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Abstract: Linear and nonlinear time-varying controller synthesis for systems represented by nonlinear dif-
ferential equations with periodic coefficients is addressed. A recently developed technique, based on the
Liapunov-Floquet (L-F) theorem, is employed so that time-varying control gains can be obtained via time-
invariant techniques. Furthermore, a simple time-varying pole-placement approach for the design of linear
control has also been devised for linear time-periodic systems. The robustness of the above control designs
under structured perturbations of the nominal system matrices is studied. In many cases, the linear control de-
sign alone may not meet the desired performance specifications of the nonlinear periodic systems due to the
time-varying nature of the problem. Therefore, to improve the controlled response of the nonlinear system, a
nonlinear time-varying controller is designed and incorporated. The linear control is used to stabilize and the
nonlinear controller is employed to improve the response specifications of the system. The linear control de-
signs are based on the L-F transformation approach and the time-varying pole-placement approach, whereas
the nonlinear controller is obtained using the Liapunov direct method. The responses obtained through the
above approaches are compared and the advantages and disadvantages of the methods are discussed. Notice-
ably, the combination of linear and nonlinear controllers based on the L-F transformation approach has been
found to have better performance and robustness characteristics than the other approach.

Key Words: Time-periodic systems, time-varying linear control, time-varying nonlinear control, Liapunov-Floquet
(L-F) transformation

1. INTRODUCTION

Periodically time-varying systems appear naturally in various branches of science and
engineering. Numerous practical applications can be found in the areas of (i) structures
subjected to periodic loading (Evan-Iwanowski, 1976), (ii) helicopter rotor blades in forward
flight (McKillip, 1985), (iii) asymmetric rotor-bearing systems (Roseau, 1987), (iv) robots
performing repetitive tasks (Streit, Krousgrill, and Bajaj, 1989), (v) quantum mechanics
(Powell and Crasemann, 1961), and (vi) electrical circuits (Richards, 1983). The equations
of motion for these systems, in general, have time-varying periodic coefficients and are
nonlinear. The control problems associated with linear periodic systems alone are quite
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challenging owing to their time-varying nature. One of the principal reasons that could
be attributed to this fact is that the time-varying eigenvalues of the periodic matrix do not
determine the stability of the systems, and one must resort to Floquet analysis. Hence, it is
difficult to apply classical as well as modern control techniques to these problems as opposed
to the case of time-varying systems. Methods for control synthesis of linear time-varying
systems have been reported in the past by several authors. Invariably, these methods are
based on transforming the original system into a suitable canonical form so that some of the
special properties of the canonical system can be utilized for controller designs (Calico and
Wiesel, 1984; Calise, Wasikowski, and Schrage, 1992; D’Angelo, 1970). However, such
transformations, if they exist, are not unique and are tedious to implement, especially for
higher dimensional systems. Calico and Wiesel (1984) discussed the active control problems
associated with time-periodic systems where an iterative procedure was suggested to achieve
control via the pole placement techniques. However, the gains thus obtained were only a
subset of possible gain selections and did not represent the most general possibilities. Calise,
Wasikowski, and Schrage (1992) developed a method to design fixed-gain controllers for
time-periodic systems. The approach was quite complicated and required two levels of
iteration in calculating the feedback gains. In this regard, Joseph (1993) and Sinha and
Joseph (1994) recently developed a new strategy in designing controllers for linear periodic
systems through an application of the Liapunov-Floquet (L-F) transformation matrix, which
permits the construction of an equivalent time-invariant problem. Then, the well-known
time-invariant techniques can be employed to design the various controllers. Finally, the
time-varying gains for the periodic systems are obtained easily owing to the invertible nature
of the L-F transformation matrix. However, the robustness characteristics of all the designs
stated above, especially when they are implemented in periodically time-varying nonlinear
systems, are not known.

In this paper, new methods to design time-varying controllers for nonlinear time-periodic
systems are presented. Both linear and nonlinear controller syntheses are presented and their
robustness characteristics addressed. The linear controller designs are based on either the
L-F transformation matrix approach or the simple time-varying pole placement approach.
Furthermore, to improve the closed-loop system performance, nonlinear controllers are
incorporated via the Liapunov direct method. In the following, the mathematical prelimi-
naries necessary for the development of time-varying control designs are briefly discussed.

2. MATHEMATICAL PRELIMINARIES
2.1. Stability of Nonlinear Periodic Systems

Consider the control problem of a periodically time-varying nonlinear system represented by
x=AO)x+B{@u+f(x1)), (N

with A(Y) = A(¢t+T),B(t) = B(t+ T),f(x,7) = f(x,t+ T), where x isann x 1
state vector, A (?) is an n x n system matrix, B(¢) is an n X m control matrix, and f(x, ¢) is
the nonlinear function associated with the system, which satisfies the condition f(0,¢) = 0.
Finally, u; and uy are the linear and nonlinear control vectors satisfying u = u, + uy, an
m x 1 control vector, respectively. Here, the aim is to select the appropriate control vector u
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such that the system is asymptotically stable and meets the system performance specifications.
In the following, the control and stability of equation (1) is discussed via the Liapunov direct
method.

Let the linear control function u; be seiected as
u =-F()x )
and the Liapunov function be defined as
V(x,8)=x"P(£)x, 3)

where matrix P(¢) denotes an n x n symmetric and positive definite weighting matrix. For
the system to be asymptotically stable in the large, the candidate Liapunov function V'(x, ¢)
can be selected suitably as illustrated by Wiens, Lu, and Sinha (1991).

Utilizing equations (1), (2), and (3), the derivative V(x, f) can be obtained as

Vi) = x7 [P )+ AT (VP (1) + P (1) A, (t)] x

+ 2x"P () [B(H)uy + £(x,¢)], 4)

where A () = A(f) — B(¢)F(¢) is the closed-loop system obtained via the linear control.
Thus, V(x, ¢) < 0 if we require that

PO+AI(OPO+P(OA()+Q(0) =0, 5)
where Q(¢) is a positive-definite matrix and
x"P (1) [B()uy +£(x,0)] < —s (1) |Ix]* <0, (6)

where s(¢) is a nondecreasing, continuous scalar function such that s(0) = 0. Equation (5)
is simply the periodic Liapunov differential equation (Bittanti, Laub, and Willems, 1991)
associated with equation (1), and the periodic, positive-definite matrix Q(f) can be obtained
only by a suitable selection of the gain matrix F(¢) such that all the multipliers of the closed-
loop system A () are within the unit circle. However, there is no easy way to compute the
gain matrices in this manner for this class of time-varying periodic systems. In this regard, it
is found that the L-F transformation matrix can be very effectively used in obtaining the time-
varying gain matrix F(#) without much effort. The condition given by equation (6) can be met
by suitably selecting the nonlinear control vector uy . In the sequel, first, a brief description
of the method to compute the L-F transformation matrix for general linear periodic systems
is presented.
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2.2. Computation of L-F Transformation Matrix via Chebyshev Polynomials

It has been shown by Sinha and Wu (1991), Sinha and Juneja (1991), and Joseph, Pandiyan,
and Sinha (1993) that the state transition matrices (STMs) of linear periodic systems can be
obtained in terms of the shifted Chebyshev polynomials of the first kind. The technique is
efficient and since the STM is basically expressed in terms of powers of ¢, it is suitable for
algebraic manipulations as well. In fact, if the dimension is small, the STM can be expressed
in a closed form as an explicit function of system parameters as shown by Sinha and Juneja
(1991) for the case of the Mathieu equation. In this approach, each element of the STM ®(¢)
is expressed in terms of the shifted Chebyshev polynomials of the first kind.

Once the n x n ®(t), the STM of the linear part of equation (1), has been computed using
the method of Chebyshev expansions, it can be written as the product of two n X n matrices
as

o (1) =L(1e", o

where L(¢) is a T-periodic matrix and C is a constant matrix. Since ®(0) = I, equation (7)
yields L(0) = L(T) = I. Hence, the FTM ®(T') can be written as

®(T) = . ®

By performing an eigenanalysis on the FTM, C can be computed easily. Then the T-periodic
L-F transformation matrix is '

L) =®(H)e ", ©)

To evaluate a 2T-periodic L-F transformation matrix, Q(¢), which yields a real constant
matrix R, first we note that (Coddington and Levinson, 1955)

QQRT)=3*(T) =TT =27, (10)
where C* is the conjugate matrix of C,R = (C + C*)/2 and the 2T L-F transformation

matrix can be represented as

Q) =2()e™ ; 0<t<T
Q(r +T)=®(1)Q(T)e™® ; T<(T+7)<2T; 0<7 <T.
It should be noted that Q(#) = Q(z + 2T).

If one is interested in finding ®~!(¢), then there are two avenues. ®(¢) can possibly be
inverted through a symbolic software like MACSYMA/MATHEMATICA/MAPLE, which
is still not an easy task, or one can first find the state transition matrix ¥(#) of the adjoint
system

W) =-AT(w() (12)

and use the following relationship (Yakubovich and Starzhinskii, 1975):
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() =0T (¥). (13)

The computation of $~'(¢) is essential in determining L~ (#) or Q~!(¢). For example, the
inverse 7-periodic L-F transformation matrix can be evaluated utilizing the properties of the
adjoint system as shown below.

L' =[@(0)e ] =07 (1) =07 (1), (14)

Such an approximation of L-F transformations has been found to be extremely convergent,
and since it is periodic, the elements L;; (¢) or Q;; (¢) have the truncated Fourier representation

q
L; (1) = Zc,, exp(i2rnt/T) i=v-1 (15)
n=q
or
ag g mnt g mnt
Q; (t)=3+’;a,, cosT-I—’;b,, smT. (16)

Since complex matrix L(#) (or the real matrix Q(¢)) can be computed as a function
of ¢, all algebraic manipulations involving this matrix in equation (1) after applying the
transformation can be done in symbolic form. L;'(#) and Q;(¢) have similar Fourier
representations. It is important that the L-F transformation matrices and their inverses
be calculated with a high degree of accuracy to guarantee a reasonably accurate system
dynamics. Therefore, one must be careful in computation of the STM ®(¢). It has been shown
by Sinha and Wu (1991) that a 15- to 18-term Chebyshev polynomial expansion provides
extremely accurate representations of ®(¢) or L(¢) even for relatively large systems such as
20 x20. A convergence study has been reported by Joseph, Pandiyan, and Sinha (1993).

3. TIME-VARYING CONTROL DESIGN METHODS

3.1. Linear Control Design Utilizing the Liapunov-Floquet (L-F) Transformation Matrix

It is well-known from the L-F theorem that there exists a periodic, invertible transformation
matrix that converts the state matrix A(¢) in equation (1) to a time-invariant form. To
determine such a transformation, one must compute the STM as an explicit function of time.
Following the procedure given in Section 2.2, the real L-F transformation matrix Q(¢) is
computed such that x = Q(¢)z transforms equation (1) to

z=Rz+Q ()B(u+ Q' ()f(z1), a7
where R is an n x n constant matrix. Now consider the linear part of equation (17) given by

z=Rz+Q ' (B ()u,. (18)
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Following the approach of Joseph (1993) and Sinha and Joseph (1994), linear control rcan be
achieved in time-invariant domain by considering an auxiliary system of the form

z= Rz + By, (19)

where B is a constant matrix such that (R, B) is a completely controllable pair. The control
law for the time-invariant equation (19) can be written as

v=-Kz. (20)
Defining e = z — z, the error dynamics from equations (18) and (19) can be represented as
é=Re+Q ' (t)B(f)u, — By (21)
or
6= (R - 1§f<) e+Q(f)B(1)u, — Bv+ BKe. @2)
Substituting v from (20) and ¢ = z — Z in equation (22), we obtain
&= (R - 1'31‘() e+Q-! (B () u, +BKz. 23)

Since (R — ]§f() is a stability matrix, the two systems described by equations (18) and (19)
can be made equivalent in the least square sense if

Q' (B()u, = -BKz (24)
that is,
u, = -B#(1)Q (1) BKz, (25)

where B#(¢) is the generalized inverse (Lovass-Nagy, Miller, and Powers, 1978) of B(¢)
and satisfies

B (1) B*(1)B(¢) = B(¢). (26)
Noting that z = Q~'(¢)x, equation (25) takes the form
w, = -B*1)Q () BRQ (1) x, @27)

which provides the control law for the linear portion of the time-varying system (1).
Furthermore, if

u, = -F(#)x, (28)

then the time-varying gain matrix F(¢) is given by
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F () = B¥()Q() BKQ™ (1). (29)

The time-invariant gain K is chosen by applying the root locus, pole placement technique,
and/or the optimal control theory on the auxiliary system (19) such that it is asymptotically
stable.

3.2. Linear Control via Time-Varying Pole Placement

Pole placement of time-varying systems requires either special canonical transformations or
iterative schemes as reported in D’ Angelo (1970) and Calico and Wiesel (1984), respectively.
Such procedures are complicated and time-consuming. Here, a simple alternate method is
suggested. According to this procedure, a suitable periodic matrix A () has to be obtained
whose multipliers lie within the unit circle. Most periodic systems depend on many system
parameters whose values can be varied so that such a matrix can be obtained. Consider a
nominal system model of a periodic system in the form

x=A,0x, (30)

where 4 is the parameter vector that may be varied to obtain the desired system characteristics.
Let 4 = A, be the values of the parameter vector at which the system has all its multipliers
placed inside the unit circle such that A(A,,7) = A.(f). Assuming a control law in the form
of equation (28), the linear portion of equation (1) yields

x=A({l)x+B({#)u, =[AF) -B{HF()]x=A. () x. (31)

Then as stated above, for a given A.(f), the linear control vector u, can be evaluated by
solving a set of linear algebraic equations given by

AH-A . )=B{HF (), (32)

suchthatu; = —F(¢)x. However, it is to be noted that this procedure depends heavily on the
parameters of the nominal model and, therefore, when encountered with the large numbers
of parameters, the handling will be extremely cumbersome. Since the closed-loop system
A .(?) thus obtained has all its multipliers within the unit circle, it also satisfies the condition
given by equation (5).

3.3. Robustness of the Control Designs

A measure of the robustness of stability of the above-mentioned control designs in the
presence of structured perturbations can be obtained in the following way. Consider only
the linear part of equation (1),

x=A({)x+B(f)u, (33)
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with A(f) = A, (f) + A,(f), where A, (¢) is the nominal system matrix and A, (?) is the
structured perturbation of the nominal matrix. Applying control gains given by equations
(29) or (32) for the nominal matrix A, (¢), equation (33) takes the form

x=[A, () + A, ()] x, 34)

where A, (¢) is the stable closed-loop system after the application of control laws. Stability
of general time-varying systems of the type given by equation (34) has been discussed by
the Dini-Hukuhara theorem II (Bellman, 1970). For time-periodic systems, the proof of the
theorem is straightforward by applying the L-F transformation. The proof hinges on the fact
that for periodic systems represented by equation (34), the quantity ®(¢)®~1(¢) is bounded
since the STM ®(¢) is bounded for the controlled nominal system as shown by Burton (1985).
But to obtain the measure of sensitivity of the nominal control to the structured perturbations
is not easy in the original coordinates x. However, applying L-F transformation (based on
A, (9)) x = Q(¢)z to equation (34), one obtains

z= [Rnc + Q_l(t)AP (t)Q(t)] z. (35)

A bound on the structural perturbations Q~*(#) A, (#)Q(¢) for linear uncertain systems such
as equation (35) can be obtained following the procedure given by Infante (1968) as

minA (Q)
max A (1—)) ’

where the positive-definite matrices P and Q satisfy the following Liapunov matrix equation

Q7 (A, (HQM)|| < (36)

RI P + PR, = -2Q. (37

Note that the right-hand side of equation (36) depends entirely on eigenvalues of P and Q,
and, therefore, it is possible to maximize the bound. A procedure to sharpen the above bound
is provided by Bhattachardya (1987). A similar measure of response bounds for the class
of second-order elastic systems has been presented by Sinha and Wiens (1989), which is
found to be optimal. However, it is to be noted that since the matrices Q(¢) and Q~'(¢) are
periodic, their norms || Q(#) ||, || Q~(¢) || are bounded and, therefore, the robust bound on
the structural perturbation matrix A, (¢) will seldom be good.

3.4. Nonlinear Control Synthesis

The linear control thus obtained by either of the above mentioned methods when implemented
into the nonlinear system represented by equation (1) makes the system asymptotically stable
as long as the nonlinear terms are bounded in the mean as given in Krasovskii (1963). In this
way, the nonlinear terms are considered as a persistent disturbance. However, this might
affect the required performance requirements. To improve the performance, the nonlinear
control vector uy has to be selected suitably. After implementing the linear control obtained
above, equation (1) can be rewritten as
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x=A ()x+B({Huy +f(x,1), (38)

where A (¢) is the new system matrix, which is closed-loop stable. Therefore, at least for
the linear part of equation (38), there exists a Liapunov function (Krasovskii, 1963) given by
V(x,t) = x" P(£)x, where P(¢) is an n x n positive definite weighting matrix for V¢. For
the nonlinear equation (38), the derivative of V(x, ) can be written as

V(x, 1) = —x" Q,()x+2x"P (1) [B (1) uy + £(x,1)], (39)

where Q, (¢) is a positive definite matrix. To make equation (38) stable, a minimum nonlinear
control vector || uy || must be chosen such that V(x, ) < 0. Following the work of Wiens,
Lu, and Sinha (1991), a time-varying nonlinear control can be selected such that

x"P () [B(O)uy +£(x,0)] = x"P () EP (¥) x, (40)

where E is a time-invariant positive semidefinite matrix.
To obtain uy from equation (40), a general optimization function for minimizing || uy ||
can be defined as shown by Wiens, Lu, and Sinha (1991)

w = -[KP@OBO* [xP )] [EP@)x+f(x,0)

+ {1,, - XP@OBW*®P()B (t))} d, @1)

where []# represents the general pseudo-inverse of the quantity [-], d is a p x 1 arbitrary
vector, and I, is an p x p identity matrix. Note that because of the orthogonal property
existing between the matrices x” P(#)B(¢) and [I, — {x" P(¢)B(?)}* {x" P(¢)B(¢)}], the
product of these matrices is zero. As shown by Wiens, Lu, and Sinha (1991), one obtains
the desired minimum nonlinear control vector || uy || by selecting d = 0 in equation (41).
Therefore,

uy =— [x"P () B(®)]* x"P (1) [EP (1) x + £(x,1)] . 42)
Substitution of equation (42) into equation (39) yields
V(x,t) = —x" [Q,(t) + 2P (f) EP (9)] x. (43)

It is obvious that V(x,f) < 0 holds for a given positive definite matrix Q,(¢) and a
semipositive definite matrix E.

4. APPLICATIONS

As an illustrative example, the control of a two mass inverted pendulum subjected to a
nonconservative periodic load is considered. The nonlinear equations of motion of the system
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P, + Pycos(wr)

xp,

k#2-¢1)
by(¢p2 - 1)

2m

U

Uy

Figure 1. A double inverted pendulum subjected to a periodic loading.

shown in Figure 1 are of the form (see, e.g., Jin and Matsuzaki, 1988, for the autonomous
case)

$1 = —0.5(B1+2By) 1+ Bads +0.5k(p—3)$1 + 0.5k (2 — p) ¢2
— 0.5(92+93) (61— ¢2) — (B8/12) { (61— ag2)’ — (1 - @)’ 63}
— ((#1=92 /2) (K(p - 0§ + kB +p(a—2)) 62
—  (B1+3B3) 1 +3Baa} +1ur /2 — up/2 (44)

¢ = 0.5(B1+4By) 1 —2Byp2+0.5(5—p) ko1 + {(P(1.5—a) — 2)k} 2
+05(¢y — ¢2) (302 + 93) + (PR/12) { (91— ad2)’ — 3(1 - a)° 93}

+ (61— 20 /4) (k@B -T) g1 +k(5+5(a—3)) ¢
+ (—231—532)<i31+532<i32}—u1/2+3u2/2, (45)
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where m is the mass, / is the length of the links of the pendulum, ¢; and ¢2 are the
displacement angles, ¢; and ¢, are the corresponding rates, a(0 < a < 1) is the load-
direction parameter, and P — P 4+ P, coswT7 . Other symbols appearing in equations (44)
and (45) are defined as b, and b, = damping parameters, By = b, /ml?, B, = by/mP,p =
Pl/k,k = k/ml? k is the stiffness parameter, P, is the magnitude of static load; and P,
is the amplitude of the dynamic periodic load. Equations (44) and (45) are rewritten in the
state-space form as

X1 0 0 1 0
X _ 0 0 0 1
X3 o 0.51_c(p -3)  05k(2-p) —0.5(B, +2B;) B,
X4 ] 0.5k(5—p) k[p(1.5—a)—2] 0.5(B, +4B;) —2B,

( X1 0 0

X 0 0 u;
“Vx (T 05 —05 { 0 }
. X4 -0.5 1.5
4 (0) )
(0)

(=0.5 (x3 + x3) (x; — x2) — (pk)
x [(x1 - axs)® — (1 - a)® 2] /12

+ ¢ —02500 —x)’ k(P-4 +kB+p(@—2)x, }, (46)
- (B1 + 3B2)X3 + 3B2X4])

(0.5 (x1 — xg) (3x3 +xF) + pk
x [(x1 —ax)’ —3(1 - a)3x§] /12

+0.25 (x; — x3)° [k(25 — T)x1 + k(5 +p (@ — 3)) x,
-_ (2B1 + 5B2).X3 + 5B2X4])

\

where {xl,X2,X3,x4} = {¢17¢2,¢1,¢2}'

Approach 1

In this approach, a linear control obtained via L-F transformation method is employed in
stabilizing the inverted double pendulum subjected to periodic loading. For the parameter set
k = 2.0,B; = By = 0.0,P,l/k = 2.0,P3l/k = 0.7,a = 1,0 = 2, equation (46) yields
a pair of complex Floquet multipliers with modulus one (1.177 x 1072 + 0.999i) and two
real multipliers —2.45 and —0.4082. Note that the modulus of one of the real multipliers is
greater than one and therefore the system is unstable and the corresponding unstable states
are shown in Figure 2. After normalizing the time with w7 = 27¢, the L-F transformation
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Angles

Angular rates

Time in secs

Figure 2. Unstable states of the double inverted pendulum.

is computed and applied to equation (46), leading to the following dynamically equivalent
form:

2 0.0 0 —0.2506 0.2109 z
| 0 0 —05255 —0.5185x 1072 | | z,
z (T | —3.211 -09894 0 0 z3
N 13.9700 1.1170 0 0 z4
+ QT (OBOu+ QT ()f(z1), (47)

where B(f) and f(z,f) are the control matrix and the nonlinear vector as defined in
equation (46).

Using the procedure described in Section 3.1, a linear control based on the linear time-
invariant matrix BK for this parametric set is provided as given below.

30 -10  -0.2506 0.2109
BK = 10 30 ~-0.5255 —0.0052
-3.2110 —0.9894 35 -12
—13.9700 1.1170 12 35

Although there are 16 gains in the above matrix, due to the nature of the pseudo-inverse of the
control matrix B(), it is to be noted that in effect the last two rows of the gain matrix only are
used for control. When implemented in the nonlinear system model, even though the system
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0.4 T

0.3} — Linear Control
Linear + Nonlinear Control

50.0 100.0

0.6} — Linear Control
Linear + Nonlinear Control

x2

i e

0.0 50.0 100.0

Time in secs

Figure 3. Comparison of controlled anglesé Liapunov-Floquet transformation approach.

is stable, the nonlinear persistent disturbance alters the overshoot or undershoot and settling
time characteristics. Therefore, the nonlinear control based on the procedure described in
Section 3.4 is also computed and implemented. It can be noticed that by suitably varying
the magnitude of the positive-definite matrix P (), the performance of the nonlinear system
steady-state response characteristics can be altered to the desired specifications. This is
clearly seen from Figures 3 and 4 wherein the response characteristics of the pendulum when
implemented with linear controller as well as linear and nonlinear controllers are compared.
The superb robustness nature of this design can be visualized from Figure 5 wherein the
following structured perturbations in the stiffness and damping parameters Ak = 0.8, and
AB; = —0.01 and AB, = —0.01 are considered, respectively.

Approach 2

Here, a linear control obtained via time-varying pole placement is employed to stabilize the
double pendulum. It can be easily verified from the stability diagram given in Figure 6 that
for the parameter set k = 1.0,B; = By = 0.01,P,l/k = 1.0,P3l/k = 0.7,a = 1,0 = 2,
equation (46) without the control matrix and nonlinear vector yields two pair of complex
Floquet multipliers with modulus equal to 0.966 and 0.9789. Since the modulus of the Floquet
multipliers obtained for the parameter set is found to be within the unit circle, the system will
have stable response characteristics. A similar diagram is used when B = B; = 0.0 has
simply stable and unstable boundaries and, therefore, does not provide an asymptotically
stable system.
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Figure 4. Comparison of controlled angular ratesé Liapunov-Floquet transformation approach.
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Figure 5. Response with structural perturbationsé Liapunov-Floquet transformation approach.
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Figure 6. Stability diagram for double inverted pendulum for time-varying pole placement approach.

Since the matrix A(f) corresponding to the parametric set kK = 2.0,B, = B, =
0.0,P1l/k = 2.0,P;l/k = 0.7,a = 1,w = 2, the matrix A,(¢) corresponding to the
parametric set k = 1.0,B; = B; = 0.01,P,l/k = 1.0,P,l/k = 0.7,a = 1,0 = 2 and
the control matrix B(¢) are all known quantities, the control gain vector F(¢) can be easily
computed from equation (32).

The control gain matrix F(z) thus obtained is shown as follows:

F(i) = (14+0.7cos2t) (2+40.7cos2t) —0.025 0.01
a -1 1 001 -0.01 |-

Later, the nonlinear controller has also been designed and implemented to obtain the desired
response characteristics. The comparison of the response of the pendulum with linear as well
as linear and nonlinear controllers is shown in Figures 7 and 8. By comparing Figures 3 and
4 to Figures 7 and 8, one can very well conclude that the response of the pendulum obtained
through the control via L-F transformation is well behaved and more highly damped than the
response obtained by control via the time-varying pole placement approach. Nonetheless,
the control design obtained via the time-varying pole placement approach has been found to
possess moderate robustness in stability as seen from Figure 9, when structured perturbations
in the stiffness and damping parameters Ak = 0.2 and AB; = —0.005 and AB, = —0.005
are considered, respectively.
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Figure 7. Comparison of controlled angles6 time-varying pole placement approach.
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Figure 8. Comparison of controlled angular rates6 time-varying pole placement approach.
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Figure 9. Response with structural perturbationsé time-varying pole placement approach.

5. DISCUSSION AND CONCLUSIONS

As seen from Figures 3 through 9, the double inverted pendulum subjected to a periodic
nonconservative load can be controlled using the various designs elaborated in Section 3.
In the first approach, a linear controller is designed through an application of the L-F
transformation matrix. To improve the system performance, the linear controller thus
obtained is supplemented by a nonlinear design based on a Liapunov-type methodology. The
results are shown in Figures 3 and 4. In the second approach, the linear controller design
is obtained through the time-varying pole placement method and the system performance
enhancement is once again achieved via a nonlinear controller. The results for this case are
provided in Figures 7 and 8. The robustness of the above control designs in the presence of
structured perturbations of the nominal system parameters has been shown in Figures 5 and
9, respectively. The results indicate that the control design based on the L-F transformation
approach has better robustness character than the time-varying pole-placement approach.
Thus, it can be concluded that the L-F transformation approach forms a viable method in
the design of controllers for general, periodic, nonlinear systems, and it is hoped that such a
design approach will serve as a fundamental tool in the design of robust controllers for this
class of systems.
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