments as necessary conditions for detection is unde-
tectable and hence redundant.
Agrawal et al. [1] used the controllability and observ-

ability variables to generate the graph and then applied a
transitive closure algorithm to identify redundant faults.
Gaur et al. [7] used a subset of all possible partial impli-
cations to identify redundant faults. The circuit is con-

Proceedings of the 16th International Conference on VLSI Design (VLSI’03) 
1063-9667/03 $17.00 © 2003 IEEE 

149



b

c
a

a

a b

c

c

b

Figure 1: Boolean AND gate and its controllability im-
plication graph with ANDing nodes.

verted into a graph with the signals represented by two
different type of nodes: a controllability node represents
the Boolean logic value on any line that is controllable
with respect to primary input and an observability node
represents the observability status of any signal with re-
spect to the primary output. These nodes have true and
false Boolean states. The graph is completed by adding
implication edges as explained in the next section.

2 Boolean Satisfiability and Implications

We use a Boolean false function for developing Boolean
satisfiability relationships and draw implications from
that function, as reported by Chakradhar et al. [3]. Fol-
lowing subsections explain how the relationships are de-
veloped using an example of a two-input Boolean AND
gate.

2.1 Controllability Relationships

The Boolean false function for the controllability rela-
tionships of the inputs and output for the AND gate,
shown in Figure 1, is given by:

ab ⊕ c = 0 (1)

Here a and b are inputs and c is the output, all three
being Boolean variables [7], and ⊕ is the symbol for the
XOR operation. Equation 1 can be expanded as follows:

ac+ bc+ abc = 0 (2)

For Equation 2 to hold all three terms on the left hand
side must be 0. The two pair-wise terms are implemented
as the direct implications in the graph shown in Figure 1.
For the term ac, c → a (i.e., c = 1 implies a = 1) and
a → c (i.e., a = 0 implies c = 0) are the two direct
implications, shown with solid arcs. The third term is a
higher-order term that gives six partial implications [11],
implemented with three ANDing nodes, (a and b) → c
(i.e., both a = 1 and b = 1 must be true for c = 1), (a
and c) → b (i.e., both a = 1 and c = 0 are necessary

Table 1: Boolean false function for two-input gates.

Boolean gate Boolean false function
OR (a+b) ⊕ c = 0
NOR (a+ b) ⊕ c = 0
NAND ab ⊕ c = 0
NOT a ⊕ b = 0

for b = 0) and (b and c) → a (i.e., both b = 1 and c =
0 are necessary for a = 0), as shown in Figure 1 with
broken-line arcs.
Similarly, the Boolean false functions for the other

two-input Boolean gates can be derived and are given
in Table 1, where a and b are inputs and c is the output
of all the gates except for the NOT gate where a and b
are input and output signals, respectively. The Boolean
false function for gates with more than two inputs can
be derived in a similar fashion. A fanout stem implies
the branches and the branches imply the stem, only in
controllabilities.

2.2 Observability Relationships

A Boolean observability variable Ol is assigned to every
line l in the circuit and represents the observability of
the signal on line l with respect to the primary output.
For any Boolean gate, in order to observe any particu-
lar line (considered to be the input of some gate) at the
primary output, all the other inputs of that gate should
hold non-controlling values and the output of that gate
must be observable at a primary output. The observ-
ability relationships, for the two-input AND gate shown
in Figure 1, can be derived as follows: In order to ob-
serve signal a at the primary output, signal b must hold
the non-controlling value (i.e., b=1 for the AND gate)
and signal c must be observable at a primary output.
These two conditions can be expressed with an AND
gate, whose two inputs become signals Oc and b and the
output is signal Oa, as shown in Figure 2. The Boolean
false function for this relationship is given by the follow-
ing Equation:

bOc ⊕ Oa = 0 (3)

The implication graph can be constructed for this new
AND gate of Figure 2 in similar fashion as was done for
the controllability signals with direct implications and
partial implications using ANDing nodes. A similar re-
lationship can be established for the second input signal b
of the AND gate of Figure 1. The Boolean false functions
for the other two-input Boolean gates can be derived for
observability and are given in Table 2, where a and b are
input signals and c is the output signal for all the gates
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Figure 2: Observability gate and implication graph for
signal a of Boolean AND gate of Figure 1.

Table 2: Boolean false function for observability rela-
tionships for two-input Boolean gates.

Boolean Observability Boolean false function
gate For input a For input b

OR bOc ⊕ Oa = 0 aOc ⊕ Ob = 0
NOR bOc ⊕ Oa = 0 aOc ⊕ Ob = 0
NAND bOc ⊕ Oa = 0 aOc ⊕ Ob = 0
NOT Oa ⊕ Ob = 0 -

except for the NOT gate, where a and b are input and
output signals, respectively. Similarly, the Boolean false
function can be constructed for gates with more than
two inputs.

2.3 General Formulae

We derive general formulae for the number of controlla-
bility, observability and ANDing nodes required to build
the implication graph and the number of direct and par-
tial implications done from the Boolean false function
for the observability and controllability relationships for
Boolean gates with n inputs.

2.3.1 Controllability and Observability Nodes

For an n-input Boolean gate, the total number of Cnodes

(controllability nodes) will be:

#Cnodes = 2(n+ 1) (4)

Here, 1 is added to n to account for the output variable
of the gate. A factor of 2 appears because every signal
line is expressed with two logic values, viz., true and
false, in the implication graph. For example, for signal
line a of the gate shown in Figure 1 the graph will have
two nodes a and a showing the true and false status of
signal line a. With similar reasoning, the total number
of Onodes (observability nodes) will be:

#Onodes = 2(n+ 1) (5)

Hence, the total number of nodes in the implication
graph for a gate will be the sum of Equations 4 and
5:

number of nodes = 4n+ 4 (6)

The total number of nodes [2] in a k-gate circuit will be:

#total nodes = 4× [#PIs+ k +#fanout branches]
(7)

2.3.2 ANDing Nodes

The ANDing nodes are required for both controllability
and observability. For controllability, the total number
of ANDing nodes required is given by following equation:

#CANDing nodes = n+ 1 (8)

Here, n is the number of inputs of the gate being con-
sidered. For observability, the total number of ANDing
nodes required is given by the following equation:

#OANDing nodes = n(n+ 1) (9)

Here, n is the number of inputs of the gate being consid-
ered. Because each input of the gate is individually con-
sidered we have n times n+ 1. Hence, the total number
of ANDing nodes, for a gate, in the implication graph, is
the sum of Equations 8 and 9:

#ANDing nodes = n2 + 2n+ 1 (10)

Now, the total number of ANDing nodes in the given
circuit will be:

Total # of ANDing nodes =
k∑

i=1

(n2
i + 2ni + 1) (11)

Here, k is the total number of gates present in the circuit
and ni is the number of inputs of the ith gate of the
circuit. Since the ni’s are bounded, the total number of
nodes in the implication graph is proportional to k.

2.3.3 Direct and Partial Implications

The total number of direct implications for an n-input
gate is given by:

Number of direct implications = 2n+ 2n2 (12)

The first term in Equation 12 refers to the number of di-
rect implications for the controllability relationship and
the second term refers to the number of direct implica-
tions for the observability relationship. The total num-
ber of partial implications for an n-input gate is given
by:

#Partial implications = n × (number of anding nodes)
(13)
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Hence, from Equation 10:

#Partial implications = n × (n2 + 2n+ 1) (14)

For the complete circuit the total number of direct im-
plications will be added for all gates as shown below:

Total # of direct implications =
k∑

i=1

(2ni + 2n2
i ) (15)

For the complete circuit the total number of partial im-
plications will be added for all the gates as shown by the
following formula:

Total # of partial implications =
k∑

i=1

(n3
i + 2n

2
i + ni)

(16)
Here k is the number of gates in the circuit and ni is the
number of inputs for the ith gate. The number of direct
implications shown here is before the transitive closure is
calculated, because we will have more direct implications
after transitive closure is calculated.

TCw partial [7] algorithm does much better than
TC [1], because of partial implications implemented.
Previously published examples [7] show that it does bet-
ter than FIRE [12]. MUST [21] does only pairwise im-
plications, while TCw partial [7] does more than pairwise
implications; it globally examines all implications. Tran-
sitive closure has a complexity [5] that is linear in the
graph size. It is more efficient than the exponential-
complexity ATPG. Besides, empirical evidence points to
an almost linear complexity [7].

3 Improvements

Figure 3 shows circuit-1, in which there are 7 redun-
dant faults. The mehtod of Gaur et al. [7] could only
identify s-a-1 faults on e and f . Our algorithm can iden-
tify an additional fault g s-a-1 at the PO. The remaining
four faults that are not identified by our algorithm are
shown shaded in the figure. The reason for identifying
the PO redundant fault is the node fixation concept. If
any node is fixed to a particular logic value, then we
put edges from all the nodes in the graph to that fixed
node and that helps us to identify this type of redundant
fault. Nodes e and f are both s-a-1, so we have edges
from g to e and f , which in turn through anding node,
imply g. Thus transitive closure has an edge from g to
g, as shown in Figure 4. The other four faults, which are
not identified, are in pairs of two faults on lines a and b,
respectively. They are not identified because we do not
have any relationships for relating the observabilities of
the fanout branches with their stem.
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Figure 3: Example circuit-1.
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Figure 4: Implication Graph for Example circuit-1.

4 Limitations

The circuit-2 of Figure 5 is a modified version of the
example of Figure 3. Our algorithm can identify 4 re-
dundant faults out of 6. The three s-a-1 faults on the
stem and fanout of the output of the OR gate could be
identified due to the controllability relationships of the
fanout branches and stem. The other fault identified was
the s-a-1 fault on the primary output, because both of
the inputs of the AND gate were fed by the same signal.
The two remaining s-a-1 and s-a-0 faults on the primary
input a could not be identified because there is no rela-
tionship for fanout branch and stem observability. This
is the limitation of our method, that redundant faults
due to stem unobservability cannot be identified. The
fault classification of the redundant faults in circuit-1
and circuit-2 is shown in Table 4.

5 Results

Table 3 shows the results obtained on ISCAS ’85
and ISCAS ’89 benchmark circuits. The first column
shows the names of benchmark circuits for which re-
sults from various programs are compared with respect
to the redundant faults identified and their respective
CPU times. The next column shows the total number
of faults present in the circuit. The next two columns
show the redundant faults identified and CPU time in
seconds for the ATPG tool TRAN [4] by Chakradhar et
al., which uses transitive closure for test generation. The
next two columns lists the result of FIRE [12] by Iyer and
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Table 3: Combinationally redundant faults in ISCAS ’85 and ISCAS ’89 benchmark circuits.

Circuit Total Redundant faults identified and run time on Sun workstations (a: Sparc 5; b: Sparc 2)
faults TRAN [4] FIRE [12] TC [1] TCw partial [7] NewAlgo.

Redun. CPU Redun. CPU Redun. CPU Redun. CPU Redun. CPU
faults s (a) faults s (b) faults s (a) faults s (a) faults s (a)

c432 524 4 0.8 - - 0 0.1 0 0.2 0 0.2
c499 758 8 1.8 - - 0 0.2 0 0.2 0 0.2
c880 942 0 4.0 - - 0 0.3 0 0.4 0 0.5
c1355 1574 8 11.0 - - 0 0.7 0 0.9 0 0.7
c1908 1879 7 13.0 6 1.8 2 0.8 2 0.9 2 1.0
c2670 2747 115 95.2 29 1.5 23 1.3 25 1.5 61 1.6
c3540 3428 131 24.9 93 11.9 54 5.9 74 6.2 123 2.7
c5315 5350 59 32.3 20 2.8 20 3.4 32 3.4 57 4.6
c6288 7744 34 38.0 33 1.3 31 1.0 31 1.8 34 4.9
c7552 7550 131 308.0 30 4.7 32 5.2 34 5.8 55 8.6
s349 350 2 0.3 2 0.2 1 0.1 2 0.2 2 0.2
s444 474 14 0.4 11 0.2 2 0.1 8 0.2 10 0.2
s713 581 38 3.1 32 0.1 29 0.3 35 0.3 38 0.4
s1238 1355 69 17.4 6 1.9 4 0.5 6 0.6 20 0.7
s1423 1515 14 8.5 5 0.3 4 0.6 8 0.7 12 0.8
s1494 1506 12 3.7 1 1.1 1 0.7 1 0.8 3 1.0
s5378 4603 40 73.0 34 3.7 20 2.5 22 3.0 23 4.1
s9234 6927 452 803.7 165 20.6 16 9.8 135 11.2 232 13.5
s13207 9815 151 806.5 55 23.2 9 11.2 60 13.6 73 39.0

�
�
�
�

�
�
�
�
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d

s−a−1
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Figure 5: Example circuit-2.

Abramovici. The next two columns show the results of
the transitive closure algorithm without partial implica-
tions by Agrawal et al. [1]. The next two columns show
the result of the transitive closure algorithm with some
of the partial implications by Gaur et al. [7]. The last
two columns are the results of the new fault-independent
algorithm, which uses transitive closure for redundancy
identification. The sequential benchmark circuits were
converted into combinational circuits by removing the
flip-flops from the circuit and making flip-flop outputs
into primary inputs and making flip-flop inputs into pri-
mary outputs. There are no aborted faults in TRAN [4]
for all circuits in Table 3.
We use benchmark circuit c3540 to compare results for

all these different programs with our work. The ATPG
tool TRAN [4] identifies all the 131 redundant faults in
the circuit without aborting any fault in CPU time of
24.9 sec. FIRE [12] identifies 93 redundant faults with a
CPU time of 11.9 sec. Next, the transitive closure algo-
rithm without partial implication [1] identifies 54 redun-

Table 4: Fault classification for the three example cir-
cuits.
Example Fault classification
circuits Unexcitable Unpropa- Undrivable

red. fault gatable red. red. fault
fault

Circuit-1 e1,f1g1 a0,a1,b0,b1 -
Circuit-2 c1,c11,c21,d1 a0,a1 -

dant faults with CPU time of 5.9 sec. Next, the transi-
tive closure algorithm with partial implications [7] iden-
tifies 74 redundant faults with CPU time of 6.2 sec. Fi-
nally, our algorithm identifies 123 redundant faults very
rapidly, i.e., the CPU time is just 2.7 sec. Thus, in the
benchmark circuit c3540 our algorithm identifies more
redundant faults then any of the fault independent algo-
rithms. The redundant faults identified by our work are
much greater than all the other methods described in the
result table with comparable CPU time. The results are
also comparable to the ATPG tool TRAN because for
the benchmark circuits c3540, c5315, c6288, s349, s444,
s713, s1423 and s9234 our work provides either all or
close to all redundant faults.

Some redundant faults on the stems of fanouts cannot
be identified, as we do not have any stem unobservability
relationships. However, the redundant faults due to stem
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uncontrollability are identified by our method.

6 Conclusion

Partial implications represent a major enhancement
in the implication graph representation of Boolean func-
tions. Incorporating these in the existing redundancy
identification algorithm required another advancement,
i.e., a new algorithm for computing the transitive closure.
As we show, we perhaps have the best fault-independent
single-pass redundancy identification algorithm. Its ap-
plications include circuit optimization by redundancy re-
moval and redundancy identification for enhancing the
ATPG performance. Future research may find new ways
of representing observabilities of fanout stems, which will
further improve the capability of the method. However,
to retain a lower complexity than the exponential com-
plexity of an ATPG algorithm, the procedures such as
the one presented here may guarantee the identification
of most, but not all, redundancies.
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