1 Lagrange equations - Example 3

Figure 1.1(a) is a schematic representation of an open kinematic chain (robot
arm) consisting of three links 1, 2, 3, and a rigid body RB. Link 1 can
be rotated at A in a “fixed” cartesian reference frame (0) of unit vectors
10, Jo, ko] about a vertical axis 19. The unit vector 1y is fixed in link 1. Link
1 is connected to link 2 through pin joints B and B’. The link 2 rotates
relative to 1 about an axis fixed in both 1 and 2, passing through B, and
B'. The link 3 is connected to 2 by means of a slider joint 2’. The slider
joint is rigidly attached to link 2. The last link 3 holds rigidly the rigid body
RB. The mass centers of links 1, 2, 2" and 3 are C;, Cy = Cy, and Cj,
respectively. The mass center of RB is C'r. The mass if the link 1 is mq, the
masses of the bars 2 and 3 are my and ms, the mass of the slider 2’ is may
and the mass of RB is mg. The length of 2 is [ and the length of 3 is L.
Find the equations of motion for the robotic system.

Solution

A reference frame (1) of unit vectors |1, J;, ki] is attached to body 1,
with 17 = 1p.

A reference frame (2) of unit vectors [12, 3o, ko] is attached to link 2, as it
is shown in Fig. 1.1. The unit vector j, is parallel to the axis of link 2, BB,
and J, = J;. The unit vector k, is parallel to the axis of link 3, C5Cx.

To characterize the instantaneous configuration of the arm, the general-
ized coordinates q1(t), q2(t), q3(t) are employed. The generalized coordinates
are quantities associated with the position of the system.

The first generalized coordinate ¢; denotes the radian measure of the
angle between the axes of (1) and (0) , Fig. 1.1(b). The second generalized
coordinate go designates also a radian measure of rotation angle between (1)
and (2), Fig. 1.1(c). The last generalized coordinate g3 is the distance from
02 to 03.

Angular velocities

Next the angular velocities of the links and the rigid body will be ex-
pressed in the fixed reference frame (0). One can express the angular velocity
of link 1 in (0) as

wio = G111 = ¢ 1p. (1.1)

The angular velocity of link 2 with respect to (1) is
Wo1 = q2Jy = G2J1; (1.2)
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and the angular velocity of link 2 with respect to the fixed reference frame
(0) is

w0 = Wig + Wa1 = G111 + GaJo- (1.3)
The unit vector 17, J; and k; can be expressed as, Fig. 1.1(b)

1; = I,
Ji = o+ siko,
kl = —S1)o + 1 ko, (14)

where s; = sin¢; and ¢; = cos q.
The unit vector 15, J, and ky can be expressed as, Fig. 1.1(c)

1, = 1 — sk
= Clg + S182)0 — C152 Ko,
Jo = Ju
= ¢1)o + s1 ko,
kg = S9l + Czkl
= S9lp — €281 ] + 102 Ko, (1.5)

where sy = sin ¢y and ¢y = cos ¢s.
The angular velocity of link 2 in (0) can be written in terms of the unit
vectors of the reference frame (2) as

Wao = q1C212 + G2 Jp + G152 Ko. (1.6)

The angular velocity of link 2 in (0) can be written in terms of the unit
vectors of the reference frame (0) as

wag = 110 + G2¢1 ) + G251 Ko. (1.7)

The link 3 and the rigid body RB have the same rotation motion as link
2, i.e.
W3p = WRo = W20,
where wsg is the angular velocity of link 3 in (0) and wgp is the angular
velocity of RB in (0).
Linear velocities
The position vector of C', the mass center of link 1 is

rc1 = Llll = L1107 (18)



and the velocity of C} in (0) is

d .
arcq =TIc1 = 0. (19)

Vel
The position vector of Cy, the mass center of link 2, is
roe = Lon = Loy,
or written in terms of the unit vectors of the reference frame (2)
rca = Lacoly + Losoks.
The velocity of Cy in (0) is

d d

= — = — (L =0.
Voo dtrCQ dt( 210)

The position vector of C3 with respect to reference frame (0) is

rcy = Teo+gsko
= LQIO -+ Q3k2, (110)

or expressing ko in terms of reference (0) unit vectors yields
res = (L2 + g3s2)10 — 3281 ]9 + gacaci Ko.

The position vector of C3 with respect to reference frame (0) written in terms
of the unit vectors of the reference frame (2) is

res = Lacols + (g3 + Lasa)ko.

The velocity of the mass center Cj in (0), written in terms of the unit vectors
of the reference frame (0), can be calculated taking the derivative with respect
to time of Eq. (1.11)

d . )
Vos = %1‘03 = (c2q3Ga + S243)10 +
(5152G2q3 — c1C2q3G1 — 51€24G3) Jo +

(c162G3 — 51C2q3¢1 — €152q3G2) Ko. (1.11)



The velocity of C5 in (0) can be computed using the derivation formula for
the moving vector res

d )

Ves = Tes = 5 oTos o+ wao X Tes, (1.12)
29
where —— represents the partial derivative with respect to time in reference
frame (2), [12, ]9, ko],
29 29 . ' ‘
2T = [Lacats + (g3 + Losa)ka] = —gaLasols + (g3 + GoLlaca)ko(1.13)

Using Egs. (1.12)(1.13)(1.11)(1.7) the velocity of Cj in (0), written in terms
of the unit vectors of the reference frame (2) is

I Jo ko
Ves = —GqaLosoty + (g3 + GoLoco)ke + | i G2 q152
Laca 0 g3+ Lasy
= 2g312 — 1G3C2)s + Gsk. (1.14)

The position vector of the mass center Cr of the rigid body RB is

rcr = Tco3+Toscr

L
= I'Cg+ §k2, (115)

or expressed in terms of the reference frame (0) is

L L L
rcp = {LQ + (Q3 + 2) Sz] g — <Q3 + 2> C281])0 T (Q3 + 2) c102 ko.

The velocity of Cr in (0) is

d L ) )
Vor = %rCR = [(% + 2) Cago + 82(]3] Iy +
) L . ) L
{slszqz <q3 + 2> — 81C2q3 — 1021 <q3 + 2)] Jot
. L i L )
{—02816]1 (% + 2) — C152¢> <Q3 + 2) + 0102613] ko. (1.16)



The velocity of Cr in (0) can be computed much easier using mobile reference
frame (2)

d OF)
Ver = S TCR= 5 TCR + wyo X IeR, (1.17)

where
recr = LQCQIQ + (QS + LgSz + L/Q)kg

The velocity of Cg is

1o J2 k;
Ver = —Golasole + (¢ + Galoco)ko + | dics G2 G152
LQCQ 0 qs + L282 + L/2
= (L/2+ g3)do1a — cagi(gs + L/2)35 + gsko. (1.18)
Kinetic energy
The kinetic energy of a rigid body is
1 1 -
T:§mvc~vc—|—§w-(1-w), (1.19)

where m is the mass, v¢ is the velocity of the mass center, w = wy14+w,)+w.k
is the angular velocity of the rigid body in (0), and I = (L,1)1+(I,3)3+ (L.k)k
is the central inertia dyadic of the rigid body. The central principal axes of
the rigid body are parallel to 1, J, k and the associated moments of inertia
have the values I, I,,, I, respectively. The inertia matrix associated to I is

. I, 0 0
I—-I=|0 I, 0]. (1.20)
0 0 LI

The dot product of the vector w with the central inertia dyadic I is
wl=T w=wl1+w,l,j+w.lXk, (1.21)
The total kinetic energy of the robot arm is

T:T1+T2—|—T2/—|—T3+TR, (122)



where T} is the kinetic energy of link 1, 75 is the kinetic energy of bar 2, Ts
is the kinetic energy of slider 2, T3 is the kinetic energy of bar 3, and Ty is
the kinetic energy of RB.
The kinetic energy of link 1 is
1 _ _

T, = yMmiver - ve + Swi0- (I - wio) = Z@io (11 - wio), (1.23)
where m; is the mass of the link, I; = (I1,1;)11 + (11431)31 + (11:kq1)k; is the
central inertia dyadic of link 1, and wig = ¢; 11. Using the above relation the

kinetic energy of link 1 is
1

T, = 5qu'§. (1.24)
The kinetic energy of bar 2 is
1 _ _
1T = 5MaVes - Ve + SW20 (Ig - wa) = 5w (L2 - wa), (1.25)

where my is the mass of the bar and

m2l2 m2l2
o et (T

is the central inertia dyadic of bar 2 with the length [. The kinetic energy is

I = (Inp12)1s + (I299)35 + (Lo:ki)ky = ( ks )k,

Ty = ”;fq‘f. (1.26)
The kinetic energy of slider 2’ is
Ty = ;mszczf “ Voo + §w20 : (1:2/ “Wy) = 5‘-020 : (B/ - W), (1.27)
where my is the mass of the slider and
Iy = (Iy212)12 + (L21439)32 + (1Ko ) ko,
is the central inertia dyadic of the slider. The kinetic energy is
Iy = ; [(szxci + Iy.53)¢; + Izlng} . (1.28)
The kinetic energy of bar 3 is
T3 = ;m3Vc3 "Vos F Swa (I3 - wa), (1.29)



where mg is the mass of the bar and

m3L2 m3L2
19 et (5

I3 = (I3p10)10 + (I345)35 + (I3.ko)ko = ( J2)J2

is the central inertia dyadic of bar 3.

The rigid body RB is considered a particle with the mass mp concentrated
at Cg. The kinetic energy of RB is

Tr = ;mRVCR “Ver = % [(L/Q +a3)°d5 + c3(qs + L/2)%G1 + qg} . (1.30)

Generalized forces

In the case of the robot arm, there are two kinds of forces that contribute
to the generalized forces )1, (Q2, (Y3 namely, contact forces applied in order
to drive 1, 2, 3 and RB, and gravitational forces exerted on 1, 2, 3, and
RB by the Earth. The contact forces are neglected for this example. The
gravitational forces exerted on 1, 2, 3, and RB by the Earth, are denoted by
G1, Go, G3, Gpg, respectively, and can be expressed as

G, = —mig,

Gy = —(ma+my)g,

Gz = —mzg1,

Gr = —mggy. (1.31)

One can express the contribution to the generalized force of all forces and
torques acting on the system, as
_ Oro Ores orcs Orcp

- : zez Bl Rl —1,2,3. (1.32
Qr oa, G, + oa, Gy + oa, Gs + aa, Gg, 7 ,2,3. (1.32)

The vectors in Eq. (1.32) must be expressed in terms of the fixed reference
frame (0). The generalized forces are

Ql = 07
Q2 = —gca(m,.L/2+ m,qs + msqs),
Q3 = —g(mg+ms)ss.

The same results can be obtained using the relations

_ Over Oves Oves ovep
O=T e Ot e T,

‘Gp, r=1,2,3. (1.33)



In Eq. (1.33) the vectors vy, Gy are expressed in terms of the mobile refer-
ence frame (1), and the vectors v, Ga, ves, Gs, Vor, Gg are expressed in
terms of the mobile reference frame (2).

The Lagrange equations of motion are

d (T _8T_Q
dt \9¢,) 9q. "

where r = 1,2, 3.



