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Abstract—In this paper, a new analysis technique in the study of general quasilinear systems with
periodically varying parameters is presented. The method is based on the fact that all quasilinear
periodic systems can be replaced by similar systems whose linear parts are time-invariant, via the
well-known Liapunov-Floquet (L-F) transformation. A general technique for the computation of
the L-F transformation matrices is outlined. In this technique, the state vector and the periodic
matrix of the linear system equations are expanded in terms of the shifted Chebyshev polynomials
over the principal period. Such an expansion reduces the original problem to a set of linear aigebraic
equations from which the state transition matrix can be constructed over the period as an explicit
function of time. Application of Floquet theory and use of symbolic software yields the L-F
transformation matrix in a form suitable for algebraic manipulations. Once the transformation has
been applied, the solution of the resulting system is obtained through an application of the
time-dependent normal form theory. The method is suitable for both numerical and symbolic
computations and in some cases approximate closed form solutions can be obtained. Two simple
examples of quasilinear periodic systems—namely, a commutative system with quadratic non-
linearity and a Mathieu equation with cubic non-linearity—are used to demonstrate the effec-
tiveness of the method. For verification, results obtained from the proposed technique are compared
with the numerical solutions computed using a standard Runge-Kutta type algorithm. It is shown
that the present technique is applicable to systems where the periodic matrix does not contain
a small parameter, which is not the case with averaging and perturbation procedures. It can also be
used even for those systems for which the generating solutions do not exist in the classical sense.

1. INTRODUCTION

The study of systems governed by a set of ordinary differential equations with periodic
coefficients is of great importance in diverse branches of science and engineering. Floquet
[1] discovered the fundamental form of the solution of linear periodic systems which is
widely used nowadays for stability analysis of such systems. Since then, numerous re-
searchers have worked on the stability and dynamical analysis of linear periodic systems.
A comprehensive and systematic exposition of these resuits has been provided by
Yakubovich and Starzhinskii [2]. Hill’s method [3], classical methods such as averaging
and perturbation techniques [4, 512nd Floquet Theory [6] are some of the most commonly
used mathematical methods in the analysis of such systems. Hill’s approach is only suitable
for obtaining the stability boundaries. On the other hand, the classical methods have their
own limitations due to the fact that they can only be applied to systems where the periodic
coefficients can be expressed in terms of a small parameter. Also, they are suitable for
relatively smaller systems. Therefore, Floquet analysis coupled with a numerical integration
code has served as the main tool in various applications [7,8]. Recently, Sinha and Wu [9]
have proposed an efficient technique for computing the State Transition Matrix (STM) and
the stability analysis of linear periodic systems through an application of the Chebyshev
polynomials in conjunction with the Floquet theory. Further, it has also been shown that
the technique can be applied in the symbolic form [10] and in the study of control systems
subjected to parametric periodic loading [11]. -

Due to the nature of existence of multiple solutions in non-linear equations, the linearized
equations alone fail to provide answers to many questions associated with the non-linear
systems. Therefore, one must investigate the perturbed motion about a particular solution.
Such equations were first obtained by Liapunov {127 and Poincaré [13] while studying the
stability of periodic motions associated with non-linear autonomous systems. These varia-
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tional equations are quasilinear and contain periodic coetficients. since they represent the
dynamics in the neighborhood of a known periodic motion. Averaging [5] and perturba-
tion techniques [6] have been found applicable to such quasilinear systems with a tacit
assumption that a generating solution exists and the periodic terms as well as the non-
linearity can be expressed in terms of a suitable small parameter. On the other hand,
standard numerical techniques such as shooting methods [14] have also been found
applicable for calculating branch points. etc. However, such methods are certainly not free
from numerical instability difficulties. In an alternate method of analysis known as the point
mappings technique [ 15, 16], the original non-autonomous differential equation is replaced
by a set of difference equations which do not depend explicitly on time. In principle, these
difference equations are easier to analyze; however, one faces serious computational
difficulties in the application of this technique to real engineering problems, even if the
dimensions are small. Also. in order to obtain the corresponding difference equations, one
must construct an exact or an approximate solution of a system of non-linear time-varying
equations. Since one must frequently settle for an approximate representation of the
solution, the point mappings obtained based on this solution are also approximate and may
not portray the correct behavior of the original system.

Another viable approach is to use the Liapunov-Floquet Theorem, which allows trans-
formation of the quasilinear periodic systems into a new set of similar equations whose
linear parts are time-invariant. However, at present there are no methods available to
compute this transformation matrix [17,18] for a general periodic system. For certain
special class of linear systems. it is possible to obtain the Liapunov-Floquet transforma-
tions as indicated in [19,20]. In order to determine such a transformation for a general
periodic system, one must compute the STM as an explicit function of time. Recently, Sinha
and his co-authors [9-11, 217] have been successful in obtaining the STMs of general linear
periodic systems numerically as well as symbolically by using an efficient algorithm. In their
work the solutions of linear periodic systems are expressed in terms of the shifted
Chebyshev polynomials of the first kind and hence the elements of the state transition
matrix are basically expressed in terms of powers of time ¢. The subsequent development by
Pandiyan et al. [22] based on the above work includes a computational procedure through
which the Liapunov-Floquet (L-F) transformation can be obtained in a form suitable for
algebraic manipulations. The inverse of the L-F transformation can also be computed by
a similar procedure considering the adjoint system equation.

The development of a procedure for computing these transformation matrices has given
a clear edge in dealing with a wide range of problems associated with periodically varying
systems. In this paper, a quantitative analysis of quasilinear dynamical systems with
periodic coefficients has been presented through an application of the Liapunov-Floquet
(L-F) transformation. It is shown that the original quasilinear periodic system can be
transformed to a dynamically similar form in which the linear part is time-invariant. The
analysis of the transformed equations has been carried out through the use of normal form
theory. The solutions thus obtained are mapped back to the original coordinates by
applying the inverse L-F transformations and compared with the numerical results ob-
tained by a Runge—Kutta type algorithm. In order to demonstrate the effectiveness of the
proposed analysis procedure. two examples have been studied in detail. In the first example,
a commutative system with quadratic non-linearity is considered for which the L-F
transformation matrix can be computed in an exact closed form by simple methods. The
second example consists of non-linear Mathieu equation, the L-F transformation of which
has been computed using the Chebyshev polynomials as described in Section 3. The
solutions of these examples have been obtained in stable and center manifolds for some
typical sets of system parameters. It has been shown that the proposed technique is
applicable to a wide class of problems including the situations where the generating
solutions do not exist and/or the parameter multiplying the linear periodic terms are no
longer small. It is also shown that in many cases it is possible to obtain approximate
analytical solutions which compare extremely well with the numerical solutions. The results
obtained by the traditional averaging method are also presented for comparison purposes.
The authors believe that the solutions of this nature for quasilinear periodic systems have
been presented for the very first time.
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2. DYNAMICAL EQUATIONS OF TIME-PERIODIC SYSTEMS

In many engineering applications. time-periodic dynamic systems are represented by
differential equations of the form given by

£=A)x + fLlx,0) + f(x,0) + - + fille,0) + Ol x| 1) (1)

where x is an n x [ vector and the n x n matrix 4(t) and n x ! non-linear vectors f,(x,t) are
T-periodic functions of time t. Such equations arise naturally and/or in the study of stability
and bifurcation of periodic orbits which may represent steady-state solutions of auto-
nomous or nonautonomous systems. It is to be noted that the non-linear terms f,(-) in (1)
represent homogeneous monomials in x; of order k. For later use, we rewrite the above
equation as

X =A(t)x + F(x,t) )

where F(-) is appropriately defined in terms of f,(-)s. The linear part of (1) is, of course,
given by
t=A(t)x; A{t) =A@+ T). 3)

The stability and response of (3) can be discussed using the well-known Floquet theory.

3. COMPUTATION OF L-F TRANSFORMATION MATRIX
VIA CHEBYSHEV POLYNOMIALS

It has been shown by Sinha and co-workers [9-11, 21] that the STMs of linear periodic
systems can be obtained in terms of the shifted Chebyshev polynomials of the first kind. The
technique is efficient (see [23]) and since the STM is expressed as an explicit function of time
t, it is suitable for algebraic manipulations as well. In fact, if the dimension is small, the STM
can be expressed in a closed form as an explicit function of system parameters as shown by
Sinha and Juneja [21] for the case of Mathieu equation.

In order to compute the L-F transformation matrix L(t), one needs to find the STM ®(r)
associated with the linear system given by equation (3). If 4(¢) in equation (3) is com-
mutative, then L(t) can be computed as

L) = % @

where B,(t) can be obtained in a closed form as shown in reference [20]. For a non-
commutative A(t), first, the Chebyshev polynomial expansion technique is used to compute
the STM ®(¢). This requires a set of solutions of (3) with n initial conditions:
x(0)=(,0,0,..,0,(0,1,0,..,0,(0,0,1,0,..,0),...,(0,0,....,1). By defining the resulting
set of Chebyshev coefficient vector b;s of the n solutions in a matrix form, the STM can be
written as

o) =Se)B (5)

where B = [8,5,b,. .. ... b,] and ®(0) = I It has to be noted that the STM is valid only
for 0 <t < T since the shifted Chebyshev polynomials of the first kind are defined over the
interval [0, 7]. When ¢ > T, the STM can be evaluated using Floquet theory [6] as

o) = [®(W) ][] (6)

where t=nT+ ¥y, Yy €[0, T],and n=1,2,3,... . Once ®(t) is known, the T-periodic
complex matrix L(¢) or the 2T-periodic real matrix Q(¢) can be computed in the following
way [24]. Since ®(0) = I, L(0) = L(T) = I, the Floquet Transition Matrix (FTM) ®(T) can
be written as

O(T) =T @)

where C is a n x n constant complex matrix. By performing an eigen-analysis on ®(7), the
matrix C can be computed easily. Then the T-periodic, L-F transformation matrix is

L(t) = ®(t)e 8)



690 D. L. Dlillla anu . L andilyat

In order to evaluate the 27T-periodic real. L-F transformation matrix Q(t), first we note that
(cf. [6]): . o
d)(ZT) - (DZ(T) — e(TeC T — e.’.RT (9)
where C* is the conjugate matrix of C, the n x n constant real matrix R = [C + C*]/2 and
the 2T periodic L-F matrix can be represented as

Qt)y=d(t)e™ ™, 0<t<T
O +T)=®@)Q(T)e " T<(T+1)<2T; 0<t<T. (10)

It should be noted that Q(¢t) = Q(¢t + 27).

If one is interested in finding L~ !(r) or Q™ '(¢), then there are two avenues. L(t) and Q(t)
may possibly be inverted through the use of a symbolic software like MACSYMA/MATH-
EMATICA/MAPLE. However, this is neither realistic nor convenient at this point in time.
The other approach is to first find the STM ¥(t) of the adjoint system

w=—AT(t)w (1)
and use the following relationship (cf. ref. [2]),
Q) =YT(1). (12)

The computation of ® ~!(r) is critical in determining L™ '(t) or @~ '(¢). For example, the
inverse T-periodic L-F transformation matrix L™~ '(¢) can be evaluated utilizing the proper-
ties of the adjoint system as shown below:

L '(t)=[®(t)e ] =D 1(t) = e VT(r). (13)

The technique described here has been successfully employed to compute the STMs for
relatively large systems [11]. Such an approximation of L-F transformations has been
found to be extremely convergent and since it is periodic with period T, the elements L,;(t)
or Q;;(t) have the truncated Fourier representation

q
L;;(t) = Z cpexp(i2nnt/T), i=/ —1 (14)
or "t
a d ant 2 . mnt
0ii(t) = —22 + ngl a4, COS— + "; b,.sm—f. (15)

Since complex matrix L(t) (or the real matrix Q(t)) can be computed as a function of ¢, all
algebraic manipulations involving this matrix in (3) can be done in symbolic form using
MATHEMATICA or MACSYMA. L;'(t) and Q;;'(t) have similar Fourier representa-
tions. Computations of Q(t) and Q™ *(¢) have been reported by Sinha and Joseph [25] in the
context of control problems associated with linear periodic systems. In this study only the
real L-F transformation Q(¢) has been used to make it more appealing to the engineering
community. A 15-18 term Chebyshev expansion has been found to yield extremely accurate
representation of Q(t). The accuracy of Q(t) is directly dependent upon the convergence and
accuracy of the STM ®(¢) itself. A convergence study in the computation of ®(t) has been
reported by Joseph et al. [11].

4. ANALYSIS OF QUASILINEAR PERIODIC SYSTEMS

In this section, solution techniques applicable to the quasilinear equation (2) are dis-
cussed. The fact that A(t) is time dependent in (2), a direct application of normal form theory
is not possible. Therefore, first, the 2T periodic L-F transformation matrix Q(t) is used such
that

x(t) = Q(t)z(¢) (16)

transforms (2) to a vector field where the linear part is time-invariant. The resulting
equation is of the form

z=Rz+ Q"' F(Qz1) (17



where R is an n x n constant matrix. The form of {17) is amenable to direct application of the
method of time-dependent normal forms (TDNF) as shown by Arnold [26].
Equation (17) in its Jordan canonical form can be written as

y=Jdy+ w0+ +wmpt)+- - Oyt (18)

where J is the Jordan form of matrix R and w,s are T-periodic functions and contain
homogeneous monomials of y; of order k. In order to remove the non-linear terms w,(y,t)
for r = 2,...,k, in a successive fashion, one applies a sequence of transformations of the
form

y=u+hur) (19)

where A,(u,t) is a formal power series in u.of degree r with periodic coefficients having the
principal period 7. Application of the above change of coordinates to equation (18) yields

u=Ju— {(D,h)Ju—Jh + 0Oh [t} + w(ut)+ O(u|""";1) (20)

where (D, h, = [0h,/dy]) such that the homological equation
(Dyh.)Ju — Jh, + Oh,/0t = w,(u,t) (21)

is satisfied. Since for periodic systems, the monomials w,(#, t) and the unknown non-linear
transformation A,(u, t) can be expressed in finite Fourier form, the solvability condition for
a given degree of non-linearity can be obtained as [24]

hjo=a,;./(icQ+m-A—4j) (22)

where A4, ;,, and a,;, are the Fourier coefficients of expansions of 4.(4,t) and w,(u,t),
respectively. Further, Q = n/T7, integer ¢ takes values between —gandg¢,q=1,2,...and
A = (A4, 43,. . . A,) are the eigenvalues of matrix J. It is clear that when

(@6Q+m-A— i) #0Va, 23)

equation (17) can be reduced to a linear form. Otherwise, the corresponding resonant terms
will stay in the reduced equation so that (18) takes the simplest non-linear form as

k R
a=Ju+ Y wlut)+ - O(ul* ). (24)
r=2

It is important to note that the w,(u, ) contains only a finite number g of Fourier harmonics.
This is due to the fact that the solution of the homological equation (21) depends on the
resonance condition relating the eigenvalues of J and the Fourier frequencies of w,(«, ). It
should be pointed out that the solution of the time-dependent homological equation
requires the solution of a large set of linear algebraic equations even for a 2 x 2 system. For
example, if for'such a system, the L-F transformation matrix Q(t) is represented by a 15
term complex Fourier expansion and let us say that the degree of the monomials r = 3, then
one needs to solve (2 x 124) equations in the blocks of 31!

In an attempt to minimize the computational efforts without any significant compromise
in the quality of solutions, only the constant terms in w, [cf. equation (18)] are retained and
the periodically varying terms may be neglected. The argument for such an approximation
can be made on the basis of the work reported by Rosenblat and Cohen [27, 28]. Since the
resulting approximate equation is autonomous, the analysis can be carried out via the
time-independent normal form (TINF) theory. Neglecting the terms containing the periodic
variations in (18) yields

k
y=J5+ ¥ w3+ 05 (25)
Tor=2
which is autonomous and j and #w(j) are the approximate states and non-linear monomial
functions, respectively. Once again a transformation of the form given in (19) is considered,
except that A, is no longer a function of time ¢. Substitution of such a transformation in (25)
provides an autonomous homological equation and resonant conditions similar to (23) with
vQ = 0. The simplest normal form when some of the resonant conditions are not satisfied



for this case is given as

k
i=Ju+ 3y wlu)+ O(luf*). (26)
r=2

[t should be noted that (26) contains only a few non-linear terms w( ) as compared to those
appearing in (25). For more details and classifications of normal forms corresponding to
different cases, one can refer to Arrowsmith and Place [24] and/or Bruno [29]. The
advantage in computational effort in the time-independent form can be seen clearly if one
considers a similar 2 x 2 system with cubic monomials, where the number of algebraic
equations to be solved is just (2 x 4) in comparison to (2 x 124) sets for the time-dependent
form.

In many instances, the resulting normal form equations after the application of either
TDNF or TINF theory can be analyzed analytically and the stability characteristics can be
examined. Usually, some algebraic manipulations and/or transformation to polar coordi-
nates render closed form solutions for simple non-linear equations. Therefore, the solutions
of the original quasilinear time-periodic equations can be obtained in the original coordi-
nates by substituting back all the transformations, including the L-F transformation.

5. APPLICATIONS

To demonstrate the applicability and effectiveness of the suggested approach, two
examples are considered. In the first example a commutative system with quadratic
non-linearity is analyzed. In this case, the L-F transformation is obtained in a closed form
and various solutions are computed using the techniques described above. For this prob-
lem, it is possible to obtain closed form solutions in terms of the parameters of the system.
As a second example, a non-linear Mathieu equation is considered for which the L-F
transformation cannot be obtained in a closed form and one must resort to the computa-
tional algorithm discussed in Section 3. Although these examples are simple, they bring out
the key points clearly and show the superiority of the proposed methods over the classical
methods such as averaging, perturbation, etc. Whereas the results of the proposed tech-
nique, based on L-F transformation and normal forms, provide reasonably good solutions
even for moderately large parameters multiplying the non-linear terms, the traditional
averaging procedure is applicable only when the parameters multiplying the periodic terms
and the non-linear terms are both smalil.

Example 1. A commutative system with quadratic non-linearity
Consider a commutative system with quadratic non-linearity as shown below:

x —1+acos’t 1 —asintcost](x x3
SRR e S, el 27)
X3 — 1 —asintcost —1+asin®t||x; x3

where a is a control parameter and ¢, the nonlinearity parameter, is not necessarily small.
The STM ®(z) of this system is known to be [30]

(D(t):[ e@ Dicogy e"sint]. 28)

—e*~sint e 'cost

Following the procedure outlined in Lukes [20], the L-F transformation matrix Q(t) of the
system is found as

(29)

—sint cost

_Q(t)=[

cost sint]

Applying the transformation x = Q(t)z, equation (27) takes the form

| _fa=1 0 7z - [z cost + z,sint]?
{22} - [ 0 - 1] {22} +eQ (t){[ — z,sint + z,cos t]z} (30)



where Q7 !(¢) is the inverse of the L-F matrix Q(t). By using the time-dependent near-
identity transformation of the form

I, = U+ pitiut + pa(thur + pa(t)et
2, =0+ g (t)u? + qa(t)ur + q;(t)e?. (31

Equation (30) can be reduced to the following linear decoupled form

0" )

The time-dependent coefficients p;(t) and ¢;(t) of (31) are given in Appendix A. The above
equation yields
u(t) = u(0)e*~1n

v(t) = v(0)e™" (33)

where u(0) and v(0) are the initial values. Since u(¢) and v(¢) are known, z,(t) and z,(t) can be
obtained from (31) and x(¢) is immediately determined from (16).

In an attempt to obtain a solution of (27) via TINF theory, as discussed in Section 4, the
variations of the periodic coefficients of the non-linear terms of (30) are neglected. For this
case, the resulting system turns out to be simply the linear part of that equation itself and
hence the solution is once again given by (33). When the traditional averaging procedure is
directly applied to (27), it is found that the system always reduces to a critical quasilinear
system of the form

« 07](z 3} 4+ py5i 3, + paid
;1 _ -1 e P -12 p: -1 -2 P3 ~§ (34)
Z; 0 0]z, d121 +q22,2; + 4323

where p; and q;, i = 1,2,3,. . . . are constants depending upon . It is known [30] that the

commutative system given by (27) with ¢ = 0 is asymptotically stable for the parameter
range O<a <1, whereas (34) exhibits an unstable behavior! Thus
the averaging technique is unsuitable for this problem. The solutions of this system in stable
and center manifolds are computed using the time-dependent normal form (TDNF), the
time-independent normal form (TINF) and the traditional averaging methods. These results
are compared with the corresponding numerical solutions in Figs 1 and 2, respectively. The
solutions based on TDNF and TINF are observed to possess uniform convergence in the
stable manifold. When o = 1, (30) has a critical (zero) eigenvalue and a real eigenvalue. Also,
the periodic coefficients of non-linear terms have zero mean. Therefore, the solvability

0.8 ey
0S5
Numerical
04y - Traditional Averaging
P L-F Transfn and TINF
’ —— L-F Transfn and TDNF
02 |
7~~~
A
o 01} 4
»4
00 |
0.1+
02}
03t
'0"-0.4 02 00 02 0.4 08 08
x1(t)

Fig. 1. Comparison of solution of commutative system in stable manifold (x = 0.7, ¢ = 0.3).



694 S. C. Sinha and R. Pandiyan

0.30 -
—— Numerical
.o Traditional Averaging
020+ T L-F Transtn and TINF 4
| —— L-F Transfn and TDNF
i
0.10 k (O.l{).l)
— ! o
e )
o i
» :
0.00 {
0.0 }
I :
I !
020 ¢ v : —
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xi(t)

Fig. 2. Comparison of solution of commutative system in center manifold (x = 1.0, ¢ = 0.3).

condition (23) is completely satisfied and hence the TDNF reduces this system to a linear
form. This solution is periodic and compares well with the numerical resuit (cf. Fig. 2).
Similarly, the TINF solution reaches a periodic orbit and stays there. The nature of the
stability of this solution can easily be determined by constructing the center manifold for
(30) in the form z, = f(t)z%, where f(t) is a periodic function similar to p;(t) (cf. Appendix A).
Therefore, (30) can be decoupled and the solution be shown to be indeed a stable periodic
orbit.

Example 2. Mathieu equation with cubic non-linearity
Consider the Mathieu equation with cubic non-linearity in the form
X+ 06x+(@+ pcoswt)x +ex* =0 (35)

where 6, a, B, w and ¢ are the parameters of the system. In the state space form the above
equation is rewritten as

)i'l _ 0 1 X4 0
{Scz} B l: — (¢ + pcos wt) —6] {Xz} + { —-sx{} (36)

where {x,,%,;}7 = {x, x}". Following the steps described in Section 3, the 2T periodic real
L-F transformation matrix Q(¢) can be computed for a given parameter set. Applying the
transforr'nat_i_qn x = Q(t)z, (36) is transformed to

Zy - Ry, Ry iz, -1 0 }
{2'2} [:RZl Rzz]{22}+Q (t){—f‘l(anl'*'lezz)3 37

where R;; are the elements of the real matrix R and Q;; are the elements of the L-F
transformation matrix Q(t). It is to be noted that the non-linear part of (37) can be expressed
in Fourier form due to the periodic nature of the Liapunov-Floquet transformation.
Equation (37) can be written in the canonical form as

{5’1} - [}»1 0 ]{}’1} + s{fn(t,f)}’f + 12603y + 136 DY1YE + fralt D) y3 } (38)
V2 0 A ]lyl) [21(6, DY} + 22, D¥1 2 + 236913 + f2a(t, T Y3

where t = 2T, A = {4,,A,} are the eigenvalues of R and the periodic coefficients f;(t, 7);
i,j=1,..., 4 are expressed as

1 !
filt,y=dad + Y a¥ cos(ﬂlf) + Y bY sin(@). (39)
n=1

n=1 T
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After experimenting with various sets of svstem parameters. it was observed that [ = {5
provided quite accurate representations or functions f;;(t. 7). This has been reported earlier
by Pandivan er al. [22]. It is also consistent with the number of Fourier terms taken in the
representation of the L -F transformation Qfr).

In order to obtain a solution of equation (38) using TDNF. consider a near-identity
non-linear transformation

V=4 g (60U + g et + gyt tue? + gyt e’
Vo =0+ ga (6, DU + gagt. Thuv® + ga3(t, Ut + gaalt, )03 (40)

where the periodic coefficients g;;(¢,7); i, j = 1.. ., 4 are once again of the form given by (39)
but with unknown constants d, and b,. Substituting (40) into (38) and solving the resulting
homological cquation as described earlier. the unknown constants d, and b, can be
evaluated. In situations when there is no resonance. the Fourier series assumed for g;;(z, )
and its derivative are found to be convergent [26]. On the other hand. if resonance takes
place. the unknown constants of the corresponding periodic coefficient cannot be deter-
mined and some non-linear terms remain even after the normal form reduction. As long as
there is no resonance, all non-linear terms are eliminated and the reduced normal form is
just the linear part of (38). Therefore, the solution of the non-linear Mathieu equation in the
original coordinates can be obtained by substituting back all the intermediate transforma-
tions. Even when some of the non-linear terms remain due to resonance. the resulting
equation can still be used to provide many useful conclusions about the stability and
dynamical behavior of the system. Such procedures are described by Bruno [29] and Hale
and Kocak [31].

In order to obtain an approximate solution of (38) via the TINF theory, the variations of
the periodic coefficients of non-linear terms are neglected in comparison with their pre-
dominant means. This approximation results in an equation of the form

{fl} - |:'11 0]{?1} + {‘13}7{ + A, 5172 + asi j3 + ‘16?3} @1)
V2 0 A (). byt + bajijs + bsj1 73 + be 73
where j, and y. are the approximate states and a;,b;,j = 3,...,6 are the means of the

periodic coefficients of (38). To apply the TINF theory, consider a non-linear near-identity
transformation of the form

Fi=u+pud + pautv + pyuv? + pyv’
Jo =04 qud + g uv + qauv’ + quv’ (42)

where p; and ¢, are unknown constants. Substituting (42) into (41) and solving the resulting
autonomous homological equation, (41) can be reduced to a linear form in most of the
situations except when resonances due to non-linearity occur. The approximate solutions
for this case can also be obtained in a fashion similar to the procedure discussed above. It is
also observed that as long as the system has eigenvalues that are distinct with negative or
positive real parts, one could reduce the system to a linear form compietely.

At this point an application of the traditional averaging procedure to (35) is briefly
discussed. Assuming a generating solution of the form (cf. ref. [4])

z,(t)

Wy

x(t)=z,(t)coswot + sinwg ¢ (43)

where w$ = « and z;, i = |, 2 are the slowly varying coefficients of the solution. Using this
solution in (35) and averaging over the principal period 2n/w, one gets a set of quasilinear
autonomous differential equations with cubic non-linearity in the averaged coefficients Z as

o _ R}, RY]{z, te d32] + duziZ; +
2 R}, RY%L1Z: b3z} + byziz, +
where @, and b;, i = 3,. ., 6 are the constants depending on the parameters of the system and
RJ; are the elements of the constant matrix R°. However, the eigenvalues of the matrix R°

5 32 2 33
52123 + deZ3 44
2 T a3 (44)
a3 +b622

N
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will be quite different from those appearing in i141). The solution of the above equation can
be discussed via the TINF theory. '

Case studies

In the following, several case studies are presented by selecting various sets of parameters
a, f, 6 and ¢ in the Mathieu equation given by (35). The parameter w is selected as 2z in all
cases of this study.

Case 1. equation with eigenvalues in stable manifold (x # 0):
Parameter set 1. x = 10.0; § =0.2; 6 = 1.8974: ¢ = 0.3

Note that the parameters § and ¢ multiplying the periodic and the non-linear terms,
respectively, are selected small. The suggested approaches including the traditional aver-
aging are applied to this set and the results, along with the numerical solution, are presented
in Fig. 3. It is understandable that all the methods predict the behavior of the system
correctly due to the smallness of the parameters f§ as well as ¢. For brevity, the coefficients of
near-identity transformations for the normal forms are not recorded in this paper. The
details of the Fourier coefficients g;;(t,7) used in the near-identity transformations of
the TDNF [cf. equation (40)] and the constant coefficients p; and ¢;,i = 1,. . ., 4 [cf. equa-
tion (42)] used in the near-identity transformations of the TINF for this case can be found
in [32].

Parameter set 2. o =0.5; f =4.0; 6 =04243; ¢ =0.3

For this case 8, the parameter multiplying the periodic term is selected to be eight times
larger than a. From Fig. 4, it is observed that except for the averaging method, all other
techniques predict similar trajectories which finally approach the fixed point (0, 0).

Case 2. equation without generating solution (x = 0)
Note that when o = 0 the fundamental frequency wy of the autonomous part of (35) is
zero and without a generating solution the averaging approach cannot be applied.

Parameter set 1: x=0; $ =4.0; 6 =04243; ¢ =03

For this set, the solutions based on TDNF and TINF theories have been found to predict
the dynamic behavior quite precisely in comparison with the numerical solution, as shown
in Fig. 5.

20 . — : —
Numerical
Tl Traditional Averaging
Y L-F Transfn and TINF
~—— L-F Transfn and TDNF
10 . 1
7~
N
o
<
0.5 r
00 4
05 ) . . ] .
0.8 0.6 -04 0.2 0.0 0.2 04

xi()

Fig. 3. Comparison of solution of Mathieu’s equation with cubic non-linearity (x = 10.0; § = 0.2;
6 =1.8974; ¢ = 0.3).
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1.5

Numerical

tob T Traditional Averaging
—-—- L-F Transfn and TINF 1
—— L-F Transfn and TDNF

x2(t)

20 " N —_— " "
-1.0 -0.5 0.0 05 1.0 1.5 20

xi(t)

Fig. 4. Comparison of solution of Mathieu’s equation with cubic non-linearity (x = 0.5; § = 4.0;
6 =04243; ¢ = 0.3).

Numerical
----- L-F Transfn and TINF
—— L-F Transfn and TDNF

(0.97,-0.16)

0.6

0.6
0.5

Xi(t)

Fig. 5. Comparison of solution of Mathieu’s equation with cubic non-linearity (x = 0; § = 4.0;
6 =04243; £ =0.3).

Parameter set 2: a =0; f =4.0; 6 =0.4243; ¢ = 3.0

This set shows that the behavior of the system is well predicted by the suggested
techniques when compared with the numerical solution even though the non-linearity
parameter ¢ is 10 times larger than the value used in set 1. The comparison is shown in
Fig. 6.

The coefficients of the near-identity transformations for the TDNF as well as the TINF
methods are once again omitted for brevity.

Case 3. equation with eigenvalues in center manifold

The application of the suggested techniques to the special case when the resonance
condition prevails due to the presence of a pair of purely imaginary roots is shown here. For
this case, by applying normal forms, all the non-resonant terms are annihilated; however,
homological equations corresponding to the resonant terms cannot be resolved. Therefore,
some of the non-linear terms of third degree stay in the reduced equation and hence, in
general, a closed form solution is not possible. Under such circumstances it may be possible
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Numerical

----- L-F Transtn and TINF
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\(-(I 00 | ‘
» i { .
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05} s j
(0.023.-0.525) ’
1
-1.0 - t
0.8 -0.6 0.4 -0.2 0.0 0.2 0.4

x(t)

Fig. 6. Comparison of solution of Mathieus equation with cubic non-linearity (x = 0; § = 4.0;
0 = 0.4243; ¢ = 3.0).

to neglect the periodic variations of the non-linear coefficients and still retain the stability
behavior of the system. In the following, a case study is provided to demonstrate the
applications in similar situations.

Parameter set: « = 4.0; f =7.468: 6 =0; ¢ =03
For this set of parameters, applications of the L-F transformation, the Jordan canonical
transformation and the near-identity transformation [cf. equation (40)] to (36) results in an

equation of the form
4] [ —iwo 0 |fu fi2(t, t)uv
{6} = [ 0 iwo] {v} + 6{ fat, r)uvz} 45)

where f 5 (¢, 7) and f, 5 (¢, 7) are complexified periodic functions corresponding to the resonant
terms (as shown in Appendix B) and +iw, = + i0.816 are the eigenvalues of the system.
Multiplying 4 by v and 6 by u and adding, a linear differential equation in (uv) can be
obtained. Therefore, the analytical solution of equation (45) can be found in (uv), which is of
the form

.

uv = — l/jra(x, t)dy (46)

0

where a(t, t) is-a.complex Fourier function. It has been shown by Bruno {29] that this kind
of situation corresponds to a non-structurally stable focus or a center whose existence and
character is totally determined by the non-linear terms of the normal form. However, as
pointed out earlier, the stability of equation (45) can be characterized from the autonomous
part alone. Therefore, dropping all the periodic terms in f;,(t, t) and f;5(t, 7) and using the
transformation u = rcos 8, v = rsin 8, one obtains

dr —0.0125r3 cos® 0sin 0 + ir(wecos 20 — 0.0125r2 cos 8sin? )

b= - : (47)
sin 20
2
The above equation is of the form
dr 3
5 =10 +r%0 48)

and only the mean value of f (6) over period T decides the behavior of the equilibrium point
[29]. In the present case the mean value is zero and hence r is found to be a constant. Thus
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Fig. 7. Phase plot of Mathieu’s equation in center manifold (x = 4.0. 8 = 7.468; § = 0, ¢ = 0.3).

the fixed point (0, 0) is a center which agrees with the numerical results of the original
Mathieu equation, as shown in Fig. 7.

A similar conclusion can also be drawn without reducing the equation to the normal
form, as shown in the following. After the application of the L-F transformation to (36) and
neglecting the periodic variations of the coefficients, one obtains

wl_ {0 =Bi{in + 0.0245y}y, + 0.00587y3 (49)
V2 B O V2 —0.0995y; — 0.0245y, y2
where f, = 0.816. It is not possible to reduce (49) any further in the real domain and this

form itself is the normal form for the case considered here. Using y, =rcos@ and
y2 = rsin, (49) transforms to

dr — (0.02345in 20 + 0.0069 sin 40)r*

dd ~ 0.816 — 0.013r%sin? 20 — r2(0.00567sin* 6 + 0.0995cos* §) (50)
At this point, one can use the transformation
r=p+a@p’ (51)
to obtain )
do . da(9
d—g =— p3[0.0234 sin (26) + 0.0069 sin (46) + %—)] + O(lp*1). (52)
Selecting
0
dgg ) . 0.02345in(26) — 0.0069 sin (46). (53)

dr/d@ is identically transformed to dp/df = 0. Then using Lemma 11.3 together with the
Center Theorem of Liapunov, as given in [31], one can see that the fixed point (0, 0) is
a center and every solution in this neighborhood is periodic. Solving (49) for other fixed
points, one finds two more fixed points, namely (0, 11.8) and (0, —11.8) and these points are
also found to have the same behavior as that of the fixed point (0, 0). The global behavior of
(49) is studied via numerical integration, including all these fixed points and the results are
shown in Fig. 8. When these numerical solutions are transformed back to the original
coordinates via the L-F transformation, it is found that the solutions indeed behave like
a center, as indicated by Fig. 9. Considering the approximate nature of this analysis, when
compared to the corresponding numerical solution in the original coordinates (cf. Fig. 7), it
is observed that the dynamic patterns match remarkably well.
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Fig. 8. Global dynamics in the transformed plane tx = 4.0; f = 7.468: 6 = 0, ¢ = 0.3).
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Fig. 9. Phase plot of Mathieu's equation in center manifold (@ = 4.0; § = 7.468;, 6 = 0; ¢ = 0.3).

6. CONCLUSIONS

In this paper, new methods for the analysis of general quasilinear dynamic systems with
periodically varying coefficients are developed. The strategy is based on the fact that the
L-F transformation matrices can be used to transform all such systems into a similar forms
whose linear parts are time-invariant. The resulting dynamical equations are then analyzed
using the normal form theory.

The L-F transformation matrices have been computed in terms of shifted Chebyshev
polynomials. Such computations are byproducts of state transition matrices obtained
earlier in references [9-11, 21-23]. On the basis of the convergence study reported by
Joseph et al. [11] and our experience with the various case studies reported here, a 15 term
Chebyshev polynomial representation of the L-F transformation matrices provides excel-
lent accuracy. This transformation converts the linear part of the quasilinear periodic
dynamical equation to a time-invariant form regardless of the magnitude of the parameters
associated with the periodic matrix. Further, the analysis is carried out through an
application of time-dependent normal form theory. Simplified results using the autonomous
normal form theory have also been recorded. The results obtained from the traditional
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averaging method and a Runge-Kutta numerical scheme have also been reported for
comparison. '

From the examples studied in Section 5, the proposed methods provide extremely
convergent solutions and correct behaviors of the dynamics in the stable manifold when
compared to the numerical results. When the dynamics are in the center manifold, the
normal form reduction still retains the original dynamic characteristics and the stability
behavior can be studied analytically. It is to be noted that the averaging technique provides
comparable resulits only for those cases when both the periodic matrix and the non-linearity
contain a small parameter. In many instances, it is found that the solution obtained via the
proposed methods matches the numerical solutions even when the parameters multiplying
the non-linear terms are relatively large (cf. Fig. 6). It is also shown that for some cases, like
the commutative systems, the present methods can even provide closed form symbolic
solutions as well. It is observed that the solutions obtained via time-dependent normal forms
show slower behavior than those obtained from time-independent normal forms;, however,
both solutions are found to be slower than the numerical solutions. Nevertheless, they
depict the correct behavior of the system in stable, center and unstable manifolds. The
reason for such a slow behavior can be attributed to different pointing directions of the
averaged drift of such methods and the projection of the true motion [26].

To conclude, the authors would like to state that for the first time the computation and
application of Liapunov-Floquet transformation in the analysis of non-linear periodic
systems has been demonstrated. It has been shown that the proposed analysis techniques
are virtually free from the small parameter limitations and the question of the existence of
the so-called “generating solution” does not arise, which is certainly not the case with the
classical methods such as averaging, perturbation, etc. It is anticipated that the suggested
analysis techniques would serve as efficient tools in the study of bifurcations of non-linear
systems with periodically varying coefficients. As demonstrated in [25], the controllers for
periodically varying systems can be effectively designed using the time-invariant methods
through the application of the Liapunov-Floquet transformation. This idea can be easily
extended to the control of non-linear systems with periodic coefficients following the
developments outlined in this study. These investigations will be reported in due course.
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APPENDIX A
Coefficients of near-identity transformations of time-dependent normal form for the commutative system:
075« ] [ — (1 —0.25%) 0.75¢(2 — a)] . 0.25¢(2 + 2} ]
p(t)=|———cost + | ———— jcos 3t + | ——— |sint + | ————— |sin 3¢
12 — 2a + o2 ] L 10 — 22 + a2 2~2a+ a? 10 —~ 2a + a2 |
pa(t) =¢€e[ —05cost — 0.1cos3t — 0.2sin 3t]
0.252¢ ] ™ g(1 + 0.25¢) 0252+ o) . —0.25¢(2 — 2)7
pi(t) =| —————— jcost + | ————— Jcos 3t + | ——— |sint + | ——————|sin }t
L2 + 2 + o? | L10 + 22 + «° 2+ 20 +0° 10 + 20 + |
—0.5¢(1 — a)] [ —0.5¢(1 +2) 0.50¢ . 0.5¢(1 + 2)
q,{t)=| ———— Jcost + | —————— Jcos 3t + | ———— |sint + | ———————— |sin 3¢
2 — 4o + 4o* | L10 — 4x + 4«° 2 ~ 4a — 4a® 10 — da + 4o°

2 —2a + o2 2

0.5¢(2 — a) 0.5a¢ )
g,(t) =| ————— |cost + 0.167¢cos 3t + | —————— sint — 0.056¢(2 + a)sin 3t
. 2~ 20 4 a*

q3(t) = e[ — 0.75cost + 0.05cos 3¢ + 0.1sin 3t].
APPENDIX B

The non-linear coefficients f,,(t,7) and f,,(t,7) of equation (45). In the following, p = nt, C, = Cosine[np],

S,, = Sinefnp] and i = /(~ 1):

fi2(6,1) = { —0.01248 — 0.00271C,, + 0.01222C,, + 0.00269C, ,, — 0.015945, — 0.004755,,
- 0007255, — 0.01055,, + 0.005485,, — 0.000485,, , +0.002145,,
+0000615,,,} + i*{0.02215C, + 0.04170C,, — 0.01839C,, + 0.01488C,,
~002128C,, - 0.00425C,,, — 0.00791C,,, — 0.00388C, ,, + 0.048385,
+0031525,, + 0005508, ,,}

f55(t,7) = i*{ — 001248 — 0.00271C,, + 001222C,, + 0.00269C,,, — 0015955,

— 0004755, — 0.007255,, — 0010535, + 0.00548S,, — 0.000485, ,,
+0002145,, + 0000615, ,,} + { —0.00349C, ~ 0.00829C,, + 0.00840C;,
+000495C, — 0.00113C,, +0.00076C,, , ~0.00073C, ,, — 0.00009C

— 0012655, + 0.00409S,, + 0001285, }.
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