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6 Dynamic Force Analysis

For a kinematic chain it is important to know how forces and moments are
transmitted from the input to the output, so that the links can be properly
designated. The friction effects are assumed to be negligible in the force
analysis presented here.

6.1 Equation of Motion for General Planar Motion

The Newton’s second law for a rigid body is obtained
mac = F

where a¢ is the acceleration of the mass center. The derivation of the equa-
tions of motion is valid for the general motion of a rigid body. The equation
is equally applicable to planar and three-dimensional motions.

Resolving the sum of the external forces into cartesian rectangular com-
ponents

F=Fa1+F,)+F.k,
and the position vector of the mass center
re =zo(t)1+yo(t) )+ 20(t) k,
Newton’s second law for the rigid body is
mic = F, (6.1)
or

mafc = Fz, myc = Fy, méc = Fz. (62)
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The summation > m;r? or the integration over the body [ 72 dm is defined

as mass moment of iflertia I¢.. of the body about the z-axis through C. The
mass moment of inertia Io,, is a constant property of the body and is a
measure of the rotational inertia or resistance to change in angular velocity
due to the radial distribution of the rigid body mass around z-axis through

C.

The angular momentum of the rigid body about z-axis through C' is
HC = [szw or HC’ = [szwk = [sz w.
The rotational equation of motion for the rigid body is

]sz o = ZMC or Isz ak = ZMC k. (63)

For general planar motion the angular acceleration is & = w = 6k, where the
angle 6 describes the position, or orientation, of the rigid body about a fixed
axis. If the rigid body is a plate moving in the plane of motion (X,Y’), the
mass moment of inertia of the rigid body about z-axis through C' becomes
the polar mass moment of inertia of the rigid body about C, I,, = I¢. For
this case the Eq. (6.3) gives

A special application of Eq. (6.4) is for rotation about a fixed point.
According to parallel-axis theorem

2
[Ozz = Isz + mreq,

where Ip.. denotes the mass moment of inertia of the rigid body about z-axis
through O. For the special case of rotation about a fixed point O one can
use the formula

IOzza = ZMO (65)
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The general equations of motion for a rigid body in plane motion are

F=macs or F=mic, (6.6)
ZMC = [sz QL (67)

or using the cartesian components

mic =Y F, mijc=> F, Ic.0=> Mc. (6.8)
Equations (6.6) and (6.7) are interpreted in two ways

1. The forces and moments are known and the equations are solved for
the motion of the rigid body (direct dynamics).

2. The motion of the RB is known and the equations are solved for the
forces and moments (inverse dynamics).

The dynamic force analysis in this chapter is based on the known motion of
the mechanism.
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6.2 D’Alembert’s Principle

Newton’s second law can be writen as
F+ (—mac)=0, or F+F;,, =0, (6.9)

where the term F;, = —mac is the inertia force. Newton’s second law can
be regarded as an “equilibrium” equation.
The total moment about a fixed point O is

> Mo = (r¢ x mac) + Ic..a,

> Mo + [re x (—mag)] + (~Ic..a) = 0. (6.10)

The term M;,, = — I, is the inertia moment. The sum of the moments
about any point, including the moment due to the inertial force —ma acting
at mass center and the inertial moment, equals zero.

The equations of motion for a rigid body are analogous to the equations
for static equilibrium:
The sum of the forces equals zero and the sum of the moments about any
point equals zero when the inertial forces and moments are taken into ac-
count. This is called D’Alembert’s principle.

The dynamic force analysis is expressed in a form similar to static force
analysis

> R=> F+F;, =0, (6.11)
> Te=> Mc+M,, =0, (6.12)

where Y F is the vector sum of all external forces (resultant of external force),
and Y Mg is the sum of all external moments about the center of mass C
(resultant external moment).

For a rigid body in plane motion in the zy plane,

ac =Ic1+ o), a=ak,
with all external forces in that plane, Egs. (6.11) and (6.12) become
SR, =N Fot Fi =S, Fo+ (—miic) = 0, (6.13)
Y Ry=> Fy+ Fuy =) F,+ (-mijc) =0, (6.14)
S To =3 Mo+ My =Y. M + (I a) = 0. (6.15)
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With d’Alembert’s principle the moment summation can be about any arbi-
trary point P

ZTP:ZMP+Min+rPC XFinZO, (616)

where

e > Mp is the sum of all external moments about P,

e M,, is the inertia moment,

e F,, is the inertia force, and

e rpc is a vector from P to C.
The dynamic analysis problem is reduced to a static force and moment bal-
ance problem where the inertia forces and moments are treated in the same
way as external forces and moments.
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6.3 Free-Body Diagrams

A free-body diagram is a drawing of a part of a complete system, isolated in
order to determine the forces acting on that rigid body.

The following force convention is defined: F;; represents the force exerted
by link 7 on link j.
Figure 6.1 shows various free-body diagrams that are considered in the anal-
ysis of a slider-crank mechanism Fig. 6.1(a).
In Fig. 6.1(b), the free body consists of the three moving links isolated from
the frame 0. The forces acting on the system include an external driven force
F, and the forces transmitted from the frame at joint A, Fg;, and at joint
C, Fos. Figure 6.1(c) is a free-body diagram of the two links 1 and 2 and
Fig. 6.1(d) is a free-body diagram of the two links 0 and 1. Figure 6.1(e) is a
free-body diagram of crank 1 and Fig. 6.1(f) is a free-body diagram of slider
3.
The force analysis can be accomplished by examining individual links or a
subsystem of links. In this way the joint forces between links as well as the
required input force or moment for a given output load are computed.
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6.4 Force Analysis Using Dyads

RRR dyad
Figure 6.2 shows an RRR dyad with two links 2 and 3, and three pin joints,
B, C,and D. First, the exterior unknown joint reaction forces are considered

Fio = Figp1+ Fioy) and Fyz = Fyg 1+ Fisy ).

To determine Fi5 and Fy3, the following equations are written:
e sum of all forces on links 2 and 3 is zero

ZF(Q&S) —
meac, + msac, = Fia + G + Gg + Fys,

or
ZF(2&3) R
M2 Acy, + M3 ac,, = Fioz + Fyzg, (617)
ZF(2&3) )=
M2 Acy, + M3 Gy, = Fizy —ma g — m3 g + Fugy. (6.18)

e sum of moments of all forces and moments on link 2 about C' is zero
> —
[Cz Q9 +Troc, X Maag, = rgp X F12 + (1‘002 X GQ. (619)
e sum of moments of all forces and moments on link 3 about C' is zero
3
RV
103 o3+ cec, X Mzac, = Yop X F43 + rce, X G3. (620)

The components Fio,, Fioy, Fise, and Fys, are calculated from Eqgs. (6.17), (6.18), (6.19),
and (6.20).

The reaction force F3y = —Fo3 is computed from the sum of all forces on
link 2

S F® —= myac, =Fiu+Gy+Fy or Fi=mpac, — Fiz — Go.
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RRT dyad
Figure 6.3 shows an RRT dyad with the unknown joint reaction forces Fi,,
F43, and Fo3 = —F35. The joint reaction force Fy3 is perpendicular to the

sliding direction Fy3 1. A or
Fy3 - A = (Fisp1 + Fyzy)) - (cos b+ sinfy) = 0. (6.21)

In order to determine Fi5 and F43 the following equations are written
e sum of all the forces on links 2 and 3 is zero

Z FS) — i, ac, + mzac, = Fip + Gy + Gz + Fys,
or

> FC&) ) — myac,, + msac,, = Fiae + Fisa, (6.22)
ZF(Q&?’) ) = maac,, + M3ac,, = Flgy — Mg —mzg+ F43y‘ (623>

e sum of moments of all the forces and the moments on link 2 about C
1S zero

ZM(C%) — IC2 Qo +roc, X Mg ag, =rop X Fio + oo, X Go. (624)

The components Fia,, Fiaoy, Fis,, and Fys, are calculated from Egs. (6.21), (6.22), (6.23),
and (6.24).

The reaction force components Fjy, and Fjy, are computed from the sum of

all the forces on link 2

Z F(Q) — Mg ac, = Fio+ Gy + F3o or F3y = my ac, — Fi2 — Go.
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RTR dyad
The unknown joint reaction forces Fi, and Fy3 are calculated from the rela-
tions (Fig. 6.4)

e sum of all the forces on links 2 and 3 is zero

Z F(2&3) = My ac, + ms ac, = F12 -+ G2 -+ G3 —+ ].'—“437
or

SRS = myac,, + maac,, = Fias + Fiae, (6.25)
ZF(2&3) ) = maac,, +m3ac,, = Flgy — Mg —mzg+ F43y' (626>

e sum of the moments of all the forces and moments on links 2 and 3
about B is zero

&
ZMg Y = Ic, 00+ Io, a3 + Tpe, X maac, +Tpe, X myac, =
rgp X F43 +rpo, X G3 +I'pc, X G2' <627>

e sum of all the forces on link 2 projected onto the sliding direction
A = cos b1+ sin 0] is zero

ZF(Q) A = (F12+Fy) - (cosbh + sin ) = 0. (6.28)

The components Fioy, Fiay, Fise, and Fys, are calculated from Egs. (6.25), (6.26), (6.27),
and (6.28).

The force components Fjsy, and Fjg, are computed from the sum of all the

forces on link 2

Z F(2) = Mg ac, = F12 —+ GQ + F32 or F32 =Mmgagc, — (F12 + Gg)
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6.5 Force Analysis Using Contour Method

An analytical method to compute joint forces that can be applied for both
planar and spatial mechanisms will be presented. The method is based on the
decoupling of a closed kinematic chain and writing the dynamic equilibrium
equations. The kinematic links are loaded with external forces and inertia
forces and moments.

A general monocontour closed kinematic chain is considered in Fig. 6.5.
The joint force between the links i — 1 and ¢ (joint A;) will be determined.
When these two links ¢ — 1 and ¢ are separated the joint forces F,;_;; and
F,;_, are introduced and

F,,,+F,;.1=0. (6.29)

Table 6.1 shows the joint forces for one degree of freedom joints. It is helpful
to “mentally disconnect” the two links (i — 1) and 4, which create joint A;,
from the rest of the mechanism. The joint at A; will be replaced by the joint
forces F;_1,; and F;;_1. The closed kinematic chain has been transformed
into two open kinematic chains, and two paths I and I are associated. The
two paths start from A;.

For the path I (counterclockwise), starting at A; and following I the first
joint encountered is A;_;. For the link 7 — 1 left behind, dynamic equilibrium
equations are written according to the type of the joint at A, ;. Following
the same path I, the next joint encountered is A; 5. For the subsystem (i — 1
and i — 2) equilibrium conditions corresponding to the type of joint at A;
can be specified, and so on. A similar analysis is performed for the path I7
of the open kinematic chain. The number of equilibrium equations written is
equal to the number of unknown scalars introduced by joint A; (joint forces
at this joint). For a joint, the number of equilibrium conditions is equal to
the number of relative mobilities of the joint.
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6.6 R-RRT (slider-crank) Mechanism

Figure 6.6(a) is a schematic diagram of a R-RRT (slider-crank) mechanism
comprised of a crank 1, a connecting rod 2, and a slider 3. The mechanism
shown in the figure has the dimensions: AB = 1 m and BC' = 1 m. The
driver link 1 makes an angle ¢ = ¢; = m/4 rad with the horizontal axis and
rotates with a constant speed of n = 30/7 rpm. The point A is selected as
the origin of the xyz reference frame. The position vectors of the joints B
and C are

rB:x31+yB.]:71+—_]m and rC:mCI+yCJ:\/§1+OJ m.

The angular velocities of links 1 and 2 are

w; =w k=1krad/s and ws=ws k=—1krad/s.

V2 V2
2

The angular accelerations of link 1 and 2 are a¢; and a,. For this particular
configuration of the mechanism a; = a, = 0.
The velocity and acceleration of B are

V2 V2 V2. V2

VB:_TI"‘?‘] m/s and 332_71_7«] I’Il/SQ.

The velocity and acceleration of C' are
ve=—v21 m/s and ac=—v21 m/s’.

The center of mass of link 1 is C, the center of mass of link 2 is Cs, and the
center of mass of slider 3 is C'. The position vectors of the C;, i = 1,2,3 are
V2 /2
ro, =rp/2 =xc,1+ Yo,) = -} + 2 m
3V2 V2
ro, = (rp +10)/2 = 20,1 + Yc,) = ! + I

Yo, =Tro = Togl + You] = \/51 m.

The acceleration vectors of the C;, + = 1,2, 3 are

V2 V2

ac, = aB/2 =ac,1+ac,) = _Tl — T‘] m/SQa
3vV2 V2
ac, = (ap+ac)/2 =ac,,1+ ac,,] = _Tl - TJ m/SQa

ac, =ac =acg,1+ac,)=—V21 m/s%.
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The external driven force F,,; applied on link 3 is opposed to the motion
of the link (opposed to v¢). Because ve = —v/2 1 m/s, the external force
vector will be

F..: = [-Sign(ve)] 100 1= 100 1 N.

The height of the links 1 and 2 is A = 0.01 m. The width of the links
3 is wslider = 0.01 m and the height is hgjger = 0.01 m [Fig. 6.6(b)]. All
three moving links are rectangular prisms with the depth d = 0.001 m. The
acceleration of gravity is g = 10 m/s%.

Inertia forces and moments

Link 1
The mass of the crank 1 is

mp = p1 AB h d,
where the density of the material is p;. For the simplicity of calculations

The inertia force on link 1 at C is

V2 V2
—_— —1 N.
41—1—4,]

Fip1=—miac, =
The gravitational force on crank 1 at C] is
Gi=-myg)=-103N.
The mass moment of inertia of the link 1 is
I, = my (AB? + h*)/12 = 0.0833417 kg - m”.
The moment of inertia on link 1 is

Minl = —Icl o = 0.

Link 2
The mass of connecting rod 2 is

mgngBC'hd,
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where the density of the material of link 2 is py. For the simplicity of calcu-
lations my = 1 kg.
The inertia force on link 2 at Cy is

2 2

Fino = —maac, =
The gravitational force on link 2 at Cj is
Gy =-myg)=-103 N.
The mass moment of inertia of link 2 is
Ic, = my (BC? + h?)/12 = 0.0833417 kg - m”.
The moment of inertia on link 2 is
M2 = —1¢c, as = 0.

Link 3
The mass of the link 3 is

ms = p3 Nsiider Wsiider d,

where the density of the material of link 3 is p3. For the simplicity of calcu-
lations mg = 1 kg.
The inertia force on link 3 at C5 = C' is

Fi,3 = —msac, = V21 N.
The gravitational force on link 3 at C3 = C'is
Gs;=-m3g)=—-103 N.
The mass moment of inertia of slider 3 is
Ie, = my (Riiger + Whiiger) /12 = 0.0000166667 kg - m?.
The moment of inertia on slider 3 is
M,,3 = —1I¢c, a3 =0.

For a given value of the crank angle ¢ (¢ = 7/4) and a known driven force
F..: find the joint reactions and the drive moment M on the crank.
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Joint forces and drive moment

6.6.1 Newton-Euler Equations of Motion

Figure 6.6(c) shows the free-body diagrams of the crank 1, the connecting rod
2, and the slider 3. For each moving link the dynamic equilibrium equations
are applied (Newton-Euler equations of motion)

mac:ZF and ICaZZMc,

where C' is the center of mass of the link.

The force analysis starts with the link 3 because the external driven force
F..: on the slider is given.

The reaction joint force of the ground 0 on the slider 3, Fy3, is perpendic-
ular on the sliding direction, z-axis: Fos3 L 1 (Figure 6.7). The application
point @ of the reaction force F3 is determined using Euler moment equation

]C3O£3ZI‘CQ><F03 or OZI'CQXF()g — I'CQZO or O:Q

It results the reaction force Fy3 acts at C.
For the slider 3 the vector sum of the net forces (external forces F..,
gravitational force Gg, joint forces Fa3, Fo3) is equal to mgac, (Fig. 6.7)

msac, = Faoz + Gs + Fep + Fos,

where F23 = Fggxl + FngJ and F03 == F03y.]-
Projecting this vectorial equation onto z and y axes gives

msacs, = F23m + Femty

m3 acy, = Fazy — m3z g+ Fosy,
or numerically

(1)(—v/2) = Fys, + 100, (6.30)
0 - Fggy - (1)(10) + Fogy. (631)

There are two equations Egs. (6.30) and (6.31) and three unknowns Fys,, Fos,
and Fj3, and that is why the analysis will continue with link 2.
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For the connecting rod 2 (Fig. 6.8), Newton equation gives
moag, = Faz + Go + Fra.
The previous equation can be projected on x and y axes

ma ac,, = F3op + Flog,

Mo ey, = F32y — ma g + Flay,

or numerically

3v2

(1)(—7) = F3op + Fiog, (6.32)
(- Y2) = Fuy, — 1(10) + P, (633

For the link 2 a moment equation can be written with respect to Cs

Ic, oy = reyo X Fag + 10,5 X Fig,

or
1 J k 1 J k
Ie,as k=| 2¢c—2c, yo—yo, 0 |+|2—2c, Y —Yo, O
F321 F32y 0 F12r F12y 0
or

Io, oy = (20 — 20y) Fa2y — (Yo — Yoo ) F320 + (T8 — T0y) Fray — (YB — Yo ) Fiza,
or numerically

3v/2 V2 V2 3V2 V2

0= (V2= Sy = (=) e + (O = =Py = (5
Equations (6.30), (6.31), (6.32), (6.33), and (6.34) form a system of 5
equations with five scalar unknowns. The system can be solved using the

solve statement.
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The numerical values for the joint forces for the links 3 and 2 are

3
Fosy = —85 — ‘Qf N,

3
Fge = —100 — V2 N, Fzgy_95+—f N,

1
Fig, = =7 (400 + TV2)N, Fiy, = 1(84 +V2) N

or
3
Fos = |Fos| = 85 + i N,
38063
Foy = |Fo3| = \/F3y, + F3y, = \/ +485V2 N,
Fiy = [Fro| = \/F2, + Foy, = 2\/84137 + 245072 N.
For the crank 1 (Fig. 6.9), there are two vectorial equations
miac, = Fa1 + G1 + Foy,
Io, o1 =105 X For + 104 X Fo1 + M,
where M, is the input (motor) moment on the crank, Fy; = —Fy5, and

Fo1 = Foip1 + Foiyl.
The above vectorial equations give three scalar equations on x, y, and z

my ac,, = Fo1z + Foig,

myacy, = F21y _m1g+F01y7

1 J k 1 J k
Ienank=|2p—xc, yp—yo, 0 |+|2a—2c, Ya—vye, 0|+
F21:): F21y 0 FOlz FOly 0

+Mk=0,
or
my ac,, = Fo1z + Foig,
my ac,, = Fery —my g + Foy

Ic, an = (x5 — ¢y ) Fary — (Yo, — Yo, ) Fore +
(x4 — 2cy) Fory — (Ya — yo, ) Forr + M,
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or numerically

1(—\f) = 1(400 +7V2) + Fora, (6.35)

1(—?) = —i(84+\/§) — 1(10) + Fyyy, (6.36)

0— (\/— £) {—(84+\/_)} (‘2[—\4[) [4(400+7f)}
mey + ‘mey +M=0. (6.37)

Equations (6.35), (6.36) and (6.37) give

Fore = —2(50 + V2) N, Fy, = 115+ V2 N,
M =3+105v2 N -m,

or

For = [Fou| = /Fouw + i, = /23235 + 6302 N,
= M| =3+ 105v2 N - m.

Another way of calculating the moment M required for dynamic equilibrium
is to write the moment equation of motion for link 1 about the fixed point A

]Aalk:I'Acl XG1+I'ABXF21+M — 1\/[:I'B><Flg—rc1 XGl,

where Iy = I¢, + my (AB/2)?. The reaction force Fy; does not appear in
this moment equation.

The MATLAB program using Newton-Euler equations and the results are
given in Program 6.1.
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6.6.2 Dyad Method

B R CR CT dyad
Figure 6.10 shows the dyad Bg C'r Cr with the unknown joint reactions Fio
and Fp3. The joint reaction Fy3 is perpendicular to the sliding direction
F()g 1L A=10r F03 = Fogyj.
The following equations are written to determine Fi5 and Fs3

e Newton equation for links 2 and 3, 3, F4%3) —

meac, +mgac, = Fio + Gy + Gg + Foz + Fegy

or
Mg ac,, + M3 acs, = Flaz + Fea,
Mg ac,, +m3acy, = Fizy —mag —mg g+ Fozy — maac,,.
or
Fias +102.475 = 0, (6.38)
Fioy + Fugy — 19.6464 = 0, (6.39)

)

e Euler equation of moments for links 2 about Cg, > M(g
Io, 0y + 100, X moac, =rep X Fia +ree, X Go,
or
—0.707105 Fiay — 0.707105 Fi, 4 3.03552 = 0 (6.40)
Equations (6.38), (6.39) and (6.40) give
Fio = —102.475 N, Fip, = 106.768 N, and Fps, = —87.1213 N.
The joint reaction force F3, is calculated from
Fi = moac, — (Ga + Fip) = 101.4141 — 97.12135  N.

The moment M required for dynamic equilibrium is calculated from the
moment equation of for link 1 (Fig. 6.10) about the fixed point A

ZMS) — ICl a1 +Tro, Xmiag, =rg X Fo + G1 + M.
It results M = 151.492 Nm. The joint reaction force Fy; is calculated from
ZF(D = M ac, = —F12 + G1 + F01,

and Fo; = —102.8281+ 116.414) N.
The MATLAB program dyad equations and the results are given in Pro-
gram 6.2.
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6.6.3 Contour Method

The diagram representing the mechanism is shown in Fig. 6.11 and has one
contour, 0-1-2-3-0.
The dynamic force analysis can start with any joint.

Reaction F3
The reaction force Fy3 is perpendicular to the sliding direction of joint Crp
(Crranstation) as shown in Fig. 6.12

Fo3 = F03y.]-

The application point of the unknown reaction force Fg3 is computed from a
moment equation about Cr (Crotation) for link 3 (path I) (Fig. 6.12)

ZMg) =rop X Fo3 = (rp —r¢) x Fo3 = 0,
or
T Fysy =0 =a=0.

The application point of the reaction force Fy3 is at C' (P = ().
The magnitude of the reaction force Fps, is obtained from a moment equation
about Bp for the links 3 and 2 (path I)

Z Mg&2) =Trpc X (FOB + Fin3 + G3 + Fezt) +
rpc, X (Fina + Ga) + My, =0,

or
1 J k 1 J k
To —Tp Yo —YB 0|+ |z, =28 Yo=Yy O
Fin3m+Femt F03y+ﬂn3y_m3g 0 Fian —FinQy_m2g 0
+Min2k =0,

or numerically

The reaction Fpg, is
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Reaction Fo3
The pin joint at Cg, between 2 and 3, is replaced with the reaction force
(Fig. 6.13)
Fo3 = —F30 = Fozp 1+ Fazy ).

For the path I, an equation for the forces projected onto the sliding direction
of the joint C7 is written for link 3

ZF 1= F23+an3+G3+Fext)
F23x+Fiin3x+Fea:t = F23x+100+\/§: 0. (641)

For the path II, shown Fig. 6.13, a moment equation about Bpg is written
for link 2

ZMg) =rpc X (—Fa93) + ey X (Fina + G2) + M;,0 =0,

1 ] k 1 ] k
rc—2p Yyoc—yp 0 |+ | 2o, —2B Yo, =y 0 |+ My2k=0,
—Fo3,  —Fb, 0 Finow  Finagy—mag 0

or numerically

1 5V2  Fa/2 Fagg/2
5 . \2/_ N 232\/_ . 23;\/_ —0. (642)

The joint force Fa3 is obtained from the system of Egs. (6.41) and (6.42)

3
Fys, = —100 — V2 N and F23y:95+i N.

Reaction Fy,
The pin joint at Bpg, between 1 and 2, is replaced with the reaction force
(Fig. 6.14)
Fip = —Fo = Fiop 1+ Fiagy ).
For the path I, shown Fig. 6.8, a moment equation about C'y is written for
link 2

ZMg) =rop X Fiz + roc, X (Finz + Ga) + Myy2 = 0,
1 ] k 1 J k

rp—2c Yyp—yc O |+ |2, —2c Yo, — Yo 0|+ My k=0,
FIQJ: F12y 0 Ean EnQy_mQQ 0
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or numerically

]-_|_5\/§_F112x\/§_-Fl2y\/§

2 2 2 2

= 0. (6.43)

Continuing on path I, an equation for the forces projected onto the sliding
direction of the joint Cr is written for links 2 and 3

ZF(Q&g) 1= (Fi2+Fio+ G+ Fis+Gs+Fopy) 1=
32
2

F121+inn2x+F1in3m+Fext :F23x+100+\/§+ =0. (644)

The joint force Fy2 is obtained from the system of Eqgs. (6.44) and (6.43)

1 5
Fipp = = (400 +7V2) N and Fip, = (84 + V2) N.

Reaction Fy; and equilibrium moment M
The pin joint Ag, between 0 and 1, is replaced with the unknown reaction
(Fig. 6.15)
For = Foiz1+ Foy ).

The unknown equilibrium moment is M = M k. If the path I is followed
(Fig. 6.15) for the pin joint Bg, a moment equation is written for link 1

ZMS) =154 X Fo1 +rpey X (Fin1 + G1) + Myt + M =0,

1 J k 1 J k
—xp —yp 0|+ |20, —2B Yyo,—ys O |+Mk=0,
Fore Fory O Fiiz  Fipiy—mig 0

or numerically

5vV2  FozV2  Foruv2
\/_+01\/_+01y\/_

M = 0. 4
5 5 5 + 0 (6.45)

Continuing on path I the next joint encountered is the pin joint C'g, and a
moment equation is written for links 1 and 2

ZM(cl&z) =roa X For +ree, X (Fin1 + Gi) + M1 + M
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+roc, X (Fin2 + Ga) + M2 =0,

1 ] k 1 J k
—zc —yo 0 |+| 20, —2¢c Yo, —yc 0|+ Mk
Foiz F()ly 0 Finta Fi, 1y —M1yg 0
1 J k

+| rc, — ¢ Yo, —Yc 0 |+ M 2k=0,
-Fin2z -FinQy_mQ.g 0

or numerically
—V2 Fyy + M —1+10vV2 = 0. (6.46)

Continuing on path I the next joint encountered is the slider joint Cp, and
a force equation is written for links 1, 2, and 3

ZF(1&2&3) 1=Fu+Fi1+ G +Fio+Go+Fiz3+ G3+Fepy) 1=

3V2
F01m+ﬂnlx+ﬂn2z+ﬂn3m+Fert:F12x+100+\/§+\2/_:0‘ (647)

From Egs. (6.45), (6.46), and (6.47) the components Fyi,, Foi, and M are
computed

Fore = —2(50 + V2) N and  Fy,, = 115+ V2 N,

M =3+105V2 N -m.

The MATLAB program using contour equations and the results are given
in Program 6.3.
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6.7 R-RTR-RTR Mechanism

The planar R-RTR-RTR mechanism considered is shown in Fig. 6.16. The
following numerical data are given: AC = 0.060 m, AE = 0.250 m and
CD = 0.150 m. The widths of the links 1, 3, and 5 are AB = 0.140 m,
DF = 0.400 m, and respectively, FG = 0.500 m. The height of the links 1,
3, and 5is h = 0.010 m. The width of the links 2 and 4 is wgiger = 0.050 m,
and the height is hgjger = 0.020 m. All five moving links are rectangular
prisms with the depth d = 0.001 m. The angular velocity of the driver link 1
is n = 50 rpm. The density of the material is psiee = p = 8000 kg/m?. The
gravitational acceleration is g = 9.807 m/s®>. The center of mass locations of
the links ¢ = 1, 2, ..., 5 are designated by C;(z¢,, yc,,0).

The external moment applied on link 5 is opposed to the motion of the
link: Ms.,; = —Sign(ws) | M| k where | M| = 100 N-m and ws is the
angular velocity of link 5.

Find the motor moment M,,, required for the dynamic equilibrium and

the joint reaction forces when the driver link 1 makes an angle ¢ = % rad

with the horizontal axis.

Solution
The position vectors (in meters) of the joints are
position of joint A: ry = 0;
position of joint B: rg =xp1+yp]=0.1211+0.070 j;
position of joint C: ro = yo 3 = 0.060 j;
position of joint D: rp =xp1+yp )= —0.1491+ 0.047;
position of joint F: rp = yg )] = —0.250 j;
position of F: rp =z 1+ yp )= 0.2491+ 0.080 j; and
position of G: rg =rg1+yg )= —0.2241+ 0.196 j.
The angles of the links with the horizontal are ¢ = ¢35 = 4.715° and
04 = ¢5 = 16.666°.
The position vector of the center of mass of link 1 is
TB YB

I‘CIZZL'Cl1—|—y01J:71+7J:0.0601—|—0.035J m.

The position vector of the center of mass of slider 2 is

I'c, = gy 1+y02.] =TIB.
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The position vector of the center of mass of link 3 is

rcgzsz:cSl—i—yCS_]:xD;_xF 1+yD;yFJ:O.O491+O.O64J m.

The position vector of the center of mass of slider 4 is

re, =2c, 1+ Yc, J=Tp.
The position vector of the center of mass of link 5 is

rc5:x051+yc51:”;m l—i—yE;_yGJ:—O.llQl—O.OQGJ m.

The velocity and acceleration analysis are given by
acceleration of joint B: ap, = ap, = —3.3231— 1.919) m/s?;
acceleration of joint D: ap, = ap, =4.6171— 1.811}) m/s’;
acceleration of joint F: ap = —7.6951+ 3.019) m/s2;
acceleration of joint G: ag = 2.7671+ 0.919} m/s2;
angular velocity of link 5: ws = 0.917k rad/s;
angular acceleration of link 1: ey =0k rad/sQ;
angular acceleration of links 2 and 3: as = a3z = 14.568 k rad/sZ;
angular acceleration of links 4 and 5: ay = a5 = —5.771k rad/s2.
The acceleration vector of the center of mass of link 1 is

ac, = —1.6611—0.959) m/s”.

The acceleration vector of the center of mass of slider 2 is
re, =ap, = —3.3231—1.919) m/s’.

The acceleration vector of the center of mass of link 3 is

__ap; tagp

5 = —1.5391+0.603) m/s”.

ac,

The acceleration vector of the center of mass of slider 4 is
ac, = ap, = 4.6171—1.8113 m/s”.

The acceleration vector of the center of mass of link 5 is

_ap+ag

ac, —1.383140.459) m/s’.

24
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The external moment applied on link 5 is opposed to the motion of the link

Mi..r = —Sign(ws) |[Me,t| k = —Sign(0.917) (100) k = —100k  Nm.

Inertia forces and moments

Link 1
The mass of the link is

my = p AB h d =8000(0.14)(0.01)(0.001) = 0.0112 kg.
The inertia force of driver 1 at C] is
Fin1 = —mjac, = —0.0112(—1.661981—0.959545)) = 0.01861421—0.01074693 N.
The gravitational force on link 1 at Cf is

G, =-my g )= —0.0112(9.807) ) = —0.109838) N.

The mass moment of inertia of link 1 with respect to C} is
Ie, =my (AB?+h?)/12 = 0.0112(0.14% +0.01?) /12 = 1.83867x 10™° kgm?.
The moment of inertia of driver 1 is

M1 = —I¢, a1 = 0.

Link 2
The mass of the slider 2 is

mae = p Nstider Wstider d = 8000(0.02)(0.05)(0.001) = 0.008 kg.
The inertia force of slider 2 at Cy is
Fi.o = —ms ac, = —0.008(—3.3231—1.919)) = 0.02659171+0.01535273 N.
The gravitational force of slider 2 at C is

Gy = —mgy g 3= —0.008(9.807) ) = —0.1098383 N.
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The mass moment of inertia of slider 2 with respect to Cs is
Iy, = My (Wapiger +Whiiger) /12 = 0.008(0.02240.052) /12 = 1.93333x107% kgm?.
The moment of inertia of slider 2 is

M, = —Io,00 = —1.93333 x 107° (14.568) k = —2.8165 x 10 °k Nm.

Link 3
The mass of the link is

ms = p FD h d=8000(0.4)(0.01)(0.001) = 0.032 kg.
The inertia force of link 3 is
F,.3 = —m3 ac, = —0.032(—1.5391+0.603 ) = 0.04924891—0.019326) N.
The gravitational force of link 3 is
G; = —m3 g )= —0.032(9.807)) = —0.3138245 N.
The mass moment of inertia is
Ic, = m3 (FD*+ h?)/12 = 0.032(0.4% + 0.01%) /12 = 0.000426933 kg m®.
The inertia moment on link 3 is
M3 = —Ic,az = —0.000426933(14.568) k = —0.00621962k N m.

Link 4
The mass of the link is

My = p hstider Wstider d = 8000(0.02)(0.05)(0.001) = 0.008 kg.
The inertia force is
Fi.4 = —myac, = —0.008(4.6171—1.8113) = —0.03693671+0.014494635 N.
The gravitational force is

G, = —my g =—0.008(9.807)3 = —0.109838) N.
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The mass moment of inertia is
I, = Ma(hjiger+Whiger) /12 = 0.008(0.0224-0.05%) /12 = 1.93333x107% kgm?.
The moment of inertia is

Mg = —Io, oy = —1.93333 x 107°(=5.771) k = 1.11583 x 10 °k Nm.

Link 5
The mass of the link is

ms = p EG h d =38000(0.5)(0.01)(0.001) = 0.04 kg.
The inertia force is
F,.5 = —ms ac, = —0.04(1.3831+0.459)) = —0.05535161—0.0183855) N.
The gravitational force is
Gs =—ms5 g 3= —0.04(9.807)3 = —0.392283 N.
The mass moment of inertia is
Ic, = ms (EG* + h*)/12 = 0.04(0.5% + 0.01%)/12 = 0.000833667 kgm?.
The moment of inertia is

M, 5 = —Ic, a5 = —0.000833667 (—5.771) k = 0.00481155k N m.
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Joint forces and drive moment

6.7.1 Newton-Euler Equations of Motion

The force analysis starts with the link 5 because the external moment Ms,,;
is given. Figure 6.17(a) shows the free body diagram of the link 5. The joint
reaction force of the ground 0 on the link 5 at the joint F'is Fo5 = Fos,1+Fos,)-
The joint reaction force of the link 4 on the link 5 is Fy5 = Fi5,1+ Fy5,). The
application point of the force Fy5 is P(zp, yp) and the position vector of P
isrp =xpl+ypJ.

The point P, the application of the force Fy5, is located on the direction
DE, that is

(rp —rg) X (rp —rg) =0,

or

0.297670 xp + 0.149492 yp + 0.0373731 = 0, (6.48)

The direction of the unknown joint force Fy5 is perpendicular to the sliding
direction rpg
Fys-rpp =0,

or

—0.149492 Fy5, + 0.297670 Fy5, = 0. (6.49)

For the link 5 the vector sum of the net forces, gravitational force Gs, joint
forces Fos, Fys5, is equal to ms ac, [Fig. 6.17(a)]

msac, = Fos + Fus + Gs.
Projecting the previous vectorial onto x and y axes gives

ms acy, = Fose + Fusg,

ms acs, = Fosy + Fasy — ms g,
or

Fose + Fise — 0.0553516 = 0, (6.50)
Fysy + Fis, — 0.410666 = 0. (6.51)

The vector sum of the moments that act on link 5 with respect to the center
of mass Cj is equal to I, a5 [Fig. 6.17(a)]

Io, o5 =rep X Fos +rogp X Fas + Mg,
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or

0.112198 Fys, + 0.223409 Fys, + (zp + .112198) Fys, —

(yp + 0.0265909) Fy5, — 99.9952 = 0. (6.52)
There are five equations Eqs. (6.48)-(6.52) and six unknowns and that is why
the analysis will continue with the slider 4. The free body diagram of the
slider 4 is shown in Fig. 6.17(b).

The joint reaction force of the link 3 on the slider 4 at D = Cy is F3y =
Fs4,1 + F34,) and the joint reaction force of the link 5 on the slider 4 is
Fs4 = —Fy5 = —Fiysp1 — Fusy).

For the slider 4, according to Newton’s equations of motion, the vector
sum of the net forces, gravitational force Gy, joint forces Fs4, Fs54), is equal
to msac,

myac, = Fzy + Fsy + Gy

Projecting the previous vectorial onto x and y axes gives
maac,, = Fsue + Fsae,
my acy, = Fzay + Fsay — ma g,
or

Fyiz — Fisy — 0.0369367 = 0, (6.53)
Fyyy — Fys, — 0.0639614 = 0. (6.54)

The vector sum of the moments that act on slider 4 with respect to the center
of mass D = Cy is equal to I¢, oy
Ic, oy = v p X Fay,

or

—(2p +0.149492) Fys, + (yp — 0.0476701) Fis, + (0.111583) 10~ = 0. (6.55)
There are eight equations Eqgs. (6.48)-(6.55) with eight unknowns

Fosey Fosys Fise, Fisy, Tp, Yp, Faag, and Fsg,,. The following numerical solu-
tion are obtained

Fo5 = 268.1651+ 135.0573 N,

Fi5 = —268.1091 — 134.6473 N,

F3, = —268.0721 — 134.5833 N, and

rp = —0.1494921+ 0.0476701 3 m.
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The force analysis continues with the link 3. Figure 6.18(a) shows the
free body diagram of the link 3. The joint reaction force of the link 4 on
the link 3 is Fy3 = —F34 = 268.0721 4 134.583) N. The joint reaction force
of the ground 0 on the link 3 at the joint C is Fo3 = Fisz1 + Fogy). The
joint reaction force of the link 2 on the link 3 is Fao3 = Fy3,1 + Fhsy). The
application point of the force Fo3 is Q(zq, yg) and the position vector of ¢

IsTg = 2ol + Yg)-
The point @), the application of the force Fa3, is located on the direction
BC, that is
(I‘B — rc) X (I‘Q — rc) = 07

or
0.121244 5 — 0.01 2 — 0.00727461 = 0. (6.56)

The direction of the unknown joint force Fa3 is perpendicular to the sliding
direction rgc
Fo3 -rpc =0,

or
0.121244 Fys, + 0.01 Fys, = 0. (6.57)

For the link 3 the vector sum of the net forces, gravitational force Gz, joint
forces Fy3, Fog, Fas, is equal to msac, [Fig. 6.18(a)]

mzac, = Fiz + Foz + Fa3 + Gg,
Projecting the previous vectorial onto x and y axes gives

ms acy, = Fisg + Foszg + Fosg,

m3 acs, = Fize + Fozy + Fazy —ma g,
or

Fose + Fazy + 268.122 = 0, (6.58)
Fusy + Fasy + 134.250 = 0. (6.59)

The vector sum of the moments that act on link 3 with respect to the center
of mass Cj is equal to I, a3 [Fig. 6.19(a)]

Iy, a3 =rc,p X Fys +reye X Foz +rogg X Fas,
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or

—22.4246 — 0.0498308 Fp3, + 0.00410997 Fos, +
(xQ) — 0.0498308) Fasy, — (yo — 0.0641100) Fy3, = 0. (6.60)

There are five equations Egs. (6.56)-(6.60) and six unknowns and that is
why the analysis will continue with the slider 2. The free body diagram of
the slider 2 is shown in Fig. 6.18(b).

The joint reaction force of the link 1 on the slider 2 at B is F15 = Fio,1+
F9,) and the joint reaction force of the link 3 on the slider 2 is Fgo = —Fo3 =
—F3,1 — Fagy).

For the slider 2 the vector sum of the net forces, gravitational force Go,
joint forces F3o, F19, is equal to my ac,

maac, = Fzo + Fia + Go.
Projecting the previous vectorial onto x and y axes gives

ma acy, = Faor + Flag,

Ma ey, = F3ay + F1ay — ma g,
or

— Py + Fiap + 0.0265917 = 0, (6.61)
— Fysy + Fiay — 0.0631033 = 0. (6.62)

The vector sum of the moments that act on slider 2 with respect to the center
of mass B = () is equal to I, as

‘[CQ Qg = rCQQ X F32;
or
(2o — 0.121244) Fy, + (yo — 0.07) Fys, — (0.281650) 1071 = 0. (6.63)

There are eight equations Egs. (6.56)-(6.63) with eight unknowns
Fose, F03y> Fo3y, F23y7 TQ, YQ, Fio,, and F12y~
The following numerical solution are obtained
Fos = —256.7451 — 272.1793 N,
Fo3 = —11.37621+ 137.93) N,
Fio = —11.40281+137.993) N, and
rg = 0.1212431+ 0.07) m.
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The force analysis ends with the driver link 1. Figure 6.19 shows the free
body diagram of the link 1. The joint reaction force of the link 2 on the link
1is Fy; = —F15 = 11.40281 — 137.993) N.

The joint reaction force of the ground 0 on the link 1 at the joint A
is For = Fpip1 + Fpiy). For the link 1 the vector sum of the net forces,
gravitational force Gy, joint forces Fyy, Fap, is equal to my ac, (Fig. 6.19)

miac, =Fy —Fiu+ G, = Fp=miac, +Fiu— Gy

The vector sum of the moments that act on link 1 with respect to the center
of mass C is equal to I, oy

Ic, 0 =rca X For —rop X Fig + Mo,
and the equilibrium moment (motor moment) is
Mot = Ic, 01 —reya X For + 1o X Fra.

Another way of calculating the equilibrium moment is to take the sum of the
moments that act on link 1 with respect A

Io, o0 + 1o, X myag, =1¢, X Gy +r1p X (=Fi2) + My,
and the equilibrium moment is
Mot =1 X Fia+ 1, X (myac, — Gi) + Ie, ag.

The joint reaction force of the ground 0 on the link 1 is Fo; = —11.42141 +
138.0923 N, and the equilibrium moment is M,,,,; = 17.5356 k N m.

The MATLAB program using Newton-FEuler equations and the results are
given in Program 6.4.
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6.7.2 Dyad Method

The dynamic force analysis starts with the last dyad (links 5 and 4) because
the external moment Mj,,; on link 5 is known.

ER DT DR dyad
Figure 6.20 shows the forces and the moments that act on the dyad Er Dy Dpg.
The unknown joint reaction forces are Fo5 = Fisg1 4 Fosy ), Faa = Fup1 +

F34y.]-
The Newton equation for links 5 and 4
msac; +myac, = Fos + G5+ Gy +Fay =
Z F(5&4) = F05 + G5 + G4 + F34 — Msac; —Mygag, = 0. (664)

Equation (6.64) has a component on z-axis, > F®¥Y) .1 a component on
y-axis, S, FG&Y . g,
The Euler equation of moments for links 5 and 4 about Dy gives

105 (875 —+ I'pey X M acy =+ [C4 oy =TYpgp X F05 + I'pcy X G5 + Msext —

ZM([L;)&ZL) — (rE _ rD) X F05 —+ (I‘CS — I'D) X (G5 — Ms aC5) + M5ext
e cts — Ty cts 0. (6.65)

The Newton equation for link 4 projected on the sliding direction E'D is
(myac,) rpp = (F34 + Gy + Fsy) -rpp =
ZF(4) Tpp = (F34 + G’4 — My 804) . (I‘D — I'E) = O (666)

The force of the link 5 on link 4 is Fs4 and Fs54 - rgp = 0.

There are four equations Egs. (6.64)-(6.66) with four unknowns
Fose, Fosy, Faaz, F3ay.

The force of the link 4 on link 5 is Fy5 is calculated from Newton equation
for link 5

msac, = Fos + G5 + Fgs =

Fis = msac, — Gs — Fos.

The application point of the joint force Fy5 is P(zp, yp). The point P is on
the line D or

Ypp X Ygp = 0 or (I‘D — I‘E) X (I‘p — I'E) =0.
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The second equation needed to calculate zp and yp is the moment equation
on link 4 about D = Cy

-[04 oy =Tcyup X (_F45)'

CR BT B R dyad
Figure 6.21 shows the forces and the moments that act on the dyad Cr Br Br
(links 3 and 2). The unknown joint reaction forces are Foz3 = Fis, 1+ Fosy J,
Fio = Fiop1+ Fiay).

The joint force Fy3 = —F34 was calculated from the previous dyad EDD

F43 = —F34s

The sum of all the forces that act on links 3 and 2 is

mzac, + meac, = Fui3 + Fo3 + G3+ G + Fip =
Z F(3&2) = F43 -+ F03 + G'3 + G'2 + F12 —m3zac, —M2acg, = 0. (667)

Equation (6.67) has a component on z-axis, > FG¢?)

y-axis, S FG&2) . g,
The sum of moments of all the forces and moments on links 3 and 2 about
Bpg is zero

-1, a component on

Ic, o3 + 1o, X mgac, +Ic, 0 =rpp X Fys +rpe X Foz +1rpc, X Gz =
ZMg&2) — (rD — I‘B) X F43 —+ (I‘C — I‘B) X F03 + (1‘03 — I‘B) X (Gg — M3 303)
_ICB a3 — ]C’g Qg = 0. (668)

The sum of all the forces on link 2 projected on the sliding direction BC' is

(moac,) -rpe = (Fi2 + G2+ F32) -rpge —
ZF(Q) I'pe — (F12 + Gg — My aCQ) : (I‘C - I'B) =0. (669)

The force of the link 3 on link 2 is F3, and F3y - rge = 0.

There are four equations Egs. (6.67)-(6.69) with four unknowns
Foze, Fozy, Fiaz, Fiay.

The force of the link 3 on link 2 is F35 is calculated from the sum of all
the forces on link 2

moac, = Fa + Gy +Fipa =

Fso = my ac, — Gy — Fyo.
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The application point of the joint force Fsy is Q(z¢, yg). The point @) is on
the line BC' or

rgc Xroc =0 or (rg—rg)x(rg—rc)=0.

The second equation needed to calculate xg and yq is the sum of all the
moments on link 2 about B = Oy

[CZ Oy = I'C2Q X F32.

The joint reaction force of the ground on the link 1 and the equilibrium mo-
ment (drive moment) shown in Figure 6.19 are calculated using the procedure
presented in the previous subsection.

TheMATLAB program using the dyad method and the results are given
in Program 6.5.
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6.7.3 Contour Method

The contour diagram representing the mechanism is shown in Fig. 6.22. It
has two contours 0-1-2-3-0 and 0-3-4-5-0.

Reaction force Fs

The rotation joint Er between the links 0 and 5 is replaced with the
unknown reaction force Fo5 (Fig. 6.23)

Fos = Fosel + Fosy).

Following the path I, as shown in Fig. 6.23, a force equation is written for
the translation joint Dp. The projection of all forces, that act on the link 5,
onto the sliding direction rpg is zero

ZF(5) T'pp = (F05+G5+Fin5) ‘T'DE :O, (670)
where 'pg =Tg —Ip.
Continuing on the path I, a moment equation is written for the rotation joint
Dpr
> M5 = rpp X Fos + rpey X (Gs + Fing) + My + My 5 + Moy = 0, (6.71)

where rpc, = re, — Ip.
The following numerical solution is obtained

Fos = 268.1651+ 135.057) N.

Reaction force Fys

The translation joint Dy between the links 4 and 5 is replaced with the
unknown reaction force Fy5 (Fig. 6.24)

Fus = —Fs54 = Fis,1 + Fisy).
The position of the application point P of the force Fy5 is unknown

rp = 1rpl+yp),
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where zp and yp are the plane coordinates of the point P.
Following the path I (Fig. 6.24), a moment equation is written for the rota-
tion joint Egr

ZMSS) =r1pp X Fys + 150y, X (Gs + Fins) + Mips + Msepy =0, (6.72)
where r'ep=TYp —TIEg and pe, =Tcoy, — YE.

Following the path /7 (Fig. 6.24), a moment equation is written for the
rotation joint Dp

ZM(;) =TIpp X F54 + Mm4 = 0, (673)

where rpp =rp —rp and F5y = —Fys5.
The direction of the unknown joint force Fy5 is perpendicular to the sliding

direction rgp
F45 ‘Tgp = 0. (674)

The application point P of the force Fys is located on the direction E D, that

(rp —rg) X (rp—rg) =0. (6.75)

The following numerical solutions are obtained

Fy5 = —268.1091 — 134.6463 N and rp = —0.1494921+ 0.0476701 3 m.

Reaction force Fay

The rotation joint Dg between the links 3 and 4 is replaced with the
unknown reaction force Fgy (Fig. 6.25)

Fsy = —Fs4 = F34,1 + F3yy).

Following the path I, a force equation can be written for the translation
joint Dp. The projection of all forces, that act on the link 4, onto the sliding
direction ED is zero

Z F(4) Tpp = (F34 + G4 -+ Fm4) ‘Tpp = 0, (676)

where rgp =rp —rg.
Continuing on the path I (Fig. 6.25), a moment equation is written for the
rotation joint Epr

Z M%&w =Tgc, X (G4 + Fm4) +rpp X Fgy + M4 +
rECs X (G5 + Fm5) + Min5 + M5ext = 0 (677)
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where rge, =re, —rp, and rge, =ro, — .
The following numerical solution is obtained

Fa, = —268.0721 — 134.5833 N.

Reaction force F3

The rotation joint C'r between the links 0 and 3 is replaced with the
unknown reaction force Fy3 (Fig. 6.26)

Fo3 = Foszp1 + Fosy).

Following the path I (Fig. 6.26), a force equation is written for the translation
joint Br. The projection of all forces, that act on the link 3, onto the sliding
direction C'D is zero

Z F® . rop = (Fo3 + Fy3 + Gg + Fyp3) -rep = 0, (6.78)
where rop =rp —ro.
Continuing on the path 7 (Fig. 6.26), a moment equation is written for the
rotation joint Bg

ZMS’&” =rpc, X (G3+Fing) +rpo X Fog +rpp X Fuz + Mo + M3 =0,

where ey, =Ycy —rp, 'po =T¢c —Ip, and 'pp =Trp —Irp.
The following numerical solution is obtained

Fo3 = —256.7451 — 272.1793 N.

Reaction force Fo3

The translation joint By between the links 2 and 3 is replaced with the
unknown reaction force Fo3 (Fig. 6.27)

Fo3 = —F35 = I3, 1+4 Fasy ).
The position of the application point @) of the force Fa3 is unknown

rQ:le—l—yQJ,

(6.79)
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where x¢ and yg are the plane coordinates of the point Q.
Following the path I (Fig. 6.27), a moment equation is written for the rota-
tion joint Cg

ZMg’) =roq X Fa3 +roc, X (G3 +Fins) +rep X Faz + M,z = 0, (6.80)

where rcg =rqQ —Trc, Ycecs =Tre; — I'c, and Ycp =Trp —I¢c.
Following the path I7 (Fig. 6.27), a moment equation is written for the
rotation joint Bg

S MY =rpg x Fay + My, = 0, (6.81)

where rgg =rg —rp.
The direction of the unknown joint force Fa3 is perpendicular to the sliding
direction BC'. The following relation is written

Fa3-rpc =0,

The application point ) of the force Fa3 is located on the direction BC, that
is

(I‘B — 1'0) X (I‘Q — rc) = 0. (682)
The following numerical solutions are obtained
Fo3 = —11.37621 4 137.93) N and rg = 0.1212431+ 0.070) m.
Reaction force Fiq
The rotation joint Br between the links 1 and 2 is replaced with the
unknown reaction force Fqy (Fig. 6.28)
Fip = —Fo = Fio, 1+ Fiay ).

Following the path I (Fig. 6.28), a force equation is written for the translation
joint Bp. The projection of all forces, that act on the link 2, onto the sliding
direction BC' is zero

ZF(Q) I'po = (F12 + G2 + ang) I'po = O (683)

Continuing on the path I, a moment equation is written for the rotation joint
Cr

ZM(Cz&:i) = rep X Fig+roo, X (Go 4 Fiya) + My, o +
roc, X (Gs+Fins) +rep X Fyg + M3 =0, (6.84)
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where rocp =rp—r¢, Yoo, =rc, —ro, Yooy = ey, — o, and rop =rp —re.
The following numerical solution is obtained

Fio = —11.40281+ 137.993) N.

The motor moment M,,,

The motor moment needed for the dynamic equilibrium of the mechanism
is M, = M, k (Fig. 6.29). Following the path I (Fig. 6.30), a moment
equation is written for the rotation joint Ag

ZME;) =15 X Fo1 + rac, X (Gl + le) + M, + M, = 0. (685>
The numerical solution is
M,,=175356 k N-m.

Reaction force Fo;

The rotation joint Ar between the links 0 and 1 is replaced with the
unknown reaction force Fo; (Fig. 6.30)

For = —Fi0 = Foiz1+ Foiy ),

Following the path I (Fig. 6.30), a moment equation is written for the rota-
tion joint Bpr

ZM}}) =r1rpa X Fo1 + 1, X (G +Fin1) + Mi1 + M, =0, (6.86)

where rpy = —rp, and rpe, =re, — I'p.

Continuing on the path I (Fig. 6.31), a force equation is written for the
translation joint By. The projection of all forces, that act on the links 1 and
2, onto the sliding direction BC' is zero

STFUM) rpo = (For + Gy + Finy + Go + Fiyz) - e = 0. (6.87)
The following numerical solution is obtained
Fop = —11.42141+ 138.092) N.

The MATLAB program for the dynamic force analysis is presented in
Program 6.6.



