RRTrobot.nb

(* RRT Robot*)

Apply [Clear,Names["Global *"]];
Off[General::spell];
Off[General::spelll];

"transformation matrix from RF1l to RFO: R10="
R10={{1,0,0},
{0,Cos[ql[t]],Sin[ql[t]]},
{0,-Sin[ql[t]],Cos[ql[t]]}};
MatrixForm[R10]

"transformation matrix from RF2 to RF1l: R21="
R21={{Cos[q2[t]],0,-Sin[q2[t]]},

{olllo}l

{sin[q2[t]],0,Cos[q2[t]]1}};
MatrixForm[R21]

"angular velocity of link 1 in RFO
expressed in terms of RF1 {il,jl,kl}: wlO0="
wl0={ql'[t],0,0}

"angular velocity of link 2 in RFO
expressed in terms of RF1 {il,jl,kl}: w201="
w201={ql'[t],q2'[t],0}

"angular velocity of link 2 in RFO
expressed in terms of RF2 {i2,j2,k2}: w20="
w20=w201l.Transpose[R21]

"angular acceleration of link 1 in RFO
expressed in terms of RF1 {il,jl,kl}: alO="
al0=D[wl0,t]

"angular acceleration of link 2 in RFO
expressed in terms of RF2 {i2,j2,k2}: a20="
a20=D[w20,t]

"position vector of mass center Cl of link 1
in RFO expressed in terms of RF1 {il,jl,kl}: rcCl="
rc1={0,0,L1}

"linear velocity of mass center Cl of link 1
in RFO expressed in terms of RF1 {il,jl,kl}: vCl="
vCl=D[rCl,t]+Cross[wl0,xrCl]

"linear velocity of joint B in RFO
expressed in terms of RF1 {il,jl,kl}: vB="
vB =D[{0,0, 2 L1},t]+Cross[wl0,{0,0,2 L1}]

"position vector of mass center C2 of link 2
in RFO expressed in terms of RF2 {i2,j2,k2}: rc2="
rCc2={0,0,2 L1l}.Transpose[R21]+{0,0,L2}

"linear velocity of mass center C2 of link 2 in RFO
expressed in terms of RF2 {i2,j2,k2}: vC2="
vC2 =D[rC2,t]+Cross[w20,rC2]

"position vector of mass center C3 of link 3 in RFO
expressed in terms of RF2 {i2,j2,k2}: rCc3="
rC3=rC2+{0,0,q3[t]}

"linear velocity of mass center C3 of link 3 in RFO
expressed in terms of RF2 {i2,j2,k2}: vC3="
vC3=D[rC3,t]+Cross[w20,rC3];
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vC3=Simplify[vC3]

"linear velocity of €32 of link 2 in RFO

expressed in terms of RF2 {i2,j2,k2}

C32 of link 2 is superposed with C3 of link 3: vC32="
vC32=vC2+Cross[w20,{0,0,q93[t]}];

vC32=Simplify[vC32]

(* another way of computing vC3 is: *)
vC3'=vC32+D[{0,0,q93[t]},t];
(*vC3-vC3'={0,0,0};*)

"linear acceleration of mass center Cl of link 1
in RFO expressed in terms of RF1 {il,jl,kl}: acCl="
aCl =D[vCl,t]+Cross[wl0,VvCl]

"linear acceleration of mass center C2 of link 2
in RFO expressed in terms of RF2 {i2,j2,k2}: acC2="
aC2=D[vC2,t]+Cross[w20,VvC2]

"linear acceleration of mass center C3 of link 3
in RFO expressed in terms of RF2 {i2,j2,k2}: acC3="
aC3=D[vC3,t]+Cross[w20,VvC3]

"gravitational force that acts on link 1 at Cl

in RFO expressed in terms of RF1 {il,jl,kl}: Gl="
Gl={ -ml1 g ,0 , 0}

"gravitational force that acts on link 2 at C2

in RFO expressed in terms of RF2 {i2,j2,k2}: G2="
G2={ -m2 g ,0 , O }.Transpose[R21]

"gravitational force that acts on link 3 at C3

in RFO expressed in terms of RF2 {i2,j2,k2}: G3="
G3={ -m3 g ,0 , O }.Transpose[R21]

"contact torque of 0 that acts on link 1 in RFO
expressed in terms of RF1 {il,jl,kl}: TO1l="
TO01={T01x,TOly,TO1lz}

"contact torque of link 1 that acts on link 2 in RFO
expressed in terms of RF2 {i2,j2,k2}: T12="
T12={T12x,T12y,T12x}

"contact force of link 2 that acts on link 3 at C3 in RFO
expressed in terms of RF2 {i2,j2,k2}: F23="
F23={F23x,F23y,F23z}

(*generalized active forces¥*)

"generalized active force Q1="
01=D[wl0,ql'[t]].TO1l+
D[vCl,ql'[t]].Gl+
D[wlO,ql'[t]].Transpose[R21].(-T12)+
D[w20,ql'[t]].T12+
D[vC2,ql'[t]].G2+
D[vC32,ql'[t]].(-F23)+
D[vC3,ql'[t]].G3+
D[vC3,ql'[t]].F23

"generalized active force Q2="
02=D[wl0,q2'[t]].TO1l+
D[vC1l,q2'[t]].Gl+
D[wl0,q2'[t]].Transpose[R21].(-T12)+
D[w20,q2'[t]].T12+
D[vC2,q2'[t]].G2+
D[vC32,q2'[t]].(-F23)+
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D[vC3,q2'[t]].G3+
D[vC3,q2'[t]].F23

"generalized active force Q3="
03=D[wl0,q3'[t]].TO1l+
D[vCl,q3'[t]].G1l+
D[wl0,q3'[t]].Transpose[R21].(-T12)+
D[w20,q3'[t]].T12+
D[vC2,q3'[t]].G2+
D[vC32,q3'[t]].(-F23)+
D[vC3,q3'[t]].G3+
D[vC3,q3'[t]].F23

(* inertia dyadics *)

"central inertia dyadic for link 1
expressed in terms of RF1 {il,jl,kl}: I1="
I1={{ml1(2 L1)"2/12,0,0},{0,m1(2 L1)"2/12,0},{0,0,0}}

"central inertia dyadic for link 2
expressed in terms of RF2 {i2,j2,k2}: 12="
12={{m2(2 L2)"2/12,0,0},{0,m2(2 L2)"2/12,0},{0,0,0}}

"central inertia torque for link 3
expressed in terms of RF2 {i2,j2,k2}: 13="
I3={{13%,0,0},{0,13y,0},{0,0,132}}

(* *)
(*LAGRANGE's equations of motion%*)
(* *)

"kinetic energy of link 1: T1="
Tl=ml vCl.vC1/2+wl0.I1.w1l0/2
"kinetic energy of link 2: T2="
T2=m2 vC2.vC2/2+w20.I2.w20/2
"kinetic energy of link 3: T3="
T3=m3 vC3.vC3/2+w20.I3.w20/2
"total kinetic energy: T="
T=T1+T2+T3

T=Expand[T];

LHS1=D[D[T,ql'[t]],t]-D[T,ql[t]];
LHS2=D[D[T,q2'[t]],t]-D[T,q2[t]];
LHS3=D[D[T,q3"'[t]],t]-D[T,q3[t]];

"First Lagrange's equation of motion"
"D[D[T,ql'[t]],t] - D[T,ql[t]] = Q1"
Lagrl=LHS1-0Q1

"Second Lagrange's equation of motion"
"D[D[T,q2'[t]],t] - D[T,q2[t]] = Q2"
Lagr2=LHS2-0Q2

"Third Lagrange's equation of motion"
"D[D[T,q3'[t]],t] - D[T,q3[t]] = Q3"
Lagr3=LHS3-03

(* *)
(*Kane's dynamical equations*)
(* *)

(*inertia moments¥*)

"inertia moment for link 1 expressed in terms of RF1l {il,jl1l,kl}: Mlin="
Mlin= -al0.Il1-Cross[wl0,Il.wl0]

"inertia moment for link 2 expressed in terms of RF2 {i2,j2,k2}: M2in="
M2in=-020.I2-Cross[w20,I2.w20]

"inertia moment for link 3 expressed in terms of RF2 {i2,j2,k2}: M3in="
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M3in=-020.I3-Cross[w20,I3.w20]
(*generalized inertia forces*)

"generalized inertia forces corresponding to ql: Kinl="

Kinl=D[w1l0,ql'[t]].Mlin+ (*1linkl¥*)
D[vCl,ql'[t]].(-ml aCl)+ (*1inkl¥*)
D[w20,ql'[t]].M2in+ (*1link2¥*)
D[vC2,ql'[t]].(-m2 aC2)+ (*1ink2¥*)
D[w20,ql'[t]].M3in+ (*1ink3*)
D[vC3,ql'[t]].(-m3 aC3) (*1ink3¥*)

"generalized inertia forces corresponding to g2: Kin2="

Kin2=D[w10,qg2'[t]].Mlin+ (*1linkl¥*)
D[vCl,q2'[t]].(-ml aCl)+ (*1inkl¥*)
D[w20,q2'[t]].M2in+ (*1link2¥*)
D[vC2,q2'[t]].(-m2 aC2)+ (*1ink2¥*)
D[w20,q2'[t]].M3in+ (*1ink3*)
D[vC3,q2'[t]].(-m3 aC3) (*1ink3¥*)

"generalized inertia forces corresponding to g3: Kin3="

Kin3=D[w1l0,q3'[t]].Mlin+ (*1inkl¥*)
D[vCl,q3'[t]].(-ml aCl)+ (*1inkl¥*)
D[w20,q3'[t]].M2in+ (*1link2¥*)
D[vC2,q3'[t]].(-m2 aC2)+ (*1ink2¥*)
D[w20,q3'[t]].M3in+ (*1ink3*)
D[vC3,q3'[t]].(-m3 aC3) (*1ink3%*)

(*Kane's dynamical equations*)
"First Kane's dynamical equation"
kanel=Q1+Kinl

"Second Kane's dynamical equation”
kane2=02+Kin2

"Third Kane's dynamical equation"
kane3=03+Kin3

(*numerical datax*)
Tp=15.; (*s*)
indata={L1-0.4,L2-50.4,1I3x-5,I3y-»4,1I3z-1,
ml-90,m2-»60,m3-40,9-9.81,
qls-»>N[Pi/18],q2s-»N[Pi/6], q3s-0.25,
qlf->N[Pi/3], q2f-N[ Pi/3],q3£-0.3,
b01-450,901-300,
b12-200,g12-300,
b23-5150,923-50};

Print[" "];
Print[" "];

(* *)
(*INVERSE DYNAMICS*)
(* *)

Print["INVERSE DYNAMICS"];

qlt = qls + (qlf-qls)/Tp (t - Tp/(2 Pi) Sin[2 Pi/Tp t]);
q2t = q2s + (q2f-q2s)/Tp (t - Tp/(2 Pi) Sin[2 Pi/Tp t]);
q3t = q3s + (q3£f-q3s)/Tp (t - Tp/(2 Pi) Sin[2 Pi/Tp t]);

gen= {
ql[t] - qlt,
ql'[t]- D[qlt,t],
ql''[t]-D[D[qlt,t],t],
q2[t] - q2t,
g2'[t]-D[q2t,t],
gq2''[t]-D[D[g2t,t],t],
q3[t] - aq3t,
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a3'[t]-D[q3t,t],
g3''[t]-D[D[q3t,t],t]};

Plot[Evaluate[ql[t]*180/N[Pi]/.gen/.indata], {t,0,Tp},
PlotRange->{All,All} ,AxesLabel-»{"t[s]","ql[deg]"}];

Plot[Evaluate[g2[t]*180/N[Pi]/.gen/.indata], {t,0,Tp},
PlotRange->{All,All} ,AxesLabel-»{"t[s]","q2[deg]"}];

Plot[Evaluate[q3[t]/.gen/.indata],{t,0,Tp},PlotRange-{All,All},
AxesLabel-»>{"t[s]","q3[m]"}];

Print|["=== Lagrange ==="]

LEl = (Lagrl/.gen/.indata)==0;
LE2 = (Lagr2/.gen/.indata)==0;
LE3 = (Lagr3/.gen/.indata)==0;

LSol = Solve[{LEl,LE2,LE3},{T01lx,T12y,F23z}];
TO1xL=TO01lx/.LSol[[1]];
T12yL=T12y/.LSol[[1]];
F23zL=F23z/.LSol[[1]];

Plot[Evaluate[TO1xL],{t,0,15},PlotRange-»{All, All},
AxesLabel-»>{"t[s]","TO1x[N m]"}];

Plot[Evaluate[T12yL],{t,0,15},PlotRange-»{All, All},
AxesLabel-»{"t[s]","T12y[N m]"}];

Plot[Evaluate[F23zL],{t,0,Tp},PlotRange-»{All, All},
AxesLabel-»>{"t[s]","F23z[N]"}];

Print["=== Kane ==="];

KEl = (kanel/.gen/.indata)==0;
KE2 = (kane2/.gen/.indata)==0;
KE3 = (kane3/.gen/.indata)==0;

KSol = Solve[{KEl,KE2,KE3},{T0lx,T1l2y,F23z}];
TO1xK=TO01lx/.KSol[[1]];
T12yK=T12y/.KSol[[1]];
F23zK=F23z/.KSol[[1]];

Plot[Evaluate[TO01xK],{t,0,Tp},PlotRange-»{All, All},
AxesLabel-»>{"t[s]","TO1x[N m]"}];

Plot[Evaluate[T12yK],{t,0,Tp},PlotRange-»{All,6All},
AxesLabel-»{"t[s]","T12y[N m]"}];

Plot[Evaluate[F23zK],{t,0,Tp},PlotRange-»{All, All},
AxesLabel-»{"t[s]","F23z[N]"}];

Print["Verification "];

Print["using Lagrange for t = ",tc," s =>"];
TOlL=Evaluate[TOlxL/.t-tc];
Tl12L=Evaluate[T12yL/.t-tc];
F23L=Evaluate[F23zL/.t-tc];

Print["TOlx = ",TOlL," N m"];
Print["Tl2y = ",T12L," N m"];
Print["F23z = ",F23L," N"];

Print["using Kane for t = ",tc," s =>"];

TOlK=Evaluate[TOlxK/.t-tc];
T12K=Evaluate[T12yK/.t-tc];
F23K=Evaluate[F23zK/.t-tc];
Print["TOlx = ",TO1lK," N m
Print["Tl2y ",T12K," N m'

"1;
15



RRTrobot.nb

Print["F23z = ",F23K," N"];

Print[" "];
Print[" "];

(* *)
(*DIRECT DYNAMICS*)
(* *)
Print["DIRECT DYNAMICS"]

(*control*)

control={

TO0lx-»-b01 gl'[t]-g0l(ql[t]-qlf),

T12y--bl2 g2'[t]-gl2(gq2[t]-g2f)+g (m2 L2+m3 (L2+q3[t])) Cos[q2[t]],
F23z-5-b23 gq3'[t]-923(q3[t]-q3f)+g m3 Sin[q2[t]]

}/.indata;

(*numerical simulation of Lagrange's eom¥*)

lageq={

(Lagrl/.indata)=:0, (Lagr2/.indata)=:0, (Lagr3/.indata)=:=0,
ql'[0]=0.,92"'[0]=0.,93"'[0]==0.,
ql[0]==N[Pi/18],92[0]==N[Pi/6],q3[0]==0.25};
Lagrange=NDSolve[lageq/.control, {ql,q2,q93},{t,0,Tp}];

Print["=== Lagrange ==="];

Plot[Evaluate[qgl[t]/.Lagrange],{t,0,Tp},PlotRange-»{All,All},
AxesLabel-»{"t[s]","ql[rad]"}];

Plot[Evaluate[g2[t]/.Lagrange],{t,0,Tp},PlotRange-»{All,All},
AxesLabel-»{"t[s]","q2[rad]"}];

Plot[Evaluate[qg3[t]/.Lagrange],{t,0,Tp},PlotRange-»{All,All},
AxesLabel-»>{"t[s]","q3[m]"}];

(*numerical simulation of Kane's eom¥*)

kaneq =

{ (kanel/.indata)==0, (kane2/.indata)==0, (kane3/.indata)==0,
ql'[0]=0.,9q2'[0]==0.,93'[0]==0.,
ql[0]==N[Pi/18],92[0]==N[Pi/6],q3[0]==0.25};
Kane=NDSolve[kaneq/.control, {ql,q2,q93},{t,0,Tp}1;

Print["=== Kane ==="];
Plot[Evaluate[ql[t]/.Kane],{t,0,Tp},PlotRange-»{All,All},
AxesLabel-»{"t[s]","ql[rad]"}];
Plot[Evaluate[g2[t]/.Kane],{t,0,Tp},PlotRange-»{All,All},
AxesLabel-»{"t[s]","q2[rad]"}];
Plot[Evaluate[q3[t]/.Kane],{t,0,Tp},PlotRange-»{All,All},
AxesLabel-»>{"t[s]","q3[m]"}];

Print["Verification "];
td=1.55;
for t =

Print["using Lagrange ",td," s =>"];

qllOL=Evaluate[ql[t]/
q210L=Evaluate[q2[t]/
q310L=Evaluate[q3[t]/

Print["ql = ",qll0L,"
Print["q2 = ",q210L,"
Print["q3 = ",q310L,"

Print["using Kane for

ql10K=Evaluate[ql[t]/.
q210K=Evaluate[q2[t]/.
q310K=Evaluate[q3[t]/.

Print["ql =
Print["q2 =

", qll0K,"
", q210K,"

.Lagrange/.t->td][[1]1];
.Lagrange/.t->td][[1]1];
.Lagrange/.t->td][[1]1];

rad"];
rad"];
m"];

t=",td," s =>"];
Kane/.t->td][[1]]
Kane/.t->td][[1]1];
Kane/.t->td][[1]]
rad"];

rad"];
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Print["q3 = ",q310K," m"];

Print[" "]

Print[" "1;

tt=15;
tLagr=Timing[{ql[tt],q2[tt],q3[tt]}/.Lagrange];
tKane=Timing[{ql[tt],q2[tt],q3[tt]}/.Kane];

Print["For t = ",tt," s"];

Print["the time used to evaluate {ql[t],q2[t],q3[t]} = ",tLagr[[2]]1[[1]1]," with
Lagrange is = ",tLagr[[1]] 1;

Print["the time used to evaluate {ql[t],q2[t],q3[t]} = ",tKane[[2]][[1]]," with Kane
is = ",tKane[[1]] 1;

transformation matrix from RF1 to RFO0: R10=

1 0 0
0 Cos[gl[t]] Sin[gl[t]]
0 -Sin[gl[t]] Cos[gl[t]]

transformation matrix from RF2 to RF1l: R21-=

Cos[g2[t]] O -Sin[qg2[t]]

0 1 0

Sin[g2[t]] 0 Cos[g2[t]]
angular velocity of link 1 in RF0 expressed in terms of RF1 {il,jl,kl}: wl0=
{ql"[t], 0, O}
angular velocity of link 2 in RF0 expressed in terms of RF1 {il,jl,k1l}: w201-=
{ql"[t], g2 [t], O}
angular velocity of link 2 in RF0 expressed in terms of RF2 {i2,j2,k2}: w20-=
{Cos[qg2[t]] ql’[t], g2'[t], Sin[q2[t]] ql'[t]}
angular acceleration of link 1 in RF0 expressed in terms of RF1 {il,jl,kl}: ol0=
{q1” [t], 0, O}
angular acceleration of link 2 in RF0 expressed in terms of RF2 {i2,j2,k2}: a20=

{-Sinfq2[t]] ql’[t] g2'[t] +Cos[q2[t]] ql” [t],
q2” [t], Cos[q2[t]] gl [t] g2'[t] +Sin[qg2[t]] ql” [t]}

position vector of mass center C1l of
link 1 in RFO expressed in terms of RF1 {il,jl,kl}: rCl=

{0, 0, L1}

linear velocity of mass center Cl of
link 1 in RFO expressed in terms of RF1 {il,jl,kl}: vCl=

{0, -L1gl'[t], 0}

linear velocity of joint B in RF0 expressed in terms of RF1 {il,jl,kl}: vB=
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{0, -2L1qgl'[t], O}

position vector of mass center C2 of
link 2 in RFO expressed in terms of RF2 {i2,j2,k2}: rC2=

(-2L1S8in[q2[t]], 0, L2 + 2Ll Cos[q2[t]]}

linear velocity of mass center C2 of
link 2 in RFO0 expressed in terms of RF2 {i2,j2,k2}: vC2=

(L2qg2' [t], -L2Cos[qg2[t]] gl [t] ~2LlCos[q2[t]]®ql’ [t] -2Ll1Sin[q2[t]]®ql [t], O}

position vector of mass center C3 of
link 3 in RF0 expressed in terms of RF2 {i2,j2,k2}: rC3=

(-2L1S8in[q2[t]], 0, L2 + 2Ll Cos[q2[t]] +qg3[t]}

linear velocity of mass center C3 of
link 3 in RFO0 expressed in terms of RF2 {i2,j2,k2}: vC3=

{(L2+q3([t]) g2"[t], - (2L1+L2Cos[qg2[t]] +Cos[qg2[t]] g3[t]) ql'[t], g3'[t]}

linear velocity of C32 of link 2 in RFO0 expressed in terms of
RF2 {i2,j2,k2} €32 of link 2 is superposed with C3 of link 3: vC32-=

{(L2+q3([t]) g2"[t], - (2L1+L2Cos[qg2[t]] +Cos[qg2[t]] g3[t]) ql'[t], O}

linear acceleration of mass center Cl of
link 1 in RFO expressed in terms of RF1 {il,jl,kl}: aCl=

{0, -L1ql”[t], -L1ql'[t]?}

linear acceleration of mass center C2 of
link 2 in RFO expressed in terms of RF2 {i2,j2,k2}: aC2=

{L2 Cos[qg2[t ]]Sl [@2[t]] gl [t]® +2L1Cos[q2[t]]® Sin[q2[t]] ql'[t]® +
2L1Sin[q2[t]]° ql' [t]? +L2q2" [t], 2L2Sin[q2[t]] ql’[t] g2’ [t] -L2 Cos[q2[t]] ql” [t] -
2L1Cos[q2[t]]% ql” [t }—ZLlSJ.n[qZ[ t]]2 ql” [t], -L2 Cos[q2[t]]? ql’ [t]? -
2L1Cos[q2[t]]° ql’ [t]®-2LlCos[q2[t]] Sin[q2[t]]? ql’ [t]? -L2q2 [t]?}

linear acceleration of mass center C3 of
link 3 in RFO expressed in terms of RF2 {i2,j2,k2}: aC3=

{2L18in[q2[t]] g1’ [t]® +L2 Cos[qg2[t]] Sin[q2[t]] ql [t]® +
]

Cos[q2[t]] g3[t] Sin[q2[t]] ql’[t]® +2q2'[t] g3 [t] + (L2+q3[t]) g2”[t],
L2sin[q2[t]] ql'[t] g2 [t] +q3[t] Sin[q2[t]] ql’[t] g2'[t] -Cos[q2[t]] gl [t] g3 [t] -
ql’ [t] (-L2sin[q2[t]] g2’ [t] -q3[t] Sin[q2[t]] g2 [t] +Cos[q2[t]] a3 [t]) -

(2L1 +L2Cos[g2[t]] +Cos[g2[t]] g3[t]) gl”[t], -2L1Cos[g2([t]] gl [t]° -

L2 Cos[q2[t]]?ql [t]® -Cos[q2[t]]? g3 [t] ql'[t]? -L2q2 [t]® -q3[t] g2 [t]® +qg3"[t]}

gravitational force that acts on link
1 at Cl1 in RF0 expressed in terms of RF1 {il,jl,kl}: Gl=

{-gml, 0, 0}

gravitational force that acts on link
2 at C2 in RFO0 expressed in terms of RF2 {i2,3j2,k2}: G2=
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{-gm2Cos[qg2[t]], 0, ~-gm2Sin[q2[t]]}

gravitational force that acts on link
3 at C3 in RFO0 expressed in terms of RF2 {i2,3j2,k2}: G3=

{-gm3Cos[qg2[t]], 0, ~-gm3Sin[q2[t]]}

contact torque of 0 that acts on link
1 in RF0 expressed in terms of RF1 {il,jl,kl}: TOl=

{T01x, TOly, TOlz}

contact torque of link 1 that acts on
link 2 in RF0 expressed in terms of RF2 {i2,j2,k2}: Tl2=

(T12x, T1l2y, T12x}

contact force of link 2 that acts on link
3 at C3 in RF0 expressed in terms of RF2 {i2,j2,k2}: F23=

{F23x, F23y, F23z}

generalized active force Ql=

TO1lx

generalized active force Q2=

Tl2y-gL2m2Cos[qg2[t]] -gm3Cos|[qg2[t]] (L2+qg3[t])

generalized active force Q3=

F23z-gm3Sin[qg2[t]]

central inertia dyadic for link 1 expressed in terms of RF1 {il,jl,k1l}: Il=

2 2
[(P5™ 0,0}, {0, B5™, 0}, (0, 0, 0}

central inertia dyadic for link 2 expressed in terms of RF2 {i2,j2,k2}: I2=

2 2
[{E™2, 0, 0}, {0, P22, 0}, (0, 0, 03}

central inertia torque for link 3 expressed in terms of RF2 {i2,j2,k2}: I3=
{{1I3x, 0, 0}, {0, I3y, 0}, {0, O, I3z}}
kinetic energy of link 1: Tl-=

% L1°mlgl'[t]?

kinetic energy of link 2: T2-=

%mZ ((-L2cCos[q2[t]] ql'[t] -2L1Cos[q2[t]]*ql [t] -2L1 Sin[q2[t]]%ql’ [t])" +L2% g2/ [t]?) +
1 (1

L2°m2 Cos[g2[t]]% ql’ [t]? + % L2°m2 g2’ [t]?
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kinetic energy of link 3: T3=

1
2
% m3 ((2L1+L2Cos[q2[t]] +Cos[q2[t]] g3[t])? ql’ [t]

(I3xCos[q2[t]]2ql’ [t]? +I3zSin[q2[t]]® ql’ [t]® +I3yq2 [t]?) +
2+ (L2+q3[t])? q2' [t]? +q3 [t]?)

total kinetic energy: T-=

2 11°m gl [t]%+ % (I3xCos[q2[t]]? gl [t]? +I3zSin[g2[t]]? ql'[t]? + I3y g2 [t]?) + % m2

(-L2 Cos[g2[t]] gql’ [t] -2L1Cos[q2[t]]2 gl [t] -2LlSin[q2[t]]2ql [t])" +L22 q2’ [t}z) +

% (é L2°m2 Cos[g2[t]]% ql’ [t]? + é L2°m2 g2 [t]?] +
%m3 ((2L1+L2Cos[g2[t]] +Cos[g2[t]] a3[t])? ql [t]®+ (L2+q3[t])? g2 [t]? +qg3 [t]?)

First Lagrange's equation of motion

D[D[T,ql'[t]],t] - D[T,ql[t]] = Q1

-T01x-4L1L2m3Sin[g2[t]] gl [t] g2 [t] -2I3xCos[g2([t]] Sin[g2[t]]gql'[t] g2'[t] +
2I3zCos[g2[t]] Sin[g2[t]] gl [t] g2’ [t] - % L22m2 Cos[g2[t]] Sin[g2[t]] gl’ [t] g2’ [t] -
21.2° m3 Cos[g2[t]] Sln[qZ[ 179l [t] g2’ [t] ~4L1L2m2 Cos[q2[t]] Sin[g2[t]] gl [t] g2’ [t] -
4L1m3q3[t] sin[q2[t]] ql'[t] q2'[t J—4L2m3COS[q2[ 11a3[t] Sin[qg2[t]] gl [t] 92’ [t] -
2m3Cos[g2[t]] gq3[t } Sin[g2[t]] gql'[t] g2’ [t }—4L1L2m281n[ 2t ]} gl [t] g2’ [t] +
4L1m3Cos[g2[t]] gl [t] g3 [t] +2L2m3Cos[qg2[t H ql’ [t] g3'[t] +

2m3 Cos[qg2[t]]? q3[t] g1’ [t] g3’ [t] + % L1°mlqgl’[t] +4L1°m3ql”[t] +

4L1L2m3Cos[qg2[t]] gl”[t] + I3xCos[qg2[t]]? gl” [t] + % L22m2 Cos[q2[t]]% ql” [t] +

22m3Cos[q2[t]]*ql”[t] +4L1L2m2Cos[q2[t]]® ql”[t] +
4L1°m2 Cos[q2[t]]* g1’ [t] +4L1im3Cos[q2[t]] g3[t] gl” [t] +
2L2m3Cos[g2[t]]* g3[t] gl” [t] +m3Cos[q2[t]]® g3[t]®ql”’[t] +
I3zSin[qg2[t]]%®qgl”[t] +4L1L2m2 Cos[qg2[t]] Sin[q2[t]]® ql”[t] +
8L1°m2 Cos[q2[t]]?Sin[q2[t]]®ql”[t] +4L1*m2Sin[q2[t]]* ql” [t]

Second Lagrange's equation of motion

D[D[T,q2'[t]],t] - D[T,g2[t]] = Q2

-Tl2y +gL2m2 Cos[g2[t]] +gm3Cos[g2[t]] (L2+q9g3[t]) +2L1L2m3Sin[qg2[t]] ql’ [t]2 +
I3xCos[g2[t]] Sin[q2[t]] ql’[t]* - I3z Cos[q2[t]] Sin[g2[t]] gl [t]® +
% L2 m2 Cos[qg2[t]] Sin[g2[t]] g1’ [t]® +L2? m3 Cos[q2[t]] Sin[g2[t]] gl [t]® +

2L1L2m2Cos[q2[t]]?Sin[g2[t]] gl [t]® +2L1m3 g3[t] Sin[g2[t]] ql’ [t]%+
2L2m3Cos[g2[t]] q3[t] Sin[g2[t]] gl'[t]? +m3 Cos[qg2[t]] q3[t]?Sin[q2[t]] gl [t]? +
2L1L2m2Sin[q2[t] ] ql’ [t]® +2L2m3 g2 [t] g3 [t] +2m3g3[t] g2’ [t] g3’ [t] +

I3y g2” [t] + % L2°m2qg2” [t] +L2°m3 g2 [t] +2L2m3qg3[t] g2” [t] +m3 g3 [t]? q2” [t]
Third Lagrange's equation of motion
D[D[T,q3'[t]],t] - D[T,q3[t]] = Q3

-F23z +gm3Sin[g2[t]] -2L1lm3Cos[qg2[t]] g [t]2 -L2m3 Cos[g2[t] }2 ql’ [t]2 -
m3 Cos[qg2[t]]?g3[t] ql’ [t}2 -L2m3 g2’ [t} -m3g3[t] g2’ [t}2 +m3 g3’ [t]
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inertia moment for link 1 expressed in terms of RF1 {il,jl,kl}: Mlin=

{-é L1’ mlql” [t], 0, O}

inertia moment for link 2 expressed in terms of RF2 {i2,j2,k2}: M2in=

{% 122 m2 Sin[q2[t]] gl [t] g2/ [t] - % L2°m2 (-Sin[q2[t]] ql’[t] g2’ [t] + Cos[g2[t]] gl”[t]),
-% L2 m2 Cos[g2[t]] Sin[g2[t]] ql'[t]? - % L2’ m2 q2” [t], 0}

inertia moment for link 3 expressed in terms of RF2 {i2,j2,k2}: M3in=

{I3ySin[qg2[t]] ql’ [t J g2’ [t] -I3zSin[q2[t]] ql’'[t] g2’ [t] -

I3x (-Sin[qg2[t]] ql'[t] g2 [t] +Cos[g2([t]] ql” [t]),

-I3xCos[qg2[t]] 1n[q2[ }]qf[t}2+I3ZCos[q2[ ]}Sln[qZ[ }]qf[t}z—I3yq2”[t},
I3xCos[q2[t]] ql’[t] g2’ [t] -I3yCos[g2[t]] ql'[t] g2"[t] -

I3z (Cos[qg2(t]] ql'[t] g2’ [t] +Sin[q2([t]] ql”[t])}

generalized inertia forces corresponding to gl: Kinl=

—%—lemlql”[t}—m3(—21&-—L2Cos[q2[t}}—Cos[q2[t]]q3[t”

(L28in[q2[t]] ql'[t] @2'[t] +q3[t] Sin[qg2[t]] ql'[t] g2’ [t] -Cos[qg2[t]] ql'[t] g3 [t] -
ql’[t] (-L2sin[qg2[t]] g2’ [t] -q3[t] Sin[qg2([t]] g2'[t] +Cos[qg2([t]] q3'[t]) -
(2L1+L2Cos[g2[t]] +Cos[g2[t]] g3[t]) gql”[t]) -

m2 (-L2Cos[q2[t]] -2LlCos[q2[t]]% -2L1Sin[q2[t]]?) (2L2Sin[qg2[t]] gl [t] q2'[t] -
L2Cos[q2[t]] gl”[t] -2LlCos[q2[t]]®ql”[t] -2L1Sin[q2[t]]%ql” [t]) +

Cos[qg2[t]] (I3ysSin[q2[t]] gl [t] g2'[t] -I3zSin[qg2[t]] ql'[t] q2'[t] -

I3x (-Sin[qg2[t]] ql’[t] g2’ [t] +Cos[qg2[t]] ql” [t])) +

Cos[qg2[t]] %—L22nﬂ Sin[qg2[t]]1 gl [t] g2’ [t] -

%—L22m2(—Sin[qZ[t}]qf[t]qZ’Hﬂ +Cos[g2([t]]1gl”[t])] +

Sin[g2[t]] (I3xCos[qg2[t]] ql'[t] g2'[t] - I3yCos[qg2[t]] ql’'[t] g2’ [t] -
I3z (Cos[q2([t]] ql'[t] g2’ [t] +Sin[q2([t]] ql”[t]))

generalized inertia forces corresponding to g2: Kin2-=

—I3xCos[q2[t}]Sin[qZ[t}}ql’[t]2+I3zCos[q2[t]]Sin[qZ[t]}ql’[t]z—

%—L22m2Cos[q2[t]]Sin[q2[t]]qf[t]z—I3yq2”[t}—

% 122 m2qg2” [t] -L2m2 (L2 Cos[q2[t]] Sin[q2[t]] gl [t]?® +
2L1Cos[q2[t]]?Sin[q2[t]] ql’ [t]* +2L1sSin[qg2[t]]®ql’ [t]® +L2q2"[t]) -

m3 (L2 +q3[t]) (2L1Sin[g2[t]] gl [t]® + L2 COS[qZ[t]] sln[qz[ 1149l [t]? +
Cos[q2([t]] q3[t] Sin[q2[t]] ql [t]® +2q2 [t] g3 [t] + (L2+q3[t]) q2"[t])

generalized inertia forces corresponding to g3: Kin3=

-m3 (-2L1Cos[qg2[t]] ql [t]® -L2Cos[q2[t]]% ql’ [t]® -
Cos[q2[t]]*q3[t] ql'[t]® -L2q2 [t]® -q3[t] g2’ [t]® +q3" [t])

First Kane's dynamical equation
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TOlx - % L1% ml gql”[t] -m3 (-2L1-L2Cos[g2[t]] -Cos[g2[t]] g3[t])

(L2sin[q2[t]] gl [t] g2’ [t] +qg3[t] Sin[qg2[t]] ql'[t] g2’ [t] -Cos[q2[t]] ql'[t] a3"[t] -
ql’[t] (-L2sin[qg2[t]] g2’ [t] -q3[t] Sin[qg2([t]] g2'[t] +Cos[q2([t]] q3'[t]) -
(2L1+L2Cos[qg2[t]] +Cos[g2[t]] a3[t]) ql”[t]) -

m2 (-L2Cos[q2[t]] -2LlCos[g2[t]]? -2LlSin[q2[t]]?) (2L28Sin[q2[t]] ql’ [t] g2 [t] -
L2Cos[g2[t]] ql”[t] -2LlCos[g2[t]]%ql”[t] -2L1Sin[qg2[t]]%ql” [t]) +
Cos[qg2[t]] (I3ysSin[q2[t]] gl [t] g2'[t] -I3zSin[qg2[t]] ql'[t] q2'[t] -
I3x (-Sin[q2[t]] ql’[t] g2’ [t] +Cos[q2[t]] ql”[t])) +

Cos[qg2[t]] é L2°m2 Sin[g2[t]] gl’[t] g2’ [t] -

% L22m2 (-Sin[qg2[t]] gl [t] g2'[t] +Cos[qg2[t]] ql” [t])] +
Sin[q2[t]] (I3xCos[qg2([t]] gl [t] g2’ [t] -I3yCos[q2(t]] gl [t] g2’ [t] -
I3z (Cos[q2[t]] ql’[t] g2'[t] +Sin[qg2([t]] gql” [t]))
Second Kane's dynamical equation

T12y-gL2m2 Cos[g2[t]] ~gm3Cos[g2[t]] (L2+qg3[t]) -I3xCos[g2[t]] Sin[g2[t]] gql’ [t]2 +

I3zCos[g2[t]] Sin[g2[t]] ql’ [t}2 - % L2°m2 Cos[g2[t]] Sin[g2[t]] gl’ [t]2 -

I3y g2’ [t] - % L22m2g2” [t] -L2m2 (L2Cos[g2[t]] Sin[g2[t]] gl’ [t]2 +

2L1Cos[q2[t]]?Sin[q2[t]] gl’ [t]® +2L1Sin[q2[t]]®ql’ [t]? +L2qg2” [t]) -
m3 (L2 +q3[t]) (2L1Sin[g2[t]] ql [t]? +L2Cos[qg2[t]] Sin[qg2[t]] ql [t]® +
Cos[q2[t]] q3[t] Sin[q2([t]] ql [t]® +2q2 [t] g3 [t] + (L2+q3[t]) q2”[t])
Third Kane's dynamical equation
F23z-gm3Sin[g2[t]] -
m3 (-2L1Cos[g2[t]] ql [t]®-L2Cos[g2[t]]®ql [t]®-Cos[a2[t]]® g3[t] gl [t]® -
L2q2'[t]* -q3[t] 2" [t]* +q3" [t])

INVERSE DYNAMICS

ql[deg]
60

50
40
30

20
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g2 [deg]

T12y [N m]
425

400
375¢
350
325}
300}

275}

10

12

14
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F23z[N]
340

320
300
280
260
240
220

T12y [N m]
425

400
375}
350
325¢
300}

275}

F23z [N]
340

320
300
280
260
240
220

Verification

using Lagrange for t = 5 s =>
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TOlx = 3.30361 N m

T1l2y = 401.36 N m

F23z = 229.545 N

using Kane for t = 5 s =>
TOlx = 3.30361 Nm

T1l2y = 401.36 N m

F23z = 229.545 N

DIRECT DYNAMICS

=== Lagrange ===

gl[rad]
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Verification

using Lagrange for t = 1.55 s =>
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gl = 0.722135 rad

g2 = 0.995257 rad

g3 = 0.329127 m

using Kane for t = 1.55 s =>
gl = 0.722135 rad

g2 = 0.995257 rad

g3 = 0.329127 m

the time used to evaluate {gl[t],g2([t],g3[t]} =
{1.0472, 1.0472, 0.300369} with Lagrange is = 0.000138 Second

the time used to evaluate {gl[t],g2[t],g3[t]} =
{1.0472, 1.0472, 0.300369} with Kane is = 0.000084 Second



