ELEC 2200-002 Digital Logic Circuits 
Fall 2008
Homework 4 Solution
Assigned 9/28/08, due 10/6/08

Problem 1: Prove that the number of elements in a Boolean algebra is always even.
Answer: According to postulate 6, every element in the set K must have a unique complement element in the set. Thus, each element and its complement form a pair of elements and the total number of elements is even.
Problem 2: Consider a set K of numbers having all eight factors of 30, that is, {1, 2, 3, 5, 6, 10, 15, 30}. Let two binary operations be LCM (least common multiple) denoted as + and GCF (greatest common factor) denoted as · . Show that:
(a) The identity element for + (LCM) is 1 and that for · (GCF) is 30.
(b) The complement of an element can be obtained by dividing 30 by that element.

(c) This system is a Boolean algebra.
Answer:

(a) For any element a, a + 1 = LCM(a, 1) = a, thus 1 is identity element for +
For any element a, a · 30 = GCF(a, 30) = a, thus 30 is identity element for ·

(b) For element a, assume ā = 30/a, first we verify that 30/a is also in the set. Further, a + ā = LCM(a, 30/a) = 30, which is the identity element for ·
Similarly, a · ā = GCF(a, 30/a) = 1, which is the identity element for +
Therefore, ā = 30/a satisfies the postulate for the existence of complement for every element, which is also in the set.
(c) We examine the postulates of Boolean algebra:
1. Operations LCM and GCF are binary and their application to any pair of elements produces some element also in the set.

2. Identity elements exist as shown in (a).

3. LCM and GCF are commutative.

4. LCM and GCF are associative.

5. LCM and GCF are distributive. For example,

3 · (6 +10) = 3 · 30 = 3, and 3 · 6 + 3 · 10 = 3 + 1 = 3
6. Existence of complement is shown in (b).

We conclude that the given system is a Boolean algebra.

Problem 3: Show that the two-valued switching algebra of elements {0, 1} with OR (+) and AND (·) operations is a Boolean algebra. The two operations are defined as follows:
	OR (+)
	0
	1

	0
	0
	1

	1
	1
	1


	AND (·)
	0
	1

	0
	0
	0

	1
	0
	1


Hint: Verify postulates 1 through 6 of Boolean algebra. One way to verify the correctness of an equation is to use a method called the perfect induction, where the equation is satisfied by all possible combinations of values assigned to the variables occurring in the equation.
Solution: We examine the postulates of Boolean algebra for the two operations defined in the following tables:

Postulate 1. AND and OR are binary operators, which, when applied to a pair of variable in {0, 1}, produce a result that is also in {0, 1}. It is, therefore, a closed system.

Postulate 2. The elements 0 and 1 are the identity elements for OR and AND, respectively, because for a variable a assuming any value from {0, 1} satisfies the following equations:




 a + 0 = a
and
a 1= a

Postulate 3. Both operations are commutative because both tables have diagonal symmetries.




 a + b = b + a
and
a b = b a

Postulate 4. For three variables a, b and c, associativity means:



a + (b + c) = (a + b) + c
and
a (b c) = (a b) c

The correctness of these equations is proven by “perfect induction”. The variables a, b and c can assume eight combinations of values. From the definitions of + and · each expression is evaluated. For example, when a = 0, b = 1, c = 0, the left hand side of the first equation is evaluated as, 0 + (1 + 0) = 0 + 1 = 1. R.H.S. = (0 +1) + c = 1 + 0 = 1. Two sides are equal. Similar analysis all other seven combinations shows that the equation is valid for all combination of values.
Similarly, the correctness of the second equation is proven by perfect induction.

Postulate 5. Distributivity means,



a (b + c) = ab + ac
and
a + (bc) = (a + b)(a + c)

Both equations can be proven by perfect induction.

Because all six postulates are true, the switching algebra is a Boolean algebra.
Problem 4: Simplify the following Boolean expression using the postulates and theorems of Boolean algebra:
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Assuming that a, b, c and d are {0,1} variables, use a Karnaugh map (see Section 3.3) to verify that you have obtained the simplest form.
Solution:
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Where we have successively used distributivity, complement, and identity element postulates, Theorem 9 (consensus) and Theorem 5. The Karnaugh map is shown below. Four terms of the original expression are shown by dotted line rectangles. The two final terms are shown in gray and green, respectively. These cover all true minterms of the given Boolean function.
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