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ABSTRACT Ljubojevic [4], Luus [5], Agarwal egl. [6], Tillman et

al. [7, 8],Nakagawaand Nakashima [9], Inagaki et al.
It is generally acceptethat acomponent’s cost is an [10], Cateanu et al. [11Hikita etal. [12], Gen et al.
increasing function of its reliability.Most researchers [13], Hwang etal. [14], Coit and Smith [15], Painton
adopt exponentially increasing functiofisr optimal and Campbell [16]). Wheminimizing thecost at a
reliability / redundancy allocation problem specified system reliability is involvedthe cost-
formulations. In this paper we addresses where an reliability relationship for each component is of
exact, convexelationshipbetween reliabilityand cost paramount importance. Without appropriate adoption
is not known. Instead, we consider the more realistaf such a relationship, optimizatidecomeerroneous.
assumption of discrete cost-reliabiliatasets for each For example, Tillman atl. [8] assumed an exponential
component.  The resulting integer programmingelationship between cost vs. reliability intheir
formulations are non-lineaand NP hard. Waise a formulation. However, if such relationships are non-
nested simulated anneali(§A) approach; one SA for convex, optimization procedurégcomemore tedious,
feasibility and one SA for optimality to solvehis andmore complex. In fact it is frequently notéuiat
difficult problem while ensurindeasibility ofthe final the cost of a componentan be a non-convex,
solution.  This approach is demonstrated on twdiscontinuous function of its reliability. For example
example problems with large search spaces. one can see such non-linear relationshipbetween

overall reliability vs. cost inrKumar and Malik[17],

although the problem they address isot one of

KEYWORDS reliability / redundancy optimization.

Reliability, Simulated Annealing, Redundancy The purpose ofthis paper is to addreseeliability
Allocation, Design Optimization. allocation for systems wherethe cost-reliability
relationships arenon-convex, discrete functions. We
consider the approadtescribedhere as more general
INTRODUCTION andflexible. From a manufacturerigew, it is easier
to provide a cost value for a specified reliability of a
Many forms ofthe optimal reliability / redundancy component as compared to providing a precisst-
allocation problem have been studied extensively in threliability function of a component. Considering the
past using various optimization techniques (e.gdifficulty in dealing with precise mathematical
Moscowitzand Mclean [1], Tillmanand Littschwager expressions for cost-reliability curves, we consider
[2], Sharma andVenkateswaran [3], Misra and discrete cost-reliability data sets for each component.



In this study we consider series-parallel (S9¥stems, {py} Set of reliabilities of thej™ component in

although the approacbould be generalized to other subsystem; k U {1, 2,...,K;}.

configurations. We adopt 0-1 integer formulation§c} Set of costs othe " component irsubsystem
where each binary variable represents a data point on i, associated withg}.

the cost-reliability curve of a component. Qijective {x;} 0-1 variables associated witipig} and {Ci}-

is to find then minimumsystem costwhich meets a f; Reliability of subsystem

minimum system level reliability constraint.  In rj Reliability of thej™ component in subsystein
general, thesystem reliability is anon-linear function R Reliability of the system.

of all these variables. It can leasily showrthat the R Minimum required system reliability.

problem is NPhard byconsidering a particulazase of

SP system, viz. a series system. Finally, ar , T, , 0z , T, are SA parameters

controlling the initial temperaturesnd thegeometric
Simulated annealingSA) techniquesare adopted to cooling schedules.
find agood solution to SP systems. UsuallySA, the
search for a neighboring solution is dowéhin the Problem Formulation
feasibleregion of an optimization problem. In our
problem, system reliability has to be computedefegry  General formulation of the problem for any system is as
point beforechecking for its feasibility.Hence it is not follows
so easy talefine a feasible neighborhood solution. An
interesting feature of ouwork is that weuse two SA o Lok
procedures nestegithin the same algorithm where the Min Z Z Z Ciik Xjk
first SA allows us to screen infeasible solutions =1 J=1k=1
probabilisticallyand the second Sallows us to accept st R=> R
a solution (feasible or infeasible) probabilistically,
screened by first SA, eveniik cost is moreghan the
previous solution. Asthe algorithm proceeds, it where
becqmesincreasingly djfficult to accept infeasible  y _ ¢ ik S Xk = 1O, )
solutions due to the first SAand also it becomes ) G . .
increasingly difficult to accept a solutidhat is not an i =) Xk Pk <0¢5) ¥k 0{03 jk) }
improvement in the second SA.

Xik O X

andR is system reliability expressed aguaction of all
The organization of this paper is fdlows : in the of its component reliabilities.
next section we discusbe formulation of thgroblem
with relevant notation. In section 3 we describe th8eries Parallel Systems
algorithm developed to obtailgood solutions fotthis
problem. In section 4 we give example problahmst If the number of components in eastibsystem of SP
are solvedusing this approach ardiscussthe results equals one ibecomes aimple series system. For a
and related issues. simple seriessystemthe non-linearsystem reliability
constraint can beasilylinearized by taking logarithms
and using the equivalence rij o { pik} =

NOTATION AND FORMULATION In(ryj ) o {In( puk)}. It can be seenthat this
. formulation is similar to theclassic multiple choice
Notation knapsack problem{MCKP). Even though there are
: suedopolynomial algorithms available for such
L Number of subsystems in the system. P poly 9

problems as stated by Pisinger [18}e problem is

' Index for the subsystem;J {1, 2, ...,L }. essentially NPhard. For a simple series system, one

M Number of components in subsystem a5 aqopt a traditional cutting plane approach (Ceria et

J Index forthe | component in subsystent | 5 119])"a branctandbound approach, or one of many
D_{L 2, .0 } ) available heuristic algorithmdor MCKP (Pisinger

Kjj Size of the discrete component set con5|dereEL;8])_ Since the seriesystem is a special case of an SP

th . .
w.r.t. thej™ component in subsystem system, the formulation of SP will also be NP hard.



The formulation for an SP system is as follows: in feasiblefinal solutions (notalways achievedwvith
penalty functionsand thus weadoptedthe feasibility
i i KZ SA instead of regular penalty function approach.
Cilk Xjk
L': J=tk=t The nested SA algorithm is as follows :
U Step 0: Generate an initiafeasible solutionX with
reliability R and cosE.
fi =1- q(l—rij);Di. Setinitial conditionsTg, Tz, stopping criterion
= Setaccept = no
Xik 0O X
Unlike in the simple seriesystem, the reliability Step 1: If stopping criterionis met,stop
constraint can not be linearized in tlisse. As such, Setaccept = no
the above problem is an integer non-linear

programming problem which is difficult tcsolve step 2: Generate a neighboring solutidnof X with
directly. Thus we adopt a heuristic SA technique tg|iapility R and cosZ.

address thisproblem, which is global (i.e., not) |f R <R, thensetaccept = yeswith probability
restricted to local optima) and is non-enumerative. e (RRIT i RS R setaccept = yes

(i) If accept = yesandZ > Z , thensetX = X with

G (Z-7) T
NESTED SIMULATED ANNEALING probability € s ,
ALGORITHM If accept = yeSindZ <Z, then seX = X

(lll) SetTR= (04 TR, Tz =0z Tz X
Many heuristic procedures such as SA (Brusco and
Jacobs [20], Kirkpatrick et al. [21]), Genetic Step 3:Returnto Step 1.
Algorithms [15], andTabu Search (Glover [22, 23])
have been proposed for difficult Combinatoria|NOtiC9 from the above that the probability of acceptance
optimization problems. SA is a heuristic algorithm fofor an infeasible neighboring solutitxecomes; times
obtaining good, though not necessarily optimal p,; wherep, is (€ (®* ®' ™) andp, is (e “ %" or
solutions, to optimization problems. BrusmedJacobs 1). Therefore thacceptance of a candidate solution is
listed many combinatorial problems for which SA haguaranteed if the solution feasibleand oflower cost
been successfullgpplied. Those include school timethan theprevious solution. If either or both of these
tabling, multi level lot sizing and cyclic staff- conditions are not trueacceptance is probabilistic
scheduling. depending on thdegree of infeasibilitythe amount of

cost increasand the point on theooling schedule at
In a traditional SA approach, one starts witfeasible which the search currently resides.Probabilistic
solutionandidentifies a feasibl@eighboring solution. acceptance for violation ofither conditionbecomes
If this new solution improves thebjectivefunction it is more selective as the search proceeds.
immediately acceptec&nd a move is made tothat
solution. If not, thenew solution is accepted Initial Feasible Solution
probabilistically based on somannealing schedule.
Eglese [24] mentionghat the efficiency of an SA An initial feasible solutioncan be generatedhany
algorithm depends on the definition of tlieasible ways. We adopted the following approach :
neighborhood of the current solutiorlowever,instead
of defining afeasible neighborhood, the problem has (i) Assumeall f; are equafor all subsystems. Thus
a difficult-to-satisfy constraint set, an addition of ancomputef, = (R)*".
exterior penalty function to thebjectivefunction may
be used. In our problem, we used a nested Sf) Assumeall r; are equafor component$ in each
algorithm instead of a penalty function. In principle itgypsysten. Thus compute = i
is quite similar to thepenalty function approach but the
difference is that the penalty is applied to the
acceptance probability for an infeasible solutiather
than toobjective function, as is done normally. Our
initial experiments with th@ested SA always resulted

(i)  Look into the cost / reliability sets of each
componentand assign @ik if Pj1 < r; < pi, and
assign the corresponding cagtto a component,(j).



Neighboring Solution 4.0v, on a GATEWAY2000/p5-90(pentium) personal
computer.

It is verydifficult to define a precise neighborhood for

some combinatorial problems. ltis problem the

preciseand comprehensive definition of neighborhood EXAMPLES AND RESULTS

is also complicated. One could fix a reliability of each

subsystem first and then work out components’ Example 1

reliability; or one could arbitrarily pick some

componentsand randomly increase or decrease fromiWe chose an SP systemith nine components for

the current reliability to the nexwvalue in their example 1. For ease bfndling wefixed the same

reliability setsand so on. While the neighborhood reliability data setfor all components. For each

definition itself is complicated, assurifgasibility of component, we assigned randomly generatedt

the minimum system reliability level for the values to corresponding reliability valuestie data set

neighboring solution adds tthis complexity. The as shown in Table 1. Noticthat for k = 1, all

feasibility of a neighboring solutiocan be ensured but components haveery low reliability and zero cost. |If

not withoutsome computational effortyhich could be any component is assignkd 1 in the optimasolution

very cumbersome. Onlgearching thdeasible region thatcomponent is deeme@dundant andience can be

of a constrained problem also often results in inefficiememoved fromthe system that is, it is a‘blank.” We

search andsuboptimal final solutions. Therefore, weassured an increasing trend adst w.r.t. reliability

are willing to accept an infeasible neighboring solutionwhile assigningcosts. However, a conveglationship

with some probability as described the algorithm. is not guaranteed (as desired) due to randomness. The

The nested annealingocess makethe acceptance of componentsare thenrandomly assigned to three

such infeasible solutions more unlikely #®e search subsystems of an SP systerhe final SPsystem for

progresses. the examplgroblemhas 3, 4 and 2omponents in its
threesubsystems, respectivelylhe total searclspace
The neighborhood is defined as below : is equal to 12

(i) We definek_index(i, j) for each component at the From our experience in experimenting with the nested
current solution as the index set subhtk_index(i, j) SA, the best final solutions are obtained when the
= k if py is assigned to componerif J). One may algorithm visited mostly infeasible solutions.  For
note that fj } are ordered bk . example (see Tabl8), for the best solutionobserved
across 30 independentns; the ratio ofinfeasible to
(i) Randomly select some componentsthie system feasible (IFR) solutions i$.52. When we restricted
andrandomly increase or decredseindex(i, j) by 1 this ratiobelow 1.5 in the algorithm, théest feasible
for selected components only. Kk index (i, j) is solution cost from thoseuns was quite suboptimal
already at the lowest value (highest value) for a selectéabove 600). The nested SAwas run with no
componenthen we increaséecrease) its value. The restrictions on IFR, and statistics are presented in Table
neighboring solution obtained ithis fashionmay not 3 for 30 different independeniins. Thebest solution
be feasible, but oneaneasily seahat it guarantees a acrossall runs is within 6.65% of thglobal optimum
non-zero probability toeach any solution from a given solution obtained by enumeration. The seasphce
solution. considered by the SA (20000 solutionsjas an
extremely small fraction of the total of %12
We adoptedthe standardyeometric cooling schedule
for boththe feasibility SA as well ashe objective SA  Example 2
with ag andaz both = 0.99,and Tr for example 1 =
1000, Tk for example 2 = 5000, ;Tfor example 1 = We chose example 2 to demonstrétat the model
10000and T; for example 2 = 25000.The stopping suggested irthis paperaddresses the redundarisgue
criterion usedwas the total number ofsolutions as well. Forthis purpose, we addedwo more
considered, which was set to 20000 for example 1 amdmponents to thabove system in subsystem 1 (see
30000 for example 2The algorithmwas tested on two Table 2),enlarging the searchpace to 12, but not
problemsand theresults are summarized in the nexaltering the optimal solution. This time, we generated
section. The algorithnwas coded inBorland C++ higher costs purposefully for the newer components.



As in example 1, théest solutionsire obtained when
the algorithmvisited mostly infeasible solutions. For
the best solution observed across iB@ependent runs
of example 2 the ratio dhfeasible to feasible (IFR)
solutions is 10.11. The nested 8Masrun againwith
no restrictions on IFRand statistics are presented in
Table 3 for 30 different independenins. This time
the best solution acrosall runs is within 7.82% of
global solution withthe SA consideringonly a tiny
fraction of the searcbpace (30000 solutions of ‘fp

It is interesting to notéhat in all the 3@ifferentruns;
the best solution alwaysontained théowest reliability
for the two additionalhigh cost componentsThus the
algorithm clearly indicatedthat these components are
redundant components to the system and are “blanks

CONCLUSIONS

We formulated a SP reliability optimization problem ag0.

a mixed integer non-linear programmingroblem
based on non-convex discrete cost-reliabifitasets.
We adopted a nested SA algorithm the solution
procedure tothis NP hard combinatorial problem.
Initial results are encouragingand the solution
procedure clearly identifiedear optimakonfigurations
of redundant components in theystem, while
maintainingfeasibility of the final solution. Note that
the nested SA does not require éx¢éensiveuning and
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to investigate similar nested SA algorithrits other
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Table 1 : Cost and Reliability Data for Example 1 : £jc } Values (R =0.85)
RELIABILITY VALUES
il jl k=1 | k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=9 k=10 k=11 k=12
0.001 | 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 0.99
1/ 2] o0 | 405 | 16.30 | 4040 | 67.35 | 9570 | 135.75 | 186.05 | 251.05 | 339.80 | 440.45 | 597.70
1/ 2] o0 | 365 | 17.75 | 36.00 | 59.35 | 7850 | 169.60 | 224.45 | 303.80 | 391.95 | 505.30 | 654.45
1/ 3] 00 | 910 | 2235 | 4445 | 7155 | 105.10 | 148.85 | 198.10 | 276.75 | 374.25 | 496.80 | 633.65
2| 1] o0 | 435 | 1410 | 29.15 | 50.45 | 78.20 | 117.55 | 170.90 | 248.55 | 347.90 | 463.75 | 609.40
2| 2] oo | 315 | 1080 | 31.95 | 52.0 | 183.25 | 222.10 | 278.80 | 350.30 | 434.15 | 539.30 | 699.15
2| 3] o0 | 780 | 2285 | 43.85 | 70.80 | 101.45 | 143.70 | 202.05 | 276.70 | 370.20 | 495.15 | 628.50
2| 4] o0 | 875 | 1880 | 42.80 | 72.05 | 106.25 | 151.20 | 210.95 | 289.95 | 370.00 | 482.75 | 636.60
3l 1] 00 [ 545 | 1645 | 36.45 | 60.70 | 191.2 | 230.75 | 282.0 | 354.00 | 449.50 | 572.75 | 703.30
3l 2] 00 | 205 | 767 | 2387 | 101.90 | 128.81 | 164.35 | 207.00 | 271.25 | 362.80 | 480.95 | 623.40
Table 2 : Cost Data for Additional Components in Example 2 : € } Values ( Rs = 0.85)
RELIABILITY VALUES
iljl k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=9 k=10 k=11 k=12
0.00 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 0.99
1| 4] 0.0 | 23165 | 272.75 | 456.00 | 689.35 | 820.50 | 989.60 | 1354.45 | 2043.80 | 3491.95 | 4605.30 | 6754.45
1| 5] 0.0 | 219.10 | 232.35 | 364.45 | 591.55 | 735.10 | 978.85 | 1148.10 | 1676.75 | 2474.25 | 3696.80 | 5733.65
Table 3 : Summary of Results for Examples 1 and 2 with Nested SA over 30 Runs of Each
Problem Max. Mean Cost Min. Cost No. of Feasible Best Configuration Reliability | CPU Time
Cost Iterations Solutions of Best (sec/run)
1 662.05 572.72 533.90 20000 2660 4-5-4 2-5-3-4 | 58 | 0.850266 2.54
2 726.15 599.47 541.10 30000 2699 7-4-3-1-1 | 2-4-3-3 | 58 | 0.850922 5.70
Optimal - - 500.60 - - 3-6-5 4-3-2-3 | 58 | 0.850172 | [ hours

Where the optimal solution was obtained by enumeration.




