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4 Dynamic Force Analysis

For a kinematic chain it is important to know how forces and moments are
transmitted from the input to the output, so that the links can be properly
designated. The friction effects are assumed to be negligible in the force
analysis presented here.

4.1 Equation of Motion for General Planar Motion

Consider a system of N particles. A particle is an object whose shape and
geometrical dimensions are not significant to the investigation of its motion.
An arbitrary collection of matter with total mass m can be divided into N

N
particles, the ith particle having mass, m; [Fig. 4.1(a)] m =Y _m,.
i=1

A rigid body can be considered as a collection of particles in which the
number of particles approaches infinity and in which the distance between
any two points remains constant. As N approaches infinity, each particle
is treated as a differential mass element, m; — dm, and the summation is

replaced by integration over the body m = / dm.

body
The position of the mass center of a collection of particles is defined by

1N
rc mi;mr (4.1)

where r; = rop, = rp, is the position vector from the origin O to the ith
particle. The particle ¢ is located at the point P;.
As N — oo, the summation is replaced by integration over the body

1
re = — / rdm, (4.2)
m
body

where r is the vector from the origin O to differential element dm.
The time derivative of Eq. (4.1) gives
N 2 2
d r; d reo
> m; o = e = Mac (4.3)

=1

where ac is the acceleration of the mass center. The acceleration of the
mass center can be related to the external forces acting on the system. This



Dynamic Force Analysis with MATLAB 2

relationship is obtained by applying Newton’s laws to each of the individual
particles in the system. Any such particle is acted on by two types of forces.
One type is exerted by other particles that are also part of the system. Such
forces are called internal forces (internal to the system). Additionally, a
particle can be acted on by a force that is exerted by a particle or object not
included in the system. Such a force is known as an external force (external
to the system). Let f;; be the internal force exerted on the jth particle by
the ith particle. Newton’s third law (action and reaction) states that the jth
particle exerts a force on the ith particle of equal magnitude, and opposite
direction, and collinear with the force exerted by the ith particle on the jth
particle [Fig. 4.1(a)] f;; = —f;, j # i. Newton’s second law for the ith particle
must include all of the internal forces exerted by all of the other particles in
the system on the ith particle, plus the sum of any external forces exerted
by particles, objects outside of the system on the ith particle

dQI'i
de?”’

> L +F = m Jj# i (4.4)
j

where F¢** is the external force on the ith particle. Equation (4.4) is writ-
ten for each particle in the collection of particles. Summing the resulting
equations over all of the particles from ¢ = 1 to N the following relation is
obtained

Y > fi+ Y Fi =mac, j#i. (4.5)

The sum of the internal forces includes pairs of equal and opposite forces. The

sum of any such pair must be zero. The sum of all of the internal forces on

the collection of particles is zero (Newton’s third law) > Y f; =0, j #1.
v

The term > F§* is the sum of the external forces on the collection of particles

Z F¢*' = F. The sum of the external forces acting on a closed system equals
the product of the mass and the acceleration of the mass center
mag = F. (46)

Considering Fig. 4.2(b) for a rigid body and introducing the distance q in
Eq. (4.2) gives

1 1
ro=— / rdm= — /(rc—irq)dm:rc—i—— / qdm. (4.7)
m m

m
body body body
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It results
1
- / qdm =0, (4.8)

m
body

that is the weighed average of the displacement vector about the mass center
is zero. The equation of motion for the differential element dm is

adm = dF,

where dF is the total force acting on the differential element. For the entire

body
/adm: / dF = F, (4.9)
body body

where F' is the resultant of all forces. This resultant contains contributions
only from the external forces, as the internal forces cancel each other. Intro-
ducing Eq. (4.7) into Eq. (4.9), the Newton’s second law for a rigid body is
obtained

mac = F

The derivation of the equations of motion is valid for the general motion of
a rigid body. These equations are equally applicable to planar and three-
dimensional motions.

Resolving the sum of the external forces into cartesian rectangular com-
ponents

F=Fa1+F,)+F.k,
and the position vector of the mass center
ro =xc(t) 1+ yo(t) ) + zc(t) k,
Newton’s second law for the rigid body is
mic =F, (4.10)
or

miﬁc = Fx, m?jc = Fy, méc = FZ. (4.11)
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Angular Momentum Principle for a System of Particles

The total angular momentum of the system of N particles [Fig. 4.1(a)]
about its mass center C', is the sum of the angular momenta of the particles
about C'

N
Hq = ZI'CPZ. X m;Vvi, (4.12)

=1

dr; . . .
where v; = — is the velocity of the particle P;.

The total angular momentum of the system about O is the sum of the angular
momenta of the particles

N N

Ho =) ri xmyv; =) (rc+rep) X miv; =rc X mve + He,  (4.13)
i=1 i=1

or the total angular momentum about O is the sum of the angular momentum

about O due to the velocity v of the mass center of the system and the total

angular momentum about the mass center.

The rate of change of the angular momentum about O equals the sum of the

moments about O due to external forces and couples

o _ 3 Mo. (4.14)
dt
Using Eqs. (4.13) and (4.14), the following result is obtained
d dH
ZMO:%(FC XmVC—l-Hc):I‘meac—i—WC, (415)

where ac is the acceleration of the mass center.
With the relation

ZMO :ZMC+rC XF:ZMC—FI'C X mag,
Eq. (4.15) becomes

dH
—¢ =3 M. (4.16)
dt
The rate of change of the angular momentum about the mass center equals
the sum of the moments about the mass center.
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Equations of Motion

An arbitrary rigid body with the mass m can be divided into N particles
P;,i=1,2,...,N. The mass of the P, particle is m;. Figure 4.2(a) represents
the rigid body moving with general planar motion in the (x,y) plane. The
origin of the cartesian reference frame is O. The mass center C' of the rigid
body is located in the plane of the motion, C' € (x,y). Let do = Oz be the
axis through the fixed origin point O that is perpendicular to the plane of
motion of the rigid body. Let do = Czz be the parallel axis through the
mass center C'. The rigid body has a general planar motion and the angular
velocity vector is w = wk. The unit vector of the do = C'2z axis is k.
The sum of the moments about O due to external forces and couples is

dHy d
Y Moy = WO = —l(re x mve) + Hel (4.17)

The magnitude of the angular momentum about d¢ is

He =) miriw. (4.18)

The summation 3> m,r} or the integration over the body [r*dm is defined

1
as mass moment of inertia I-,, of the body about the z-axis through C
Ic.. = Z miriz.
i

The term 7r; is the perpendicular distance from d¢c to the P; particle.

The mass moment of inertia I, is a constant property of the body and is
a measure of the rotational inertia or resistance to change in angular velocity
due to the radial distribution of the rigid body mass around z-axis through

C.
The angular momentum of the rigid body about d¢ (z-axis through C') is

HC = ]szw or HC = [szwk = ]sz w.

Substituting this expression into Eq. (4.17) gives

d
ZMO = ﬁ[(rc X mv(;) + ]szw] = (I'C X mac) + ]sza. (419)
The rotational equation of motion for the rigid body is

[sz o = ZMC or Isz ak = ZMC k. (420)



Dynamic Force Analysis with MATLAB 6

For general planar motion the angular acceleration is @« = w = 6k, where the
angle 6 describes the position, or orientation, of the rigid body about a fixed
axis. If the rigid body is a plate moving in the plane of motion (X,Y’), the
mass moment of inertia of the rigid body about z-axis through C' becomes
the polar mass moment of inertia of the rigid body about C, I,, = I¢. For
this case the Eq. (4.20) gives

A special application of Eq. (4.21) is for rotation about a fixed point.
Consider the special case when the rigid body rotates about the fixed point
O as shown in Fig. 4.2(b). It follows that the acceleration of the mass center
is expressed as

ac = a X ro — wire. (4.22)

The relation between the sum of the moments of the external forces about
the fixed point O and the product I¢,. o is given by Eq. (4.19)

Z MO =rc X mac + Iczza. (423)
Equations (4.22) and (4.23) give
ZMO = roxm(axre—wire)+ Io.a =
mre X (a X rg)+ loa =

m [(rc-ro)a — (ro - a)re] + Io..a =
mrao+ Ig..a = (mrd + Ic..)a. (4.24)

According to parallel-axis theorem
[Ozz = [sz + mréa

where I, denotes the mass moment of inertia of the rigid body about z-axis
through O. For the special case of rotation about a fixed point O one can
use the formula

[Ozza = ZMO (425)

The general equations of motion for a rigid body in plane motion are

(Fig. 4.3)

F=mac or F =mic, (4.26)
Z Mc = Ic.. «, (427)
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or using the cartesian components

mic =Y F,, mijc=Y F, Ic..0 =) M. (4.28)
Equations (4.26) and (4.27) are interpreted in two ways

1. The forces and moments are known and the equations are solved for
the motion of the rigid body (direct dynamics).

2. The motion of the RB is known and the equations are solved for the
force and moments (inverse dynamics).

The dynamic force analysis in this chapter is based on the known motion of
the mechanism.
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4.2 D’Alembert’s Principle
Newton’s second law can be writen as
F + (—ma¢) =0, or F+F;, =0, (4.29)

where the term F;, = —mac is the inertia force. Newton’s second law can
be regarded as an “equilibrium” equation.

Equation (4.23) relates the total moment about a fixed point O to the
acceleration of the mass center and the angular acceleration

ZMO = (I‘C X mac) —+ ]sza;
or
ZMO + [I‘C X (—mac)] + (—]sza) =0. (430)

The term M;,, = —Iq,.a is the inertia moment. The sum of the moments
about any point, including the moment due to the inertial force —ma acting
at mass center and the inertial moment, equals zero.

The equations of motion for a rigid body are analogous to the equations
for static equilibrium:
The sum of the forces equals zero and the sum of the moments about any
point equals zero when the inertial forces and moments are taken into ac-
count. This is called D’Alembert’s principle.

The dynamic force analysis is expressed in a form similar to static force
analysis

>R=> F+F;,, =0, (4.31)
> Te=> Mc+M,, =0, (4.32)

where _ F is the vector sum of all external forces (resultant of external force),
and > Mg is the sum of all external moments about the center of mass C'
(resultant external moment).

For a rigid body in plane motion in the xy plane,

ac =Ic1+ o), a=ak,
with all external forces in that plane, Eqgs. (4.31) and (4.32) become
> Re=> Fo+Fupo=> F,+(—mic) =0, (4.33)
ZRy:ZFy+Eny:ZFy+(—m§c)20, (4.34)
S To=Y Mc+My=> Mo+ (—Ica)=0.  (4.35)
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With d’Alembert’s principle the moment summation can be about any arbi-
trary point P

ZTP:ZMP+Min+rPC XFinZO, (436)

where

e > Mp is the sum of all external moments about P,

e M,, is the inertia moment,

e F,, is the inertia force, and

e rpc is a vector from P to C.
The dynamic analysis problem is reduced to a static force and moment bal-
ance problem where the inertia forces and moments are treated in the same
way as external forces and moments.
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4.3 Free-Body Diagrams

A free-body diagram is a drawing of a part of a complete system, isolated in
order to determine the forces acting on that rigid body.

The following force convention is defined: F;; represents the force exerted
by link 7 on link j.
Figure 4.4 shows various free-body diagrams that are considered in the anal-
ysis of a slider-crank mechanism Fig. 4.4(a).
In Fig. 4.4(b), the free body consists of the three moving links isolated from
the frame 0. The forces acting on the system include an external driven force
F, and the forces transmitted from the frame at joint A, Fg;, and at joint
C, Fos. Figure 4.4(c) is a free-body diagram of the two links 1 and 2 and
Fig. 4.4(d) is a free-body diagram of the two links 0 and 1. Figure 4.4(e) is a
free-body diagram of crank 1 and Fig. 4.4(f) is a free-body diagram of slider
3.
The force analysis can be accomplished by examining individual links or a
subsystem of links. In this way the joint forces between links as well as the
required input force or moment for a given output load are computed.
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4.4 Force Analysis Using Dyads

The inertia force Fy,; = Fj, jz1+ F, ) and the gravitational force G; =
—m,; gJ act on link j at the center of mass C;, j = 2, 3. The inertia moment
on hnk] is Minj = Minjz k.

RRR dyad
Figure 4.5(a) shows an RRR dyad with two links 2 and 3, and three pin
joints, B, C, and D. First, the exterior unknown joint reaction forces are
considered

Fio = Fio;1+ Figy) and Fug = Fyz, 1+ Fyzy ).

To determine Fi5 and Fy3, the following equations are written:
e sum of all forces on links 2 and 3 is zero

ZF(2&3) =Fi 3+ Fi2s+ Gy +F;3+Gy+ Fauz = 0,
or

Z F(2&3) 1= F12x + FinQa: + -Fin3x + F43x = 07 (437)
ZF(2&3) )= F12y + EnQy —mag+ En?)y —m3g+ F43y =0. (438)

e sum of moments of all forces and moments on link 2 about C' is zero
S MY = (rp —r¢) X Fis + (re, — 1¢) X (Fing + Gao) + My,5 = 0. (4.39)
e sum of moments of all forces and moments on link 3 about C' is zero
S MY = (rp —ro) X Fag + (roy — 10) X (Fins + Gg) + M5 = 0. (4.40)

The components Fia,, Fiay, Fis,, and Fys, are calculated from Eqs. (4.37), (4.38), (4.39),
and (4.40).

The reaction force F3 = —F»y3 is computed from the sum of all forces on

link 2

S FO =F3+Fio+Gy+F3=0 or Fgp=-F;,—Fi5 —Go.
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RRT dyad
Figure 4.5(b) shows an RRT dyad with the unknown joint reaction forces
Fi5, Fy3, and Fo3 = —F35. The joint reaction force Fy3 is perpendicular to

the sliding direction Fy3 L A or
F43 A= (F43z1 + F43yj) : (COS 6 + sin Q]) = 0. (441)

In order to determine Fi5 and F43 the following equations are written
e sum of all the forces on links 2 and 3 is zero

> FC) = Fiy 4 Fina + Gy + Fing + Gy + Fig = 0,
or
STF®E® 1= Fioy + Fiuop + Finge + Fige = 0, (4.42)
S FCE) Ly = Floy + Finoy — mag + Finsy — ms g+ Figy = 0. (4.43)

e sum of moments of all the forces and the moments on link 2 about C
18 zero

ZMg) = (rp —rc) X Fia + (re, — re) X (Fina + Go) + My = 0. (4.44)

The components Fia,, Fiay, Fis,, and Fys, are calculated from Eqs. (4.41), (4.42), (4.43),
and (4.44).

The reaction force components Fiq, and F3y, are computed from the sum of

all the forces on link 2

ZF(Q) =Fp+Fi+Gy+F55=0 or Fsg=-F—F;,—Go.

RTR dyad
The unknown joint reaction forces Fi5 and Fy3 are calculated from the rela-
tions [Fig. 4.5(c)]

e sum of all the forces on links 2 and 3 is zero

ZF(2&3) =Fi+F;2o+Go+Fi 3+ Gs+Fy3 =0,
or

Z F(Z&S) 1= Fiop + Fiyow + Fipze + Fuze = 0, (445)
Z Fe) Fioy + Finoy — ma g+ Finzy — m3 g+ Fuzy = 0. (4.46)
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e sum of the moments of all the forces and moments on links 2 and 3
about B is zero

S MG = (rp — 1) X Fag + (ro, — t5) X (Fins + Gg) + My,
+(r02 - rB) X (anQ + G2) + Min2 =0. (447)

e sum of all the forces on link 2 projected onto the sliding direction
A = cos 01 + sin 0y is zero

STF® A= (Fip+Fy) - (cosbh +sinb) = 0. (4.48)

The components Fia,, Fiay, Fis,, and Fys, are calculated from Eqs. (4.45), (4.46), (4.47),
and (4.48).

The force components Fsy, and F3y, are computed from the sum of all the

forces on link 2

ZF(2) = F12 + FmQ + G'2 + F32 =0 or F32 = —(F12 + Fmg + GQ)
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4.5 Force Analysis Using Contour Method

An analytical method to compute joint forces that can be applied for both
planar and spatial mechanisms will be presented. The method is based on the
decoupling of a closed kinematic chain and writing the dynamic equilibrium
equations. The kinematic links are loaded with external forces and inertia
forces and moments.

A general monocontour closed kinematic chain is considered in Fig. 4.6.
The joint force between the links i — 1 and ¢ (joint A;) will be determined.
When these two links ¢ — 1 and ¢ are separated the joint forces F,;_;; and
F,;_, are introduced and

Fi—l,i + Fi,i—l = 0. (449)

Table 4.1 shows the joint forces for one degree of freedom joints. It is helpful
to “mentally disconnect” the two links (i — 1) and 4, which create joint A;,
from the rest of the mechanism. The joint at A; will be replaced by the joint
forces F;_1,; and F;;_1. The closed kinematic chain has been transformed
into two open kinematic chains, and two paths I and I are associated. The
two paths start from A;.

For the path I (counterclockwise), starting at A; and following I the first
joint encountered is A;_;. For the link 7 — 1 left behind, dynamic equilibrium
equations are written according to the type of the joint at A, ;. Following
the same path I, the next joint encountered is A; 5. For the subsystem (i — 1
and i — 2) equilibrium conditions corresponding to the type of joint at A;
can be specified, and so on. A similar analysis is performed for the path I7
of the open kinematic chain. The number of equilibrium equations written is
equal to the number of unknown scalars introduced by joint A; (joint forces
at this joint). For a joint, the number of equilibrium conditions is equal to
the number of relative mobilities of the joint.
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4.6 R-RRT (slider-crank) Mechanism

Figure 4.7(a) is a schematic diagram of a R-RRT (slider-crank) mechanism
comprised of a crank 1, a connecting rod 2, and a slider 3. The mechanism
shown in the figure has the dimensions: AB = 1 m and BC' = 1 m. The
driver link 1 makes an angle ¢ = ¢; = m/4 rad with the horizontal axis and
rotates with a constant speed of n = 30/7 rpm. The point A is selected as
the origin of the xyz reference frame. The position vectors of the joints B
and C are

rB:x31+yB.]:71+—_]m and rC:mCI+yCJ:\/§1+OJ m.

The angular velocities of links 1 and 2 are

w; =w k=1krad/s and ws=ws k=—1krad/s.

V2 V2
2

The angular accelerations of link 1 and 2 are a¢; and a,. For this particular
configuration of the mechanism a; = a, = 0.
The velocity and acceleration of B are

V2 V2 V2. V2

VB:_TI"‘?‘] m/s and 332_71_7«] I’Il/SQ.

The velocity and acceleration of C' are
ve=—v21 m/s and ac=—v21 m/s’.

The center of mass of link 1 is C, the center of mass of link 2 is Cs, and the
center of mass of slider 3 is C'. The position vectors of the C;, i = 1,2,3 are
V2 /2
ro, =rp/2 =xc,1+ Yo,) = -} + 2 m
3V2 V2
ro, = (rp +10)/2 = 20,1 + Yc,) = ! + I

Yo, =Tro = Togl + You] = \/51 m.

The acceleration vectors of the C;, + = 1,2, 3 are

V2 V2

ac, = aB/2 =ac,1+ac,) = _Tl — T‘] m/SQa
3vV2 V2
ac, = (ap+ac)/2 =ac,,1+ ac,,] = _Tl - TJ m/SQa

ac, =ac =acg,1+ac,)=—V21 m/s%.
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The MATLAB commands for the kinematics of the mechanism (positions, ve-
locities, and accelerations) are

AB = 1; BC = 1; phi = 45x%(pi/180);

xA = 0; yA =0; rA = [xA yA 0];

xB = AB*cos(phi); yB = AB*sin(phi); rB = [xB yB 0];

yC = 0; xC = xB+sqrt(BC"2-(yC-yB)~2); rC = [xC yC 0];

n = 30/pi; omegal = [ 0 O pi*n/30 ]; alphal = [0 0 O ];
vA=[0001]; aA=1[0001];

vBl = vA + cross(omegal,rB); vB2 = vB1;

aBl = aA + cross(alphal,rB) - dot(omegal,omegal)*rB; aB2 = aB1;
omega2z = sym(’omega2z’,’real’); vCx = sym(’vCx’,’real’);
omega2 = [ 0 0 omega2z ]; vC = [ vCx 0 0 ];

eqvC = vC - (vB2 + cross(omega2,rC-rB));

eqvCx = eqvC(1); eqvCy = eqvC(2);

solvC = solve(eqvCx,eqvCy); omega2zs=eval (solvC.omega2z);
vCxs=eval(solvC.vCx); Omega2 = [0 O omega2zs];

vCs = [vCxs 0 0];

alpha2z = sym(’alpha2z’,’real’); aCx = sym(’aCx’,’real’);
alpha2 = [ 0 0 alpha2z ]; aC = [aCx 0 0 ];

eqaC = aC - (aBl + cross(alpha2,rC-rB) - dot(Omega2,0mega2)*(rC-rB));
eqaCx = eqaC(1); eqaCy = eqaC(2);

solaC = solve(eqaCx,eqaCy);

alpha2zs=eval (solaC.alpha2z); aCxs=eval(solaC.aCx);

alpha20 = [0 O alpha2zs]; aCs = [aCxs O 0]; alpha30 = [0 O 0];
rCl = (rA+rB)/2; fprintf(’rCl [ %g, %g, hg 1 (m\n’, rCl);
rC2 = (rB+rC)/2; fprintf(’rC2 [ %, %g, hg 1 (@)\n’, rC2);
rC3 = rC; fprintf(’rC3 = [ %g, %g, %g 1 (m)\n’, rC3);

aCl = aB1/2; fprintf(’aCl = [ %g, %g, %g 1 (m/s"2\n’, aCl ) ;
aC2 = (aBil+aCs)/2; fprintf(’aC2 = [ %g, %g, hg 1 (m/s"2)\n’, aC2 ) ;
aC3 = aCs; fprintf(’aC3 = [ %g, %g, %g 1] (m/s"2)\n’, aC3 ) ;

The external driven force F,,; applied on link 3 is opposed to the motion
of the link (opposed to v¢). Because ve = —v/2 1 m/s, the external force
vector will be

F..: = [-Sign(ve)] 100 1= 100 1 N.
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The MATLAB commands for the external force on link 3 are

fe = 100;
Fe = -sign(vCs(1))*[fe 0 0];

The signum function in MATLAB is sign(x). If x is greater than zero
sign(x) returns 1, if x is zero sign(x) returns zero, and if if x is less than
zero sign(x) returns -1.

The height of the links 1 and 2 is A = 0.01 m. The width of the links
3 is wgjiger = 0.01 m and the height is hgjger = 0.01 m [Fig. 4.7(b)]. All
three moving links are rectangular prisms with the depth d = 0.001 m. The
acceleration of gravity is g = 10 m/s.

h =0.01; d =0.001; hSlider = 0.01; wSlider = 0.01; g = 10.;
Inertia forces and moments

Link 1
The mass of the crank 1 is

mlzplABhd,

where the density of the material is p;. For the simplicity of calculations
The inertia force on link 1 at Cy is

2
—1+ —J N.

Fii=—m ac, = 4 1

The gravitational force on crank 1 at ] is
Gi=-myg)=-103 N.

The total force on link 1 at the mass center (' is

2 2

The mass moment of inertia of the link 1 is

I, = my (AB* + h*)/12 = 0.0833417 kg - m?.
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The moment of inertia on link 1 is
Minl = —Icl o = 0.

Link 2
The mass of connecting rod 2 is

mgngBC’hd,

where the density of the material of link 2 is py. For the simplicity of calcu-
lations my = 1 kg.
The inertia force on link 2 at Cy is

3v2 2
Fino = —moac, = Zl/_l + \Z_‘] N.

The gravitational force on link 2 at C% is
Gy =—-—mog)=—103 N.

The total force on link 2 at the mass center C is

3V2 2
F2:Fm2+G2:\4/_1‘|‘(\£_10)J N.

The mass moment of inertia of link 2 is
Ic, = my (BC? + h?)/12 = 0.0833417 kg - m?.
The moment of inertia on link 2 is
M,,2 = —I¢c, o = 0.

Link 3
The mass of the link 3 is

M3 = p3 Nsiider Wsiider d,

where the density of the material of link 3 is p3. For the simplicity of calcu-
lations msg = 1 kg.
The inertia force on link 3 at C3 = C'is

Fmg = —mgac; = \/§ 1 N.
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The gravitational force on link 3 at C3 = C'is
Gs=-m3g)=-103 N.
The total force on link 3 at the mass center C' is
Fs=F,3+G;=v21-103 N.
The mass moment of inertia of slider 3 is
Io, = m3 (Rge, + Waiger)/12 = 0.0000166667 kg - m?.
The moment of inertia on slider 3 is

Min3 = _IC'

3a3:0.

The MATLAB commands for the forces and moments of inertia are

ml = 1;

IC1 = m1*x(AB"2+h"2)/12;

Gl =1[0 -mlxg 0 1;

Finl = - ml1x*aC1l,

Minl = - IClxalphal;

m2 = 1;

IC2 = m2*x(BC"2+h~2)/12;
= [0 -m2xg 0 ];

F1 2 = - m2*aC2;

Min2 = - IC2*alpha20;

m3 =1 ;

IC3 = m3*(hSlider~2+wSlider~2)/12;
= [ 0 -m3*xg 0 ];
3 = - m3*%aC3;

M1n3 - IC3*alpha30;

For a given value of the crank angle ¢ (¢ = m/4) and a known driven
force F.,; find the joint reactions and the drive moment M on the crank.
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Joint forces and drive moment

4.6.1 Newton-Euler Equations of Motion

Figure 4.7(b) shows the free-body diagrams of the crank 1, the connecting rod
2, and the slider 3. For each moving link the dynamic equilibrium equations
are applied (Newton-Euler equations of motion)

mac=>» F and Ica=> M,

where C' is the center of mass of the link.

The force analysis starts with the link 3 because the external driven force
F..: on the slider is given.

The reaction joint force of the ground 0 on the slider 3, Fy3, is perpendic-
ular on the sliding direction, z-axis: Fo3 L 1 (Figure 4.8). The application
point @ of the reaction force F3 is determined using Euler moment equation

]Cga3:ch><F03 or OZI'CQXFog — I'CQZO or C:Q

It results the reaction force Fy3 acts at C.
For the slider 3 the vector sum of the net forces (external forces F..,
gravitational force Gg, joint forces Fo3, Fo3) is equal to mgac, (Fig. 4.8)

maac, = Foz + Gg + Fepe + Fos,

where F23 = FQ&EI + FggyJ and F03 = FOSy.]-
Projecting this vectorial equation onto z and y axes gives

ms acy, = Fasg + Fegt,

m3 ac,, = Fazy — m3 g + Fozy,
or numerically

(1)(—V2) = Fs, + 100, (4.50)
O = Fzgy - (1)(10) + F03y. (451)

There are two equations Egs. (4.50) and (4.51) and three unknowns Fys,, Fas,
and Fj3, and that is why the analysis will continue with link 2.
The MATLAB commands for Newton-Euler equations for slider 3 are
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FO3 = [ 0 sym(’FO03y’,’real’) 0 ];

F23 = [ sym(’F23x’,’real’) sym(’F23y’,’real’) 0 ];
eqF3 = F03+F23+Fe+G3-m3*aC3;

eqF3x = eqF3(1);

eqF3y = eqF3(2);

For the connecting rod 2 (Fig. 4.9), Newton equation gives
moac, = F33 + Gy + Fio.
The previous equation can be projected on x and y axes

ma ac,, = F3op + Flog,

My ey, = F32y — ma g + Flay,

or numerically

3v2

(1)(_7) = F390 + Flog, (4.52)
(- Y2) = Fia, ~ 1010) + Fa, (153

For the link 2 a moment equation can be written with respect to Cy

Ic, oy = reyc X Fag + 10,5 X Fig,

or
1 J k 1 J k
Ie,ao k=] 2¢c—2c, Yyo—yo, 0 |+|2—2c, Yp—Yo, 0
F3a, Fzyy 0 Fia, Fiay 0
or

I, as = (v¢ — x0y) Faoy — (Yo — Yoy ) Foe + (x5 — 2¢,) Froy — (Y5 — Yo, ) Flow,

or numerically

0=(V2- ?’;I@)Fazy — (—{f)ngx + (\f — ?’f) 1oy — (\2[ — \f)Fm. (4.54)

The MATLAB commands for Newton-Euler equations for link 2 are

[\
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F32 = -F23;

F12 = [ sym(’F12x’,’real’) sym(’F12y’,’real’) 0 ];
eqF2 = F32+F12+G2-m2*aC2;

eqF2x = eqF2(1);

eqF2y = eqF2(2);

egM2 = cross(rB-rC2,F12)+cross(rC-rC2,F32)-IC2*alpha20;
eqM2z = eqM2(3);

Equations (4.50), (4.51), (4.52), (4.53), and (4.54) form a system of 5
equations with five scalar unknowns. The system can be solved using the
solve statement.

sol32=solve(eqF3x,eqF3y,eqF2x,eqF2y,eqM2z) ;
FO3ys=eval (sol32.F03y);

F23xs=eval (s0132.F23x) ;

F23ys=eval (sol32.F23y);
Fi12xs=eval(s0132.F12x);
F12ys=eval(s0l32.F12y);

FO3s = [ 0, FO3ys, 0 1;

F23s [ F23xs, F23ys, 0 1;

F12s [ Fi2xs, F12ys, 0 1;

The numerical values for the joint forces for the links 3 and 2 are

3
Fosy = 85-—42%i N,

3v/2
Fasp = —100 — V2 N, F%y=95+-;{_N,

1 5
th:—ZMMFFHQ)N zhy21@4+v%rq

or

3
F03 — |F03’ _85+i N

38063
Fo = [Pl = P+ 7 = | ™0 4 a3 N
Fis = |Fro| = \/Fhy, + Fiy, = 2\/84137-+-2450»ﬂ21ﬁ.
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For the crank 1 [Fig. 4.4], there are two vectorial equations

miac, = Fo1 + Gy + Fop,
Ic, oy = 1o B X Fo1 + o4 X For + M,
where M, is the input (motor) moment on the crank, Fy; = —Fy5, and
Fo1 = Foie1 + Fouyl
The above vectorial equations give three scalar equations on x, y, and z
my ac,, = Foie + Fora,

my ac,, = Fory —mi g+ Fouy,

1 J k 1 J k
Icvonk=|2p—2c, yp—yc, 0 |+ |2a—2c, Yya—Yyo, 0|+
Fy1, Fyyy 0 Foig Fory 0

+Mk=0,
or

my ac,, = Foie + Foie,

my ac,, = Fory —mi g + Foyy

Ioy a1 = (25 — xcy) Fary — (Yo, — Yo ) Fore +
(A —xcy) Fory — (Ya — Yo, ) Fore + M,

or numerically

V2. 1

1@~Z):1@m+7¢®+ﬁmm (4.55)
N—i?%z—i@4+v5%—KHD+Fhw (4.56)
oz(ﬁ?—Jﬁ%[—Z@4+vﬁﬂ—«ff——ﬁ?)upmo+7¢®}

—if%m+f?%m+m4:0 (4.57)

The MATLAB commands for Newton-Euler equations for the crank 1 are

FO1=m1*aC1-G1+F12s;
Mm=-cross(rB,-F12s)-cross(rCl1,Gl-m1*aC1)-ICl*alphal;
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Equations (4.55), (4.56) and (4.57) give

Foie = —2(50 + V2) N, Fyp,, = 115+ V2 N,
M =3+105vV2 N -m,

or

M =|M|=34+105v2 N -m.

Another way of calculating the moment M required for dynamic equilibrium
is to write the moment equation of motion for link 1 about the fixed point A

IAOélk:I'Acl XG1—|—I'AB><F21+M — M:I'BXFlg—I'Cl XGl,

where I4 = I, + my (AB/2)% The reaction force Fo; does not appear in
this moment equation.

The MATLAB program using Newton-Euler equations and the results are
given in Program 4.1.
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4.6.2 D’Alembert’s Principle

For each moving link the dynamic equilibrium equations are applied (d’Alembert’s
principle)

ZF+an:O and ZMC+Mzn207

where C' is the center of mass of the link. With d’Alembert’s principle the
moment summation can be about any arbitrary point P

ZMP—FMm—FI'pC XFMZO

The force analysis starts with the link 3 because the external driven force
F.,; is given. For the slider 3 the vector sum of the all the forces (external
forces F.,, gravitational force Gg, inertia forces F, 3, joint forces Fog, Fo3)
is zero (Fig. 4.8)

ZFB) = F23 + Fin3 + G3 + Feact + F03 = O’

where F23 = F23x1 + Fggy_] and F03 = Fogy_].
Projecting this force onto x and y axes gives

STF® 1= oy, + (—mazacy,) + Fuur = 0,
ZF(B) ) = Fy3y —mz g+ Foyzy =0,
or numerically

Foge + (—=1)(—=V2) + 100 = 0, (4.58)
Fazy — (1)(10) + Fogy = 0. (4.59)

The MATLAB commands for slider 3 are

F03 = [ 0 sym(’F03y’,’real’) 0 J;

F23 = [ sym(’F23x’,’real’) sym(’F23y’,’real’) 0 ];
eqF3 = F03+F23+Fe+G3+Fin3;

eqF3x = eqF3(1);

eqF3y = eqF3(2);

For the connecting rod 2 (Fig. 4.9), the sum of the forces is equal to zero

S F® =Fg+Fia+ Gy + Fi2 =0,
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The previous equation can be projected on x and y axes

SO 1= P+ (—ma,) + Fag = 0.
ZF@) -3 = Faoy + (—maac,,) —mag + Fiay =0,

or numerically

3v/2

F3op + (—1)(_7) + Fia, = 0, (4.60)
V2
Fo, + (—1)(—7) — 1(10) + Fiay = 0. (4.61)

For the link 2 a moment equation can be written with respect to Cs
2
ZM(CQ) =Tc,e X F32 + 'c,B X F12 -+ Mmg =0.

Instead of the previous one can use the sum of the moments with respect to
B

ZMSBQ) =rpc X Fgo +1pc, X (Fino + Go) + My, =0,

or
1 J k 1 J k
tc—2p Yo—yp 0 |+| 2¢c, — 25 Yo, — YB 0
Fige Fapy 0 —Ma Ac,, —M2ac,, —M2g 0
_ICQ Qo k =0.
or

(rc — xB)F32y — (Yo — yB) Fs20 + (2, — 2B)(—m2 ac,, — M2 g)
- (ycz - yB)(—mz CLCQI) - 102 ag =0,

or numerically
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For the connecting rod 2 the MATLAB commands are

F32 = -F23;

F12 = [ sym(°’F12x’,’real’) sym(’F12y’,’real’) O ];
eqF2 = F32+F12+G2+Fin2;

eqF2x = eqF2(1);

eqF2y = eqF2(2);

egM2 = cross(rB-rC2,F12)+cross(rC-rC2,F32)+Min2;
egM2z = eqM2(3);

For the crank 1 (Fig. 4.10), there are two vectorial equations
ZF(D =Fu+Fin1+Gi+Fo =0,
S MY = rp x For 416, X (Fint + G1) + My + M =0,

where M = |M] is the magnitude of the input moment on the crank, Fy; =
—Fi2, and Fo1 = Fi.1 + Foiy).
The above vectorial equations give three scalar equations on z, y, and z
ZF(D 1= Fglx + (—m1 CLCM) + FOlac = O,
ZF(D )= oy + (—my acly) —my g+ Foy =0,

1 J k 1 J k
rg  ys 0|+ el Yo 0
Fate FZly 0 —miac,, —Miac, —M1yg 0

—Ie,ank + Mk =0,
or

Fop + (—miac,,) + Forp = 0,
Foy + (=my a’cly) —my g+ Foiy =0,
rpFo1y — ypForp + xo (—myac,, —mi1 g) — yo,(—myac,,) — Ie, a1 + M =0,

or numerically

S

i(400 +7V2) + l—l(— )] + Forp =0, (4.63)

< -

~|

—i(84 +V2) + [_1(_ )] — 1(10) + Fory = 0, (4.64)
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V2 {—5(84 + \/5)] - \f H(zxoo + 7\/5)}

j\f fl(\f) _ 1(10)] - \f [—1(—\25)]
0+ M=0. (4.65)

For the crank 1 the MATLAB commands are

FO1 = [ sym(’FO1x’,’real’) sym(’FOly’,’real’) O ];
Mn = [ 0 0 sym(’Mmz’,’real’) ];

eqF1l = FO1+Finl1+G1-F12;

eqFlx = eqF1(1);

eqFly = eqF1(2);

egqMl = cross(rB-rC1,-F12)+cross(rA-rC1,F01)+Minl1+Mm;
eqMiz = eqM1(3);

Equations (4.58), (4.59), (4.60), (4.61), (4.62), (4.63), (4.64) and (4.65)
form a system of 8 equations with eight scalar unknowns.

The MATLAB commands for solving the system of equations are

sol321=solve(eqF3x,eqF3y,eqF2x,eqF2y,eqM2z,eqF1x,eqFly,eqMlz) ;

FO3ys = eval(so0l321.F03y);
F23xs = eval(s0l321.F23x);
F23ys = eval(so0l321.F23y);
F12xs = eval(s0l321.F12x);
F12ys = eval(sol321.F12y);
FOl1xs = eval(so0l321.F01x);
FOlys = eval(sol321.FOly);
Mmzs eval (s0l321.Mmz) ;

The following numerical solutions are obtained

3v/2

Fogy = —85 - N,

Fys, = —100

1 5
Fip; = = (400 + TV2) N, Fig, = (84 V2) N,

2

3v/2
~ V2N, F23y295+‘2fN,
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Fore = =250+ V2) N,  Fy, =115+ V2 N,
M =3+105v2 N-m.

The MATLAB program using D’Alembert principle and the results are given
in Program 4.2.
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4.6.3 Dyad Method

B R CR CT dyad
Figure 4.11 shows the dyad Bg Cr Cr with the unknown joint reactions Fio
and Fp3. The joint reaction Fy3 is perpendicular to the sliding direction
F03 1L A=10r F03 = Fogyj.
The following equations are written to determine Fi5 and Fs3

e sum of all the forces on links 2 and 3 is zero

ZF(Q&B) =Fiu+Fino+Go+Fiz+Gs+Fopy +Fo3 =0,
or

Z F(2&3) 1= Flgx + Fin2x + En3x + Fext = 07 <466>
ZF(2&3) )= F12y + Fin2y —m2g+ Fm3y —m3g+ F03y =0. <4'67>

e sum of moments of all the forces and moments on link 2 about Cp is
Zero

S MY = (rp —re) x Fiz + (v, — 1¢) % (Finz + Go) + Mo = 0. (4.68)

The MATLAB commands for the Egs. (4.66), (4.67), and (4.68) and for
finding the unknowns are

FO3 = [ 0 sym(’F03y’,’real’) 0 1;

F12 = [ sym(’F12x’,’real’) sym(’F12y’,’real’) 0 ];
eqF32 = FO03+Fe+G3+Fin3+Fin2+G2+F12;

eqF32x = eqF32(1);

eqF32y = eqF32(2);

egM2C = cross(rB-rC,F12)+cross(rC2-rC,Fin2+G2)+Min2;
eqM2Cz = egM2C(3);

fprintf (°%s = 0 (1)\n’, char(vpa(eqF32x,6)));
fprintf (°%s = 0 (2)\n’, char(vpa(eqF32y,6)));
fprintf(’%s = 0 (3)\n’, char(vpa(egM2Cz,6)));
fprintf (’Eqs(1)-(3) => F03y, F12x, F12y \n’);
sol32=solve(eqF32x,eqF32y,eqM2Cz) ;

FO3ys=eval (sol32.F03y);

F12xs=eval(s0l132.F12x) ;

F12ys=eval(sol32.F12y);
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F03s = [ 0, FO3ys, 0 1;
F12s = [ Fi2xs, F12ys, 0 1;

The numerical values of the joint forces are
Fiop = —102.475 N, Fip, = 106.768 N, and Fps, = —87.1213 N.
For the crank 1 (Fig. 4.11), there are two vectorial equations

ZF(D =Fo + Fin1 + G1 + Fop =0,
ZM(AD =rp X Foy + 1o, X (Fip1 + Gy) + My, + M =0,

and the MATLAB statements for finding Fo; and M are

FO1=-Fin1-G1+F12s;
Mm=-cross(rB,-F12s)-cross(rC1,G1+Finl1)-Minl1;

TheMATLABprogram using the dyad method and the results are given in
Program 4.3.
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4.6.4 Contour Method

The diagram representing the mechanism is shown in Fig. 4.12 and has one
contour, 0-1-2-3-0.
The dynamic force analysis can start with any joint.

Reaction F3
The reaction force Fy3 is perpendicular to the sliding direction of joint Crp
(Crranstation) as shown in Fig. 4.13

Fo3 = F03y.]-

The application point of the unknown reaction force Fg3 is computed from a
moment equation about Cr (Crotation) for link 3 (path I) (Fig. 4.13)

ZMg) =rop X Fo3 = (rp —r¢) x Fo3 = 0,
or
T Fysy =0 =a=0.

The application point of the reaction force Fy3 is at C' (P = ().
The magnitude of the reaction force Fps, is obtained from a moment equation
about Bp for the links 3 and 2 (path I)

Z Mg&2) =Trpc X (FOB + Fin3 + G3 + Fezt) +
rpc, X (Fina + Ga) + My, =0,

or
1 J k 1 J k
To—Tp Yo —YB 0|+ |z, =28 Yo, —Yys O
Fin3m+Femt F03y+ﬂn3y_m3g 0 Fian —FinQy_m2g 0
+Min2k =0,

or numerically

The reaction Fpg, is
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The MATLABstatements for finding Fo3 are

% Joint C.T

FO3 = [ 0 sym(’F03y’,’real’) 0 ];

egM32B = cross(rC-rB,F03+G3+Fin3+Fe)+cross(rC2-rB,Fin2+G2)+Min2;
eqM32Bz = eqM32B(3);

fprintf (°%s = 0 (1)\n’, char(vpa(egM32Bz,6)));

fprintf (’Eq(1) => FO3y \n’);

s0lF03=solve (eqM32Bz) ;

FO3ys=eval (solF03);

F03s=[ 0, F03ys, 0 J;

fprintf CF03 = [ %g, %g, %»g 1 (N)\n’, FO3s);

Reaction Fos
The pin joint at Cg, between 2 and 3, is replaced with the reaction force
(Fig. 4.14)
Fo3 = —F3; = Fo3, 1+ Fogy ).

For the path I, an equation for the forces projected onto the sliding direction
of the joint C7 is written for link 3

ZF 1= F23+Fm3+G3+Fezt)
Fyse 4 Finse + Frgy = Fazp +1004+v/2 = 0. (4.69)

For the path I1, shown Fig. 4.7, a moment equation about Bpg is written for
link 2

ZM(;) =rpc X (—Fa3) +1pc, X (Fin2 + Ga) + Min2 = 0,

1 ] k 1 ] k
tc—2p Yo—yp 0 |+| 2, =2 Yo, —ys 0|+ My2k=0,
—F3, _F23y 0 Finoa Fm2y —mag 0

or numerically

1 52 FoguV/2  Faz/2
5_ \2/__ 232\/__ 23;\/_20‘ (470)

The joint force Fy3 is obtained from the system of Egs. (4.69) and (4.70)

3
Fys, = —100 — V2 N and F23y_95+i N.
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The MATLABstatements for finding Fo3 are

% Joint CR

F23 = [ sym(’F23x’,’real’) sym(’F23y’,’real’) 0 ];
eqF3 = F23+Fe+G3+Fin3;

eqF3x = eqF3(1);

egM2B = cross(rC-rB,-F23)+cross(rC2-rB,Fin2+G2)+Min2;
eqM2Bz = eqM2B(3);

fprintf (*%s = 0 (2)\n’, char(vpa(eqF3x,6)));
fprintf (*%s = 0 (3)\n’, char(vpa(egM2Bz,6)));
fprintf (’Eqs(2)-(3) => F23x, F23y \n’);
solF23=solve (eqF3x,eqM2Bz) ;

F23xs=eval (s0lF23.F23x) ;

F23ys=eval (solF23.F23y);

F23s = [ F23xs, F23ys, 0 1;

fprintf CF23 = [ %g, %g, %hg 1 (N)\n’, F23s );

Reaction Fy,
The pin joint at Bpg, between 1 and 2, is replaced with the reaction force
(Fig. 4.15)
Fip = —Fo = Fiop 1+ Fiagy ).

For the path I, shown Fig. 4.8, a moment equation about Cy is written for
link 2

ZMg) =rep X Fio +roc, X (Fing + Ga) + M,z =0,

1 J k 1 J k
rp—2c yYyp—Yc O |+|x2c,—2c Yo, —yYc 0 |+ My2k=0,
Fiop F12y 0 Finox szy —mag O

or numerically

1 5V2  Fio/2  Fio/2

Continuing on path I, an equation for the forces projected onto the sliding
direction of the joint Cr is written for links 2 and 3
ZF(Q&S) 1= (Fi2+Fino+Go+Fins + Gy +Fepy) 1=

3V 2
FlQa: +-an2;t +En3x +Fea:t - F23:v + 100 + \/§+ \2/_ =0. (472>
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The joint force F5 is obtained from the system of Eqgs. (4.72) and (4.71)

L 5
Fip, = —7(400 + 7V2) N and Fipy = (84 + V2) N.
The MATLABstatements for finding Fy, are

% Joint BR

F12 = [ sym(°’F12x’,’real’) sym(’F12y’,’real’) 0 ];
egqM2C = cross(rB-rC,F12)+cross(rC2-rC,Fin2+G2)+Min2;
egM2Cz = egM2C(3);

eqF23 = (F12+Fin2+G2+G3+Fin3+Fe) ;

eqF23x = eqF23(1);

fprintf (°%s = 0 (4)\n’, char(vpa(egM2Cz,6)));
fprintf (*%s = 0 (5)\n’, char(vpa(eqF23x,6)));
fprintf (’Eqs(4)-(5) => F12x, F12y \n’);
solF12=solve(eqM2Cz,eqF23x) ;

F12xs=eval (solF12.F12x);

F12ys=eval (solF12.F12y);

F12s = [ Fi2xs, F12ys, 0 1;

fprintf CF12 = [ %g, %g, %g 1 (M\n’, Fi2s );

Reaction Fy; and equilibrium moment M
The pin joint Ag, between 0 and 1, is replaced with the unknown reaction
(Fig. 4.16)
For = Fowz 1+ Foy ).

The unknown equilibrium moment is M = M k. If the path I is followed
[Fig. 4.9] for the pin joint Bgr, a moment equation is written for link 1

ZMS) =1pa X Fo1 + 1o, X (Fin1 +G1) + M1 + M =0,

1 ] k 1 J k
—rp —yp 0|+ |2, -2 Yo,—ys 0 |+Mk=0,
Foire Fory O Fiiz  Fipiy—mig 0

or numerically

5V2  FoV2 | Fo V2
2 * 2 + 2

+ M =0 (4.73)
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Continuing on path I the next joint encountered is the pin joint C'g, and a
moment equation is written for links 1 and 2

ZMS&” =104 X For +roo, X (Fip1 + Gy) + My, + M
+roc, X (Fina + Ga) + My, 2 = 0,

1 ] k 1 J k
—Tc —Yc 0 + o, — Lo Yo, — Yo 0 + Mk
Foia F()ly 0 Finte F, 1y—mig 0O
1 J k

+| e, —r¢ Yo, —yo 0 |+ My2k=0,
-Fin2x -Fin2y_m2.g 0

or numerically
—V2 Fyy + M —1+10v2 = 0. (4.74)

Continuing on path I the next joint encountered is the slider joint C'r, and
a force equation is written for links 1, 2, and 3

ZF(1&2&3) 1= (F01 +Fi1 + G +Fip2+ Gy +Fipzs + Gs + Fea:t) ‘1=

3V?2
FOl:L" +Enlx+En2x +En3x+Fext = F12:13+ 100 + \/§+ \2/_ =0. (475)

From Eqs. (4.73), (4.74), and (4.75) the components Fyi,, Foi, and M are
computed

Foe = 2050+ Vv2) N and Fp, =115+ V2 N,
M =3+105v/2 N -m.

The MATLABstatements for finding Fo; and M are

% Joint AR

FO1 = [ sym(’FO1x’,’real’) sym(’FOly’,’real’) O ];

Mn = [ 0 0 sym(’Mmz’,’real’) ];

egM1B = cross(-rB,F01)+cross(rC1-rB,Fin1+G1)+Minl+Mm;

eqM1Bz = eqM1B(3);
eqM12C=cross(-rC,F01)+cross(rC1-rC,Fin1+G1) +Min1+Mm+cross (rC2-rC,Fin2+G2) +Min2;
egM12Cz = egM12C(3);
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eqF123 = (FO1+Finl1+G1+Fin2+G2+Fin3+G3+Fe) ;
eqF123x = eqF123(1);

fprintf (°%s = 0 (6\n’, char(vpa(eqMiBz,6)));
fprintf (°%s = 0 (7)\n’, char(vpa(egM12Cz,6)));
fprintf (*%s = 0 (8)\n’, char(vpa(eqF123x,6)));
fprintf (’Eqs(6)-(8) => FO01x, FOly, Mmz \n’);
solFO0l=solve(eqM1Bz,eqM12Cz,eqF123x) ;
FOl1xs=eval (solF01.F01x);
FOlys=eval(solF01.FO01y);

Mmzs=eval (solF01.Mmz) ;

FOls = [ FOixs, FOlys, 0 1;

Mms = [ 0, O, Mmzs ];

fprintf CFO1 = [ %g, %g, %g 1 (N)\n’, FOls);
fprintf(°Mm = [ %g, %g, %g ] (N m)\n’, Mms);

TheMATLABprogram using contour method and the results are given in
Program 4.4.
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4.7 R-RTR-RTR Mechanism

The planar R-RTR-RTR mechanism considered is shown in Fig. 4.17. The
following numerical data are given: AC = 0.060 m, AE = 0.250 m and
CD = 0.150 m. The widths of the links 1, 3, and 5 are AB = 0.140 m,
DF = 0.400 m, and respectively, FG = 0.500 m. The height of the links 1,
3, and 5is h = 0.010 m. The width of the links 2 and 4 is wgiger = 0.050 m,
and the height is hgjger = 0.020 m. All five moving links are rectangular
prisms with the depth d = 0.001 m. The angular velocity of the driver link 1
is n = 50 rpm. The density of the material is psiee = p = 8000 kg/m?. The
gravitational acceleration is g = 9.807 m/s®>. The center of mass locations of
the links ¢ = 1, 2, ..., 5 are designated by C;(z¢,, yc,,0).

The external moment applied on link 5 is opposed to the motion of the
link: Ms.,; = —Sign(ws) | M| k where | M| = 100 N-m and ws is the
angular velocity of link 5.

Find the motor moment M,,, required for the dynamic equilibrium and

the joint reaction forces when the driver link 1 makes an angle ¢ = % rad

with the horizontal axis.

Solution

The position vectors (in meters) of the joints were calculated at subsec-
tion 2.4

position of joint A: ry = 0;

position of joint B: rg =xp1+yp )= 0.1211+0.070;

position of joint C: ro = yo 3 = 0.060 j;

position of joint D: rp =xp1+yp )= —0.1491+ 0.047 ;

position of joint F: rg = yg ) = —0.250 j;

position of F: rp =2xp 1+ ypJ=0.2491+ 0.080 j; and

position of G: rg =rg 1+ yg ] = —0.22414 0.196 J.

The angles of the links with the horizontal are ¢ = ¢35 = 4.715° and
04 = ¢5 = 16.666°.
The position vector of the center of mass of link 1 is

TB YB

I‘CIZZL’Cl1—|—ycljz71+7J:O.0601+0.035J m.

The position vector of the center of mass of slider 2 is

rCQ = T, l+y02.] =TIB.
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The position vector of the center of mass of link 3 is

rcgzsz:cSl—i—yCS_]:xD;_xF 1+yD;yFJ:O.O491+O.O64J m.

The position vector of the center of mass of slider 4 is

re, =2c, 1+ Yc, J=Tp.
The position vector of the center of mass of link 5 is

rc5:x051+yc51:”;m l—i—yE;_yGJ:—O.llQl—O.OQGJ m.

The velocity and acceleration analysis was carried out at subsection 3.8:
acceleration of joint B: ap, = ap, = —3.3231— 1.919) m/s?;
acceleration of joint D: ap, = ap, =4.6171— 1.811}) m/s’;
acceleration of joint F: ap = —7.6951+ 3.019) m/s2;
acceleration of joint G: ag = 2.7671+ 0.919} m/s2;
angular velocity of link 5: ws = 0.917k rad/s;
angular acceleration of link 1: ey =0k rad/sQ;
angular acceleration of links 2 and 3: as = a3z = 14.568 k rad/sZ;
angular acceleration of links 4 and 5: ay = a5 = —5.771k rad/s2.

The acceleration vector of the center of mass of link 1 is

ac, = —1.6611—0.959) m/s”.

The acceleration vector of the center of mass of slider 2 is
re, =ap, = —3.3231—1.919) m/s’.

The acceleration vector of the center of mass of link 3 is

__ap; tagp

5 = —1.5391+0.603) m/s”.

ac,

The acceleration vector of the center of mass of slider 4 is
ac, = ap, = 4.6171—1.8113 m/s”.

The acceleration vector of the center of mass of link 5 is

_ap+ag

ac, —1.383140.459) m/s’.

39
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The MATLABprogram for positions, velocities, and accelerations is

AB = 0.14; AC = 0.06; AE = 0.25; CD = 0.15; DF=0.4; EG=0.5;
phi = 30%(pi/180);
xA = 0; yA = 0; rA = [xA yA 0];

xC = 0; yC = AC; rC = [xC yC 0];
xE = 0; yE = -AE; rE = [xE yE 0];
xB = AB*cos(phi); yB = AB*sin(phi); rB = [xB yB 0];

eqnD1 = ’( xDsol - xC )"2 + ( yDsol - yC )"2 = CD"2 ’;
eqnD2 = ’(yB - yC)/(xB - xC) = (yDsol - yC)/(xDsol - xC)’;
solD = solve(eqnD1l, eqnD2, ’xDsol, yDsol’);

xDpositions = eval(solD.xDsol); yDpositions = eval(solD.yDsol);
xD1 = xDpositions(1); xD2 = xDpositions(2);

yD1 = yDpositions(1); yD2 = yDpositions(2);

if (phi>=0 && phi<=pi/2)||(phi >= 3%pi/2 && phi<=2%pi)

if xD1 <= xC xD = xD1; yD=yD1; else xD = xD2; yD=yD2; end
else

if xD1 >= xC xD = xD1; yD=yD1; else xD = xD2; yD=yD2; end
end

rD = [xD yD 0];

phi2 = atan((yB-yC)/(xB-xC)); phi3 = phi2;

phi4 = atan((yD-yE)/(xD-xE))+pi; phib5 = phi4;

xF = xD + DF*cos(phi3); yF = yD + DF*sin(phi3); rF = [xF yF 0];
xG = xE + EG*cos(phib); yG = yE + EG*sin(phib5); rG = [xG yG 0];

xC1 = xB/2; yC1 = yB/2; rCl = [xC1l yC1 0];

rC2 = rB;

xC3 = (xD+xF)/2; yC3 = (yD+yF)/2; rC3 = [xC3 yC3 0];
rC4 = rD;

xC5 = (xE+xG)/2; yC5 = (yE+yG)/2; rC5 = [xC5 yC5 0];
n = 50.;

omegal = [ 0 O pi*n/30 ]; alphal = [0 0 O ];

vA=[0001]; aA=1[0001;

vBl = vA + cross(omegal,rB); vB2 = vB1;

aBl = aA + cross(alphal,rB) - dot(omegal,omegal)*rB; aB2 = aB1l;
omega3z=sym(’omega3z’,’real’); alpha3z=sym(’alpha3z’,’real’);
vB32=sym(’vB32’,’real’); aB32=sym(’aB32’,’real’);

omega3 = [ 0 O omega3z ];

vC =[0001;
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vB3 = vC + cross(omega3,rB-rC);

vB3B2 = vB32*%[ cos(phi2) sin(phi2) 0];

eqvB = vB3 - vB2 - vB3B2;

eqvBx = eqvB(1); eqvBy = eqvB(2);

solvB = solve(eqvBx,eqvBy);

omega3zs=eval (solvB.omega3z); vB32s=eval(solvB.vB32);

Omega3 = [0 O omega3zs]; Omega2 = Omega3;

v32 = vB32s*[cos(phi2) sin(phi2) 0];

vD3 = vC + cross(Omega3,rD-rC); vD4 = vD3;

aB3B2cor = 2*cross(Omega3,v32);

alpha3 = [ 0 0 alpha3z ];

aC=[0001];

aB3 = aC + cross(alpha3,rB-rC) - dot(Omega3,0mega3)*(rB-rC) ;
aB3B2 = aB32*[ cos(phi2) sin(phi2) 0];

eqaB = aB3 - aB2 - aB3B2 - aB3B2cor;

eqaBx = eqaB(1); egaBy = eqaB(2);

solaB = solve(eqaBx,eqaBy);

alpha3zs=eval(solaB.alpha3z); aB32s=eval(solaB.aB32);
Alpha3 = [0 O alpha3zs]; Alpha2 = Alpha3;

aD3=aC + cross(Alpha3,rD-rC) - dot(Omega3,0mega3)*(rD-rC); aD4=aD3;
omegabz=sym(’omegabz’,’real’); alphabz=sym(’alphabz’,’real’);
vD54=sym(’vD54’,’real’); aD54=sym(’aD54’,’real’);

omegab = [ 0 O omegabz ];

vE =[000 ];

vD5 = vE + cross(omegab,rD-rE);

vD5D4 = vD54*[ cos(phib) sin(phib) 0];

eqvD = vD5 - vD4 - vD5D4; eqvDx = eqvD(1); eqvDy = eqvD(2);
solvD = solve(eqvDx,eqvDy);

omegabzs=eval (solvD.omegabz); vD54s=eval(solvD.vD54);

Omegab = [0 O omegabzs];

vb4 = vDb4sx[cos(phi5) sin(phib) 0];

Omega4 = Omegab;

aDbD4cor = 2*cross(Omegab,v54) ;

alphab = [ 0 0 alphabz ];

aE = [0 0 0 ];

aDb6 = aE + cross(alphab,rD-rE) - dot(Omega5,0megab5)*(rD-rE) ;
aD5D4 = aD54*[ cos(phib5) sin(phi5) 0];

eqaD = aD5 - aD4 - aDbD4 - aD5D4cor;
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eqaDx = eqaD(1); egaDy = eqaD(2);

solaD = solve(eqaDx,eqaDy);

alphabzs=eval(solaD.alphabz); aD54s=eval(solaD.aD54);
Alphab = [0 O alphabzs]; Alpha4 = Alphab;

aF = aC + cross(Alpha3,rF-rC) - dot(Omega3,0mega3)*(rF-rC);
aG = aE + cross(Alphab,rG-rE) - dot(Omega5,0Omegab)*(rG-rE);

aCl = aB1/2;

aC2 = aB2;

aC3 = (aD3+aF)/2;
aC4 = aD3;

aC5 = (aE+aG)/2;

The external moment applied on link 5 is opposed to the motion of the
link

Mie,r = —Sign(ws) |[Mest| k = —Sign(0.917) (100) k = —100k  Nm.

Inertia forces and moments

Link 1
The mass of the link is

my = p AB h d = 8000(0.14)(0.01)(0.001) = 0.0112 kg.
The inertia force of driver 1 at C] is
F,,1 = —mjiac, = —0.0112(—1.661981—0.959545)) = 0.01861421—0.01074695 N.
The gravitational force on link 1 at Cf is

G, =-my g )= —0.0112(9.807) ) = —0.109838) N.

The mass moment of inertia of link 1 with respect to C] is
Ic, = my (AB*+h?)/12 = 0.0112(0.14*4+0.01%)/12 = 1.83867 x 10™° kgm®,
The moment of inertia of driver 1 is

Minl = _IC'l o = 0
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To calculate the inertia force and the moment the following MATLABcommands
are used

ml = rhoxABxhx*d;

Finl = -m1x*aCi;

Gl = [0,-mlxg,0];

IC1 = m1*(AB"2+h"2)/12;
Minl = -IClxalphal;

Link 2
The mass of the slider 2 is

mae = p hstider Wstider d = 8000(0.02)(0.05)(0.001) = 0.008 kg.
The inertia force of slider 2 at Cy is
Fio = —mg ac, = —0.008(—3.3231—1.919)) = 0.02659171+0.01535273 N.
The gravitational force of slider 2 at Cs is
Gy = —my g 3= —0.008(9.807)3 = —0.1098383 N.
The mass moment of inertia of slider 2 with respect to Cs is
Ic, = My (h3jiger+Wiiger) /12 = 0.008(0.0224+0.05%) /12 = 1.93333x107% kgm?.
The moment of inertia of slider 2 is
M,z = —Io,00 = —1.93333 x 107° (14.568) k = —2.8165 x 107 °k Nm.

TheMATLABcommands to calculate the inertia force and the moment are

m2 = rhox*hSlider*wSlider*d;

Fin2 = -m2*aC2;

G2 = [0,-m2*g,0];

IC2 = m2*(hSlider~2+wSlider~2)/12;
Min2 = -IC2xAlpha2;
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Link 3
The mass of the link is

mg = p FD h d=8000(0.4)(0.01)(0.001) = 0.032 kg.
The inertia force of link 3 is
F;.3 = —m3 ac, = —0.032(—1.5391+0.603 ) = 0.04924891—0.019326) N.
The gravitational force of link 3 is
G3 = —m3 g )= —0.032(9.807)3 = —0.3138243 N.
The mass moment of inertia is
Ic, = m3 (FD*+ h?)/12 = 0.032(0.4% + 0.01%) /12 = 0.000426933 kg m®.

The inertia moment on link 3 is

M;,3 = —Ic,a3 = —0.000426933(14.568) k = —0.00621962k N m.

Link 4
The mass of the link is

my = p hsiiger Wsiiger d = 8000(0.02)(0.05)(0.001) = 0.008 kg.
The inertia force is
Fins=—myac, = —0.008(4.6171—1.8113) = —0.03693671+0.0144946) N.
The gravitational force is
G, = —my g )= —0.008(9.807)) = —0.1098383 N.

The mass moment of inertia is
Ie, = my(hZy;g0,+W0200) /12 = 0.008(0.0224+0.05%) /12 = 1.93333x107% kgm?.
The moment of inertia is

Mg = —Io, oy = —1.93333 x 107% (=5.771) k = 1.11583 x 10 °k Nm.

Link 5
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The mass of the link is
ms = p EG h d = 8000(0.5)(0.01)(0.001) = 0.04 kg.
The inertia force is
Fi.5 = —ms ac, = —0.04(1.3831+0.459)) = —0.05535161—0.0183855) N.
The gravitational force is
G; = —m5 g 3= —0.04(9.807)3 = —0.392283 N.
The mass moment of inertia is
Ie, = ms (EG? + h*)/12 = 0.04(0.5% + 0.01%)/12 = 0.000833667 kgm?.
The moment of inertia is
M,,5 = —I¢, a5 = —0.000833667 (—5.771) k = 0.00481155k Nm.

TheMATLABcommands to calculate the inertia force and the moment for
links 3, 4, and 5 are

m3 = rhoxDF*hx*d;

Fin3 = -m3*aC3;

G3 = [0,-m3*g,0];

IC3 = m3*%(DF"2+h"2)/12;
Min3 = -IC3+*Alpha3;

m4 = rhox*xhSlider*wSliderx*d;
Fin4d = -m4x*aC4;

G4 = [0,-mdx*g,0];

IC4 = m4*(hSlider~2+wSlider~2)/12;
Min4 = -IC4xAlpha4;

m5 = rho*EGxh*d;

Finb = -mb*aC5;

G5 = [0,-m5*g,0];

IC5 = m5*%(EG"2+h"2)/12;
Minb5 = -IC5*Alphab;



Dynamic Force Analysis with MATLAB 46

Joint forces and drive moment

4.7.1 Newton-Euler Equations of Motion

The force analysis starts with the link 5 because the external moment M.,
is given. Figure 4.18(a) shows the free body diagram of the link 5. The joint
reaction force of the ground 0 on the link 5 at the joint F'is Fos = Fos,1+Fps,)-
The joint reaction force of the link 4 on the link 5 is Fy5 = Fis,1+4 Fy5,). The
application point of the force Fy5 is P(zp, yp) and the position vector of P
iIsrp = xpl+yp).

The symbolical six unknowns Fos,, Fosy, Fise, Fusy, Tp, and yp are intro-
duced inMATLABusing the commands

FO5x=sym(’F05x’,’real’);

FO5y=sym(’FO5y’,’real’);

F4bx=sym(’F45x’,’real’);

FAby=sym(’F45y’,’real’);

xP=sym(’xP’,’real’);

yP=sym(’yP’,’real’);

FO5=[ FO5x, FO5y, O ]; % unknown joint force of 0 on 5
F45=[ F4bx, F45y, 0 ]; % unknown joint force of 4 on 5
rP=[ xP, yP, 0 ]; % unknown application point of force F45

The point P, the application of the force Fys, is located on the direction
DFE, that is

(I'D — I‘E) X (I‘P — I‘E) =0. (476)
Equation (4.76) is written inMATLABas

egP=cross (rD-rE,rP-rE) ;
eqPz=eqP(3);

The direction of the unknown joint force Fy5 is perpendicular to the
sliding direction rpg
Fy5-rprp =0, (4.77)

or inMATLAB
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eqF45DE=dot (F45,rD-rE) ;

For the link 5 the vector sum of the net forces, gravitational force Gs,
joint forces Fos, Fys, is equal to ms ac, [Fig. 4.18(a)]

msac, = Fos + Fus + G,

or usingMATLABcommands
eqF5=F05+F45+G5-m5*aCb;

Projecting the previous vectorial onto  and y axes gives

ms acs, = Fose + Fise, (4.78)
ms acs, = Fosy + Fiasy — ms g, (4.79)

or using MATLAB

eqFbx=eqF5(1); % projection on x-axis
eqFby=eqF5(2); % projection on y-axis

The vector sum of the moments that act on link 5 with respect to the
center of mass C5 is equal to I¢, as [Fig. 4.18(a)]

ICs 5 = TICoE X F05 + rcyp X F45 + M5emt; (480)

or in MATLAB

egqMC5=cross (rE-rC5,F05) +cross (rP-rC5,F45) +Me-IC5%Alphab;
eqMC5z=eqMC5(3) ; % projection on z-axis

There are five equations Eqs. (4.76)-(4.80) and six unknowns and that is
why the analysis will continue with the slider 4. The free body diagram of
the slider 4 is shown in Fig. 4.18(b).

The joint reaction force of the link 3 on the slider 4 at D = Cj is
F3y = F34,1 + F34) and the joint reaction force of the link 5 on the slider 4
is F5qy = —Fu5 = —Fy5,1 — Fi5,). TheMATLABcommands are

F34x=sym(’F34x’,’real’);
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F34y=sym(’F34y’,’real’);
F34=[ F34x, F34y, 0 ]; % unknown joint force of 3 on 4
F54=-F45; 7 joint force of 5 on 4

For the slider 4, according to Newton’s equations of motion, the vector
sum of the net forces, gravitational force Gy, joint forces Fs4, Fs4), is equal
to masac,

mgac, = F34 + F54 + G4,

or usingMATLABcommands
eqF4=F34-F45+G4-m4*aC4;
Projecting the previous vectorial onto z and y axes gives

my aC4;,; = F34m + F541‘7 (481)
my acy, = Fzay + Fsay — ma g, 4.82)

or using MATLAB

eqF4x=eqF4 (1) ;
eqF4y=eqF4(2);

The vector sum of the moments that act on slider 4 with respect to the
center of mass D = (C} is equal to I¢, oy

Ic, oy = v, p X Fay, (4.83)
or in MATLAB

eqMC4=cross (rP-rC4,F54)-IC4*Alpha4;
eqMC4z=eqMC4(3) ;

There are eight equations Eqs. (4.76)-(4.83) with eight unknowns
Fose, Fosy, Fisg, Fasy, Tp, yp, Fsag, and F3yy. The system is solved using
MATLAB

sol4b=solve(eqF5x,eqFby,eqMC5z,eqF45DE, eqPz, eqF4x, eqF4y,eqMC4z) ;
FO5xs=eval (s0145.F05x%) ;
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FObys=eval (s0145.F05y) ;
FO5s=[ F05xs, FO5ys, 0 1;
F45xs=eval (s0145.F45x) ;
FAbys=eval (sol45.F45y) ;
F45s=[ F4bxs, F45ys, 0 ];
F34xs=eval (s0145.F34x) ;
F34ys=eval (sol45.F34y);
F34s=[ F34xs, F34ys, 0 ];
yPs=eval (s0l45.yP);
rPs=[xPs, yPs, 0];

The following numerical solution are obtained

Fos = 268.1651+ 135.057) N,

F5 = —268.1091 — 134.6473 N,

Fj, = —268.0721— 134.5833 N, and
rp = —0.1494921 + 0.0476701 3 m.

The force analysis continues with the link 3. Figure 4.19(a) shows the
free body diagram of the link 3. The joint reaction force of the link 4 on
the link 3 is Fy3 = —F34 = 268.0721 4 134.583) N. The joint reaction force
of the ground 0 on the link 3 at the joint C' is Fo3 = Fysz1 + Fpsy). The
joint reaction force of the link 2 on the link 3 is Fao3 = Fy3,1 + Fhsy). The
application point of the force Fag is Q(z¢, yg) and the position vector of @
Is rg = w1 + YgQJ-

The symbolical six unknowns Fys,, Fosy, Fosz, Fasy, g, and yg are intro-
duced inMATLABusing the commands

FO3x=sym(’F03x’,’real’);

FO3y=sym(’F03y’,’real’);

F23x=sym(’F23x’,’real’);

F23y=sym(’F23y’,’real’);

xQ=sym(’xQ’,’real’);

yQ=sym(’yQ’,’real’);

FO3=[ FO03x, FO03y, O ]; % unknown joint force of 0 on 3
F23=[ F23x, F23y, 0 ]; % unknown joint force of 2 on 3
rQ=[xQ, yQ, 0]; % unknown application point of force F23
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The point @), the application of the force Fa3, is located on the direction
BC, that is
(rg —re) x (rg —rg) =0. (4.84)

Equation (4.84) is written inMATLABas

eqQ=cross (rB-rC,rQ-rC) ;
eqQz=eqQ(3);

The direction of the unknown joint force Fs3 is perpendicular to the
sliding direction rgc
Fo3 - rpc =0, (4.85)

or inMATLAB
eqF23BC = dot(F23,rB-rC);

For the link 3 the vector sum of the net forces, gravitational force Gs,
joint forces Fu3, Fo3, Fas, is equal to ms ac, [Fig. 4.19(a)]

mzac, = Fiz + Foz + Fa3 + Gg,
or usingMATLABcommands

eqF3=F43+F03+F23+G3-m3*aC3;

Projecting the previous vectorial onto  and y axes gives

m3 acs, = Fy3z + Fozy + Fose, (486)
mg acy, = Fuge + Fogy + Fogy —ms g, (4.87)

or using MATLAB

eqF3x=eqF3(1); % projection on x-axis
eqF3y=eqF3(2); % projection on y-axis

The vector sum of the moments that act on link 3 with respect to the
center of mass Cj is equal to I¢, as [Fig. 4.19(a)]

Ic, a3 =rcyp X Fyz +roye X Fog + 150 X Fas, (4.88)
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or in MATLAB

egMC3=cross (rD-rC3,F43)+cross (rC-rC3,F03) +cross (rQ-rC3,F23) -IC3*Alpha3;
eqMC3z=eqMC3(3); % projection on z-axis

There are five equations Eqs. (4.84)-(4.88) and six unknowns and that is
why the analysis will continue with the slider 2. The free body diagram of
the slider 2 is shown in Fig. 4.19(b).

The joint reaction force of the link 1 on the slider 2 at B is Fi5 =
Fioz1 + Figy) and the joint reaction force of the link 3 on the slider 2 is
F3y = —Fa3 = —Fh3,1 — Fh3). TheMATLABcommands are

F12x=sym(’F12x’,’real’);

F12y=sym(’F12y’,’real’);

F12=[ F12x, F12y, O ]; % unknown joint force of 1 on 2
F32=-F23; ¥ joint force of 3 on 2

For the slider 2 the vector sum of the net forces, gravitational force Go,
joint forces Fsq, F19, is equal to my ac,

meac, = Fso + Fio + Go,

or usingMATLABcommands
eqF2=F32+F12+G2-m2*aC2;

Projecting the previous vectorial onto  and y axes gives

ma ac,, = F3op + Flog, (4.89)
Ma ey, = F3y + F1ay — ma g, (4.90)

or using MATLAB

eqF2x=eqF2(1) ;
eqF2y=eqF2(2) ;

The vector sum of the moments that act on slider 2 with respect to the
center of mass B = () is equal to I¢, ay

[CQ Oy = e, X F32, (491)
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or in MATLAB

egMC2=cross (rQ-rC2,F32)-IC2*Alpha?2;
eqMC2z=eqMC2(3) ; % projection on z-axis

There are eight equations Eqs. (4.84)-(4.91) with eight unknowns

Fose, Fosy, Fosg, Fhsy, q, Yg, Fi2z, and Fipy,. The system is solved using
MATLAB

so0l23=solve(eqF3x,eqF3y,eqMC3z,eqF23BC, eqQz, eqF2x,eqF2y,eqMC2z) ;
FO3xs=eval (s0123.F03x) ;
FO3ys=eval (s0123.F03y);
F03s=[ F03xs, F03ys, 0 ];
F23xs=eval (s0l123.F23x) ;
F23ys=eval (s0l23.F23y);
F23s=[ F23xs, F23ys, 0 1;
Fi12xs=eval(s0123.F12x);
F12ys=eval (s0l23.F12y);
F12s=[ F12xs, F12ys, 0 ];
xQs=eval(s0123.xQ);
yQs=eval (s0123.yQ) ;
rQs=[xQs, yQs, 0];

The following numerical solution are obtained

Fo3 = —256.7451 — 272.179) N,

Fo3 = —11.37621+ 137.93) N,

Fi; = —11.40281+ 137.9933 N, and
rg = 0.1212431 4 0.07) m.

The force analysis ends with the driver link 1. Figure 4.20 shows the free
body diagram of the link 1. The joint reaction force of the link 2 on the link
lis Fo1 = —F15 = 11.40281 — 137.9933 N.

The joint reaction force of the ground 0 on the link 1 at the joint A
is For = Fpip1 + Fpiy). For the link 1 the vector sum of the net forces,
gravitational force Gy, joint forces Fo1, Foy, is equal to my a¢, (Fig. 4.20)

miac, =Fy —Fi2+ G, = Fo=miac, +Fi2— Gy,
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or with MATLAB
FO1=m1*xaC1+F12s-G1;

The vector sum of the moments that act on link 1 with respect to the
center of mass (' is equal to I,

Iy an = 1o X For —re g X Fro + My,
and the equilibrium moment (motor moment) is

Mot = Ioy 01 —reya X For + 1o g X Fro.
InMATLABthe equilibrium moment is

Mm=ICl*alphal-cross(rA-rC1,F01)+cross(rB-rC1,F12s);

Another way of calculating the equilibrium moment is to take the sum of
the moments that act on link 1 with respect A

I, a1 +re, Xxmypag, =ro, X Gy +rp X (=F12) + M0,
and the equilibrium moment is
Mot =15 X F1o +10, X (myac, — Gi) + I¢, au,
or in MATLAB

Mm=cross (rB,F12s)+cross(rCl,m1*aC1-G1)+ICi*alphal;

The joint reaction force of the ground 0 on the link 1is Fo; = —11.42141+
138.0923 N, and the equilibrium moment is M,,,,; = 17.5356 k N m.
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4.7.2 Dyad Method

The dynamic force analysis starts with the last dyad (links 5 and 4) because
the external moment Mjs,,; on link 5 is known.

ER DT DR dyad
Figure 4.21 shows the forces and the moments that act on the dyad Er Dy Dpg.
The unknown joint reaction forces are Fo5 = Fisg1 4 Fosy ), Faa = Fup1 +
Fs4,), or in MATLAB

FO5x=sym(’F05x’,’real’);
FO5y=sym(’FO5y’,’real’);
F34x=sym(’F34x’,’real’);
F34y=sym(’F34y’,’real’);
FO5=[ FO5x, FO5y, 0 ] ;
F34=[ F34x, F34y, 0] ;

The Newton equation for links 5 and 4

msac; + maac, =Fos + G5+ Ga+ Fzy =
Z F(5&4) = F05 + G5 + G4 + F34 — Msac, —Myag, = 0. (492)

Equation (4.92) has a component on z-axis, > F(®%)

y-axis, S FO&Y . 5 and the MATLABcommands are

-1, a component on

eqF45=F05+G5+G4+F34-m5*aC5-m4*aC4;
eqF4b5x=eqF45(1); % projection on x-axis
eqF4by=eqF45(2); % projection on y-axis

The Euler equation of moments for links 5 and 4 about Dy gives

Ic, as +rpe, X msac, + Io, 0 =rpg X Fos +rpey X Gy + Moy —
ZM(SM) = (rg —rp) X Fos + (v, —rp) X (G5 — msac,) + Msex
_IC5 Ay — ]C4 oy = 0. (493)

The MATLABcommands for Eq. (4.93) are

eqMD45=cross (rE-rD,F05) +cross (rC5-rD,G5-m5*aC5) +Me-IC5xAlphab-IC4*Alphad;
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eqMD45z=eqMD45(3); % projection on z-axis

The Newton equation for link 4 projected on the sliding direction ED is
(myac,) rep = (F34 + Gy + Fs4) -rpp =
ZF(4) Tpp — (F34—|—G4—m4ac4) . (I'D —I‘E) :O (494)
The force of the link 5 on link 4 is Fs4 and Fs4 - rgp = 0. The MAT-
LABcommand for Eq. (4.94) is

eqFADE=dot (F34+G4-m4*aC4,rD-rE) ;

There are four equations Eqs. (4.92)-(4.94) with four unknowns
Fose, Fosy, Fsaz, F3ay. The system is solved using MATLAB

solDI=solve(eqF45x, eqF4by , eqMD45z, eqF4DE);
FO5xs=eval (solDI.F05x);

FObys=eval (solDI.F05y) ;

F34xs=eval (solDI.F34x) ;

F34ys=eval (solDI.F34y);

FO5s=[ FO5xs, FO5ys, 0 1;

F34s=[ F34xs, F34ys, 0 1;

The force of the link 4 on link 5 is Fy5 is calculated from Newton equation
for link 5

msac, = Fos + G5 + Fgs =
Fy5 = ms acy — Gs — Fos,

and the MATLABcommand is
F45=m5*xaC5-G5-F05s;

The application point of the joint force Fy5 is P(zp, yp). The point P is
on the line D or

rgp Xrgp =0 or (I‘D—I'E) X (I‘p—I'E> =0,

and with MATLAB
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egP=cross (rD-rE,rP-rE) ;
eqPz=eqP(3);

The second equation needed to calculate zp and yp is the moment equa-
tion on link 4 about D = C}

Io, o =1 p X (—F45),

and with MATLAB

eqM4=cross (rP-rC4,-F45)-IC4*Alphad;
eqM4z=eqM4(3) ;

The coordinates xp and yp are calculated using theMATLABcommands

solP=solve(eqPz,eqM4z) ;
xPs=eval(solP.xP);
yPs=eval(solP.yP);
rPs=[xPs, yPs, 0];

CR BT BR dyad
Figure 4.22 shows the forces and the moments that act on the dyad Cr Br Bg
(links 3 and 2). The unknown joint reaction forces are Fo3 = Fo3, 1+ Fogy J,
Fiy = Fiop1+ Figy ], or in MATLAB

FO3x=sym(’F03x’,’real’);
FO3y=sym(’F03y’,’real’);
F12x=sym(’F12x’,’real’);
F12y=sym(’F12y’,’real’);
F03=[ FO3x, FO03y, 0 1;
F12=[ F12x, F12y, 0 ];

The joint force Fy3 = —F34 was calculated from the previous dyad EDD
FA43=-F34s;

The sum of all the forces that act on links 3 and 2 is

msac, + meac, = Fus + Fo3 + G + Gy +Fio —
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STFG) = Fy3 + Fo3 + Gs + Go + Fio — mgac, — moac, = 0. (4.95)

Equation (4.95) has a component on z-axis, Y F(3%2)

y-axis, S, FG¥?) . 5 and the MATLABcommands are

-1, a component on

eqF23=F43+F03+G3-m3*aC3+G2-m2*aC2+F12;
eqF23x=eqF23(1); % projection on x-axis
eqF23y=eqF23(2); % projection on y-axis

The sum of moments of all the forces and moments on links 3 and 2 about
Bp, is zero

Ic, o3 +rpe, X mgac, +Ic, 0 =rpp X Fys +rpe X Foz +1rpc, X Gz =
ZMg&2) — (rD — I‘B) X F43 —+ (I‘C — I‘B) X Fog =+ (1‘03 — I‘B) X (Gg — M3 303)
_-[03 a3 — ]C’g Qg = 0. (496)

The MATLABcommands for Eq. (4.96) are

eqMB3=cross (rD-rB,F43) +cross (rC-rB,F03) +cross (rC3-rB,G3-m3*aC3) ;
eqMB2=-IC3*Alpha3-IC2*xAlpha2;

eqMB23=eqMB3+eqMB2;

eqMB23z=eqMB23(3) ;

The sum of all the forces on link 2 projected on the sliding direction BC
is

(moac,) -rpe = (Fi2 + Go + F33) -rpe =
ZF(Q) ‘I'po — (F12 + G2 — My aCQ) . (I‘C — I‘B) = O (497)

The force of the link 3 on link 2 is F3y and F3s - rgc = 0. The MAT-
LABcommand for Eq. (4.97) is

eqF2BC=dot (F12+G2-m2*aC2, rC-rB);

There are four equations Eqs. (4.95)-(4.97) with four unknowns
Fose, Fosy, Froz, Fhay. The system is solved using MATLAB

solDII = solve(eqF23x, eqF23y , eqMB23z, eqF2BC);
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FO03xs=eval (solDII.F03x);
FO3ys=eval (solDII.F03y);
F12xs=eval (solDII.F12x);
F12ys=eval (solDII.F12y);
F03s=[ F03xs, F03ys, 0 1;
F12s=[ F12xs, F12ys, 0 1;

The force of the link 3 on link 2 is F3, is calculated from the sum of all
the forces on link 2

moac, =Fs+Gy+Fs —
F3y = my ac, — Gy — Fio,

and the MATLABcommand is

F32=m2*aC2-G2-F12s;

The application point of the joint force Fsy is Q(zq, yg). The point @ is
on the line BC' or

rpc X roc = 0 or (I'C — I'B) X (I'Q - rC’) - Oa
and with MATLAB

eqQ=cross(rC-rB,rQ-rC) ;
eqQz=eqQ(3);

The second equation needed to calculate zg and yg is the sum of all the
moments on link 2 about B = Oy

'[CQ Qg =TyQ X F327

and with MATLAB

egqM2=cross (rQ-rC2,F32)-IC2*xAlpha2;
eqM2z=eqM2(3) ;

The coordinates zg and yq are calculated using theMATLABcommands
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solQ=solve(eqQz,eqM2z) ;
xQs=eval(so0lQ.xQ);
yQs=eval (s0lQ.yQ) ;
rQs=[xQs, yQs, 0];

The joint reaction force of the ground on the link 1 and the equilibrium
moment (drive moment) shown in Figure 4.20 are calculated using the pro-
cedure presented in the previous subsection.

TheMATLABprogram using the dyad method and the results are given in
Program 4.6.
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4.7.3 Contour Method

The contour diagram representing the mechanism is shown in Fig. 4.23. It
has two contours 0-1-2-3-0 and 0-3-4-5-0.

Reaction force Fs

The rotation joint Er between the links 0 and 5 is replaced with the
unknown reaction force Fo5 (Fig. 4.24)

Fos = Fosel + Fosy).

With MATLAB, the force Fo5 is written as
FO5=[ sym(’F05x’,’real’), sym(’FO05y’,’real’), 0 ];

Following the path I, as shown in Fig. 4.24, a force equation is written for
the translation joint Dp. The projection of all forces, that act on the link 5,
onto the sliding direction rpg is zero

ZF(5) Tpp = (F05+G5+Fm5) ‘TDE :0, (498)

where rpp = rg — rp.
Equation (4.98) with MATLABbecomes

eqER1=dot (FO5+G5+Fin5,rE-rD) ;

where the command dot (a,b) gives the scalar product of the vectors a and
b. Continuing on the path I, a moment equation is written for the rotation
joint Dp

Z M%&B) =rpr X Fos + rpo, X (G5 + Fins) + Ming + M5 + Msepe = 0, (4.99)

where rpo, =re, — rp.
Equation (4.99) with MATLAB gives

eqER2=cross (rE-rD,F05) +cross (rC5-rD,G5+Finb) +Me+Min4+Min5;
eqER2z=eqER2(3) ;
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The system of two equations is solved using MATLAB commands

solF05=solve(eqER1,eqER2z) ;
FO5s=[ eval(solF05.F05x), eval(solF05.F05y), 0 ];

The following numerical solution is obtained
Fo; = 268.1651+ 135.057) N.

Reaction force Fs

The translation joint Dy between the links 4 and 5 is replaced with the
unknown reaction force Fy; (Fig. 4.25)
Fis = —Fs54 = Fusp1 + Fusy).
The position of the application point P of the force Fy5 is unknown
rp = Tpl+YypJ,
where xp and yp are the plane coordinates of the point P.

The force F45 and its point of application P with MATLAB is written as

F45=[ sym(’F45x’,’real’), sym(’F45y’,’real’), 0 ];
F54=-F45;
rP=[ sym(’xP’,’real’), sym(’yP’,’real’), 0 ];

Following the path I (Fig. 4.25), a moment equation is written for the rota-
tion joint Epr

S MY = rpp x Fus + vy X (Gs + Fins) + Migs + Mse =0, (4.100)
where rgp =rp —rp and rge, =rc, —Igp.

One can write Eq. (4.100) using the MATLAB commands

eqDT1=cross (rP-rE,F45) +cross (rC5-rE,G5+Finb) +Me+Min5;
eqDT1z=eqDT1(3) ;

Following the path II (Fig. 4.25), a moment equation is written for the
rotation joint Dp

S"M$) = rpp X Fay + My = 0, (4.101)
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where rpp =rp —rp and Fyy = —Fy5.
Equation (4.101) with MATLAB is

eqDT2=cross (rP-rD,F54)+Min4;
eqDT2z=eqDT2(3) ;

The direction of the unknown joint force Fy5 is perpendicular to the sliding
direction rgp
Fy-rpp =0, (4.102)

and using MATLAB command
eqF45DE=dot (F45,rD-rE) ;

The application point P of the force Fys is located on the direction E D, that
1S
(I‘D — I'E) X (I‘P — I'E) =0. (4103)

One can write Eq. (4.103) using the MATLAB commands

eqP=cross (rD-rE,rP-rE);
eqPz=eqP (3) ;

The system of four equations is solved using the MATLAB command

solF45=solve(eqDT1z,eqDT2z,F45DE, eqPz) ;
F4bs=[ eval(solF45.F45x), eval(solF45.F45y), 0 ];
rPs=[ eval(solF45.xP), eval(solF45.yP), 0 ];

The following numerical solutions are obtained
Fy; = —268.1091 — 134.646) N and rp = —0.1494921+ 0.0476701 3 m.

Reaction force F3y

The rotation joint Dg between the links 3 and 4 is replaced with the
unknown reaction force Fs, (Fig. 4.26)

Fsy = —Fs4 = F34,1 + F3yy),
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and with MATLAB

F34=[ sym(’F34x’,’real’), sym(’F34y’,’real’), 0 ];
F43=-F34;

Following the path I, a force equation can be written for the translation
joint Dp. The projection of all forces, that act on the link 4, onto the sliding
direction ED is zero

ZF(4) Tpp = (F34+G4+Fin4) ‘TED :O, (4104)

where rgp =rp — rg.
Equation (4.104) using MATLAB gives

eqDR1=dot (F34+G4+Fin4 ,rD-rE);

Continuing on the path I (Fig. 4.26), a moment equation is written for the
rotation joint Fg

Z M%&m =TEgc, X (G4 + Fm4) +rpp X Fgg + M4 +
Yecs X (G5 + Fm5) + Min5 + MSezt =0. (4105)

where rgc, =re, —rp, and rgo, =rc, — I'g.
Equation (4.105) with MATLAB becomes

eqDR24=cross (rC4-rE,G4+Fin4)+cross (rD-rE,F34)+Min4;
egDR25=cross (rC5-rE,G5+Fin5) +Me+Min5;
eqDR2=eqDR24+eqDR25;

eqDR2z=eqDR2(3) ;

The system of two equations is solved using the MATLAB commands

solF34=solve(eqDR1,eqDR2z) ;
F34s=[ eval(solF34.F34x), eval(solF34.F34y), 0 ];

The following numerical solution is obtained

Fsy = —268.0721 — 134.583) N.
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Reaction force F3

The rotation joint C'r between the links 0 and 3 is replaced with the
unknown reaction force Fo3 (Fig. 4.27)

Fo3 = Foszpl + Fosy).

With MATLAB the force Fy3 is written as
FO3=[ sym(’F03x’,’real’), sym(’F03y’,’real’), 0 ];

Following the path I (Fig. 4.27), a force equation is written for the translation
joint Br. The projection of all forces, that act on the link 3, onto the sliding
direction C'D is zero

S FY.rop = (Fos + Fag + Gs + Fipg) - rep = 0, (4.106)

where rcp =rp — .
Equation (4.106) with MATLAB command is

eqCR1=dot (F03-F34s+G3+Fin3,rD-rC) ;

Continuing on the path I7 (Fig. 4.27), a moment equation is written for the
rotation joint Bg

ZMg&Q) =Trpc; X (G3 + Fmg) +1rpc X Fo3 +1pp X Fyz + My, 0 + My, 3 = 0, (4107)

where rpe, =rc, —rp, 'pc =r¢ —Trp, and rpp =rp — I'p.
With MATLAB Eq. (4.107) gives

eqCR2=cross (rC3-rB,G3+Fin3) +cross (rC-rB,F03) +cross (rD-rB,-F34s) +Min2+Min3;
eqCR2z=eqCR2(3) ;

To solve the system of two equations the MATLAB commands are used

solF03=solve(eqCR1,eqCR2z) ;
FO3s=[ eval(solF03.F03x), eval(solF03.F03y), 0 ];

The following numerical solution is obtained

Fo3 = —256.7451 — 272.1793 N.
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Reaction force Fo3

The translation joint B between the links 2 and 3 is replaced with the
unknown reaction force Fa3 (Fig. 4.28)

Fo3 = —F3y = Iy, 1+ Fosy ).
The position of the application point @) of the force Fa3 is unknown
rg =91 + Yo lJ,

where z¢ and yg are the plane coordinates of the point Q.
The force Fy3 and its point of application () are written in MATLAB as

F23=[ sym(’F23x’,’real’), sym(’F23y’,’real’), 0 ];
F32=-F23;
rQ=[ sym(’xQ’,’real’), sym(’yQ’,’real’), 0 ];

Following the path I (Fig. 4.28), a moment equation is written for the rota-
tion joint Cg

ZMg) =Trcg X Fgg +rcc3 X (Gg +Fm3) +rcop X F43+Min3 - 07 (4108)

where rcg =rg —re, reey, =rc, —rc, and rep =rp —re.
Using MATLAB, Eq. (4.108) is written as

eqBT1=cross (rQ-rC,F23)+cross (rC3-rC,G3+Fin3) +cross (rD-rC,-F34s) +Min3;
eqBT1z=eqBT1(3) ;

Following the path II (Fig. 4.28), a moment equation is written for the
rotation joint Bpr

S"MY = rpg x Fay + Mo = 0, (4.109)

where rgg =rg — rp.
Equation (4.109) with MATLAB becomes

eqBT2=cross (rQ-rB,F32)+Min2;
eqBT2z=eqBT2(3) ;
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The direction of the unknown joint force Fa3 is perpendicular to the sliding
direction BC'. The following relation is written

Fa3-rpc =0,
or with MATLAB, it is

eqF23BC=dot (F23,rC-rB) ;

The application point ) of the force Fa3 is located on the direction BC|, that
is
(I‘B — rc) X (I‘Q — rc) = 0. (4110)

Equation (4.110) with MATLAB gives

eqQ=cross(rB-rC,rQ-rC) ;
eqQz=eqQ(3);

The system of four equations is solved using the MATLAB command

solF23=solve(eqBT1z,eqBT2z,F23BC,eqQz) ;
F23s=[ eval(solF23.F23x), eval(solF23.F23y), 0 ];
rQs=[ eval(solF23.xQ), eval(solF23.yQ), 0 1;

The following numerical solutions are obtained
Fy3 = —11.37621 4 137.93) N and rg = 0.1212431+ 0.0703 m.

Reaction force Fy,

The rotation joint Br between the links 1 and 2 is replaced with the
unknown reaction force Fyy (Fig. 4.29)

Fio = —Fy = Flop 1+ Flgy).

With MATLAB it is written as

F12=[ sym(’F12x’,’real’), sym(’F12y’,’real’), 0 ];
F21=-F12;
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Following the path I (Fig. 4.29), a force equation is written for the translation
joint Br. The projection of all forces, that act on the link 2, onto the sliding
direction BC' is zero

ZF(Q)'I'BC: (F12+G2+Fm2)~rBC:O. (4111)
Using MATLAB it is written as
egBR1=dot (F12+G2+Fin2,rC-rB) ;

Continuing on the path I, a moment equation is written for the rotation joint
Cr

ZMg&3) = rep X Fig+roo, X (Go 4 Fiya) + My, o +
reo, X (Gs + Fins) + 1op X Fag + My, 5 = 0, (4.112)

where rocp =rp—r¢, Yoo, =rc, —ro, Yooy = ey, — o, and rop =rp —re.
Using the MATLAB, commands Eq. (4.112) gives

eqBR2=cross (rB-rC,F12) +cross (rC2-rC,G2+Fin2) +Min2. . .
+cross (rC3-rC,G3+Fin3) +cross (rD-rC,-F34s) +Min3;
eqBR2z=eqBR2(3) ;

The system of two equations is solved using the MATLAB commands

solF12=solve(eqBR1,eqBR2z) ;
F12s=[ eval(solF12.F12x), eval(solF12.F12y), 0 ];

and the following numerical solution is obtained
Fiy = —11.40281+ 137.993) N.

The motor moment M,,,

The motor moment needed for the dynamic equilibrium of the mechanism
is M,,, = M, k (Fig. 4.30). Following the path I (Fig. 4.30), a moment
equation is written for the rotation joint Ag

ZMS) =rap X Fo1 +1ac, X (G1+ Fin1) + M1 + M, = 0. (4.113)
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Equation (4.113) is solved using the MATLAB command
Mim=-(cross(rB,-F12s)+cross(rC1,G1+Finl)+Minl);

The numerical solution is
M,, =175356 k N-m.

Reaction force Fy;

The rotation joint Ar between the links 0 and 1 is replaced with the
unknown reaction force F¢, (Fig. 4.31)

Foi. = —F19 = o1z 1+ Fouy J,
With MATLAB it is written as
FO1=[ sym(’FO1x’,’real’), sym(’FOly’,’real’), 0 ];

Following the path I (Fig. 4.31), a moment equation is written for the
rotation joint Bp

ZMS) =Trpyg X FOl + I'pc, X (G’l + anl) + Minl + Mm - 07 (4114)

where rpy = —rp, and rgo, =r¢, — I'p.
Equation (4.114) using the MATLAB commands gives

eqAR1=cross(-rB,F01)+cross(rC1-rB,G1+Fin1)+Min1+Mim;
eqAR1z=eqAR1(3);

Continuing on the path I (Fig. 4.31), a force equation is written for the
translation joint Brp. The projection of all forces, that act on the links 1 and
2, onto the sliding direction BC' is zero

ZF(1&2) ‘rpe = <F01 + G1 + le + G2 + an2) "Tpe = 07 (4115)

or with MATLAB it is

eqAR2=dot (FO1+G1+Fin1+G2+Fin2,rC-rB) ;
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The system of two equations is solved using the MATLAB commands

solFO01=solve(eqAR1z,eqgAR2) ;
FO1s=[ eval(solF01.F01x), eval(solFO1.FOly), O ];

The following numerical solution is obtained
Fopp = —11.42141+4 138.0923 N.

The MATLAB program for the dynamic force analysis is presented in Pro-
gram 4.7.



