ELEC 2200-002 Digital Logic Circuits 
Fall 2008
Homework 2 Solution
Assigned 9/3/08, due 9/10/08

Problem 1: Some people believe that when two 2’s complement integers are added, a “true” carry signals overflow. Either prove or disprove this rule. Hint: Counterexamples are sufficient to disprove a conjecture.

Answer: Any belief, conjecture or so called “rule” can be disproved by counter-examples. We use 4-bit 2’s complement integers. Consider the following examples:

Example 1: Consider decimal addition 6 + (– 4) = 2, or in binary,






0 1 1 0

=
6





      +    1 1 0 0

=       – 4 



carry →        1 0 0 1 0

=
2, no overflow

The answer is correct, i.e., there is no overflow although carry = 1 is generated.

Example 2: Consider decimal addition 4 + 5 = 9, or in binary,






0 1 0 0

=
4





       +
0 1 0 1

=
5




no carry →
1 0 0 1

=       – 7, overflow

The correct answer, 9, cannot be represented in the 4-bit format, where the largest positive integer is 7. So, an overflow occurs although no carry is generated.

The two examples disprove the stated belief.

Problem 2: An n-bit 2’s complement integer is expanded into an m-bit representation (m > n) by copying the most significant bit (MSB) into m – n leading bit positions on the left. Prove that the new integer has the same value as the original integer. Hint: Show that the original and expanded numbers have the same sign and magnitude.
Proof: We consider the signs and magnitudes of the original n-bit integer and the extended m-bit integer:

Sign: The sign-bit extension rule used here ensures that the two integers will have the same sign.

Magnitude: If the n-bit integer is positive, then the leading 0s do not contribute any change to the magnitude. Therefore, the magnitudes are the same. If the original n-bit integer is negative, then to find the magnitudes we complement all bits in both integers giving us positive integers, which are 1 less than the actual magnitudes. Once again the leading m – n 0s contribute nothing and the remaining n bits are identical for both numbers. Hence the magnitudes are equal.

Given that the original n-bit integer and the extended m-bit integer have the same sign and magnitude, their values are the same.





■

Problem 3: Devise a simple circuit to multiply a four-bit 2’s complement integer by 16 to produce an eight-bit 2’s complement integer. Verify your circuit for inputs that are positive and negative integers with largest magnitudes allowed in the four-bit 2’s complement system.

Answer: 
The following circuit multiplies the input integer by 16.

The largest positive integer at the input is 0111, which produces 01110000. In decimal, these numbers are 7 and 112. Verification: 7 × 16 = 112.
The negative integer with largest magnitude at the input is 1000, which produces 10000000. In decimal these numbers are –8 and –128, respectively. 
Verification: –8 × 16 =  –128.
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