
1 Lagrange equations - Example 3

Figure 1.1(a) is a schematic representation of an open kinematic chain (robot
arm) consisting of three links 1, 2, 3, and a rigid body RB. Link 1 can
be rotated at A in a “fixed” cartesian reference frame (0) of unit vectors
[ı0, 0, k0] about a vertical axis ı0. The unit vector ı0 is fixed in link 1. Link
1 is connected to link 2 through pin joints B and B′. The link 2 rotates
relative to 1 about an axis fixed in both 1 and 2, passing through B, and
B′. The link 3 is connected to 2 by means of a slider joint 2’. The slider
joint is rigidly attached to link 2. The last link 3 holds rigidly the rigid body
RB. The mass centers of links 1, 2, 2’ and 3 are C1, C2 = C2′ , and C3,
respectively. The mass center of RB is CR. The mass if the link 1 is m1, the
masses of the bars 2 and 3 are m2 and m3, the mass of the slider 2’ is m2′

and the mass of RB is mR. The length of 2 is l and the length of 3 is L.
Find the equations of motion for the robotic system.

Solution
A reference frame (1) of unit vectors [ı1, 1, k1] is attached to body 1,

with ı1 = ı0.
A reference frame (2) of unit vectors [ı2, 2, k2] is attached to link 2, as it

is shown in Fig. 1.1. The unit vector 2 is parallel to the axis of link 2, BB′,
and 2 = 1. The unit vector k2 is parallel to the axis of link 3, C2CR.

To characterize the instantaneous configuration of the arm, the general-
ized coordinates q1(t), q2(t), q3(t) are employed. The generalized coordinates
are quantities associated with the position of the system.

The first generalized coordinate q1 denotes the radian measure of the
angle between the axes of (1) and (0) , Fig. 1.1(b). The second generalized
coordinate q2 designates also a radian measure of rotation angle between (1)
and (2), Fig. 1.1(c). The last generalized coordinate q3 is the distance from
C2 to C3.

Angular velocities
Next the angular velocities of the links and the rigid body will be ex-

pressed in the fixed reference frame (0). One can express the angular velocity
of link 1 in (0) as

ω10 = q̇1 ı1 = q̇1 ı0. (1.1)

The angular velocity of link 2 with respect to (1) is

ω21 = q̇2 2 = q̇2 1, (1.2)
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and the angular velocity of link 2 with respect to the fixed reference frame
(0) is

ω20 = ω10 + ω21 = q̇1 ı1 + q̇22. (1.3)

The unit vector ı1, 1 and k1 can be expressed as, Fig. 1.1(b)

ı1 = ı0,

1 = c1 0 + s1 k0,

k1 = −s1 0 + c1 k0, (1.4)

where s1 = sin q1 and c1 = cos q1.
The unit vector ı2, 2 and k2 can be expressed as, Fig. 1.1(c)

ı2 = c2ı1 − s2k1

= c2ı0 + s1s2 0 − c1s2 k0,

2 = 1,

= c1 0 + s1 k0,

k2 = s2ı1 + c2k1

= s2ı0 − c2s1 0 + c1c2 k0, (1.5)

where s2 = sin q2 and c2 = cos q2.
The angular velocity of link 2 in (0) can be written in terms of the unit

vectors of the reference frame (2) as

ω20 = q̇1c2ı2 + q̇2 2 + q̇1s2 k2. (1.6)

The angular velocity of link 2 in (0) can be written in terms of the unit
vectors of the reference frame (0) as

ω20 = q̇1ı0 + q̇2c1 0 + q̇2s1 k0. (1.7)

The link 3 and the rigid body RB have the same rotation motion as link
2, i.e.

ω30 = ωR0 = ω20,

where ω30 is the angular velocity of link 3 in (0) and ωR0 is the angular
velocity of RB in (0).

Linear velocities
The position vector of C1, the mass center of link 1 is

rC1 = L1ı1 = L1ı0, (1.8)
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and the velocity of C1 in (0) is

vC1 =
d

dt
rC1 = ṙC1 = 0. (1.9)

The position vector of C2, the mass center of link 2, is

rC2 = L2ı1 = L2ı0,

or written in terms of the unit vectors of the reference frame (2)

rC2 = L2c2ı2 + L2s2k2.

The velocity of C2 in (0) is

vC2 =
d

dt
rC2 =

d

dt
(L2ı0) = 0.

The position vector of C3 with respect to reference frame (0) is

rC3 = rC2 + q3k2

= L2ı0 + q3k2, (1.10)

or expressing k2 in terms of reference (0) unit vectors yields

rC3 = (L2 + q3s2)ı0 − q3c2s1 0 + q3c2c1 k0.

The position vector of C3 with respect to reference frame (0) written in terms
of the unit vectors of the reference frame (2) is

rC3 = L2c2ı2 + (q3 + L2s2)k2.

The velocity of the mass center C3 in (0), written in terms of the unit vectors
of the reference frame (0), can be calculated taking the derivative with respect
to time of Eq. (1.11)

vC3 =
d

dt
rC3 = (c2q3q̇2 + s2q̇3)ı0 +

(s1s2q̇2q3 − c1c2q3q̇1 − s1c2q̇3) 0 +

(c1c2q̇3 − s1c2q3q̇1 − c1s2q3q̇2)k0. (1.11)
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The velocity of C3 in (0) can be computed using the derivation formula for
the moving vector rC3

vC3 =
d

dt
rC3 =

(2)∂

∂t
rC3 + ω20 × rC3, (1.12)

where
(2)∂

∂t
represents the partial derivative with respect to time in reference

frame (2), [ı2, 2,k2],

(2)∂

∂t
rC3 =

(2)∂

∂t
[L2c2ı2 + (q3 + L2s2)k2] = −q̇2L2s2ı2 + (q̇3 + q̇2L2c2)k2.(1.13)

Using Eqs. (1.12)(1.13)(1.11)(1.7) the velocity of C3 in (0), written in terms
of the unit vectors of the reference frame (2) is

vC3 = −q̇2L2s2ı2 + (q̇3 + q̇2L2c2)k2 +

∣∣∣∣∣∣∣
ı2 2 k2

q̇1c2 q̇2 q̇1s2

L2c2 0 q3 + L2s2

∣∣∣∣∣∣∣
= q̇2q3ı2 − q̇1q3c22 + q̇3k. (1.14)

The position vector of the mass center CR of the rigid body RB is

rCR = rC3 + rC3CR

= rC3 +
L

2
k2, (1.15)

or expressed in terms of the reference frame (0) is

rCR =
[
L2 +

(
q3 +

L

2

)
s2

]
ı0 −

(
q3 +

L

2

)
c2s1 0 +

(
q3 +

L

2

)
c1c2 k0.

The velocity of CR in (0) is

vCR =
d

dt
rCR =

[(
q3 +

L

2

)
c2q̇2 + s2q̇3

]
ı0 +[

s1s2q̇2

(
q3 +

L

2

)
− s1c2q̇3 − c1c2q̇1

(
q3 +

L

2

)]
0 +[

−c2s1q̇1

(
q3 +

L

2

)
− c1s2q̇2

(
q3 +

L

2

)
+ c1c2q̇3

]
k0. (1.16)

4



The velocity of CR in (0) can be computed much easier using mobile reference
frame (2)

vCR =
d

dt
rCR =

(2)∂

∂t
rCR + ω20 × rCR, (1.17)

where

rCR = L2c2ı2 + (q3 + L2s2 + L/2)k2.

The velocity of CR is

vCR = −q̇2L2s2ı2 + (q̇3 + q̇2L2c2)k2 +

∣∣∣∣∣∣∣
ı2 2 k2

q̇1c2 q̇2 q̇1s2

L2c2 0 q3 + L2s2 + L/2

∣∣∣∣∣∣∣
= (L/2 + q3)q̇2ı2 − c2q̇1(q3 + L/2)2 + q̇3k2. (1.18)

Kinetic energy
The kinetic energy of a rigid body is

T =
1

2
mvC · vC +

1

2
ω · (Ī · ω), (1.19)

where m is the mass, vC is the velocity of the mass center, ω = ωxı+ωy+ωzk
is the angular velocity of the rigid body in (0), and Ī = (Ixı)ı+(Iy)+(Izk)k
is the central inertia dyadic of the rigid body. The central principal axes of
the rigid body are parallel to ı, , k and the associated moments of inertia
have the values Ix, Iy, Iz, respectively. The inertia matrix associated to Ī is

Ī → I =

 Ix 0 0
0 Iy 0
0 0 Iz

 . (1.20)

The dot product of the vector ω with the central inertia dyadic Ī is

ω · Ī = Ī · ω = ωxIx ı + ωyIy  + ωzIz k, (1.21)

The total kinetic energy of the robot arm is

T = T1 + T2 + T2′ + T3 + TR, (1.22)
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where T1 is the kinetic energy of link 1, T2 is the kinetic energy of bar 2, T2′

is the kinetic energy of slider 2’, T3 is the kinetic energy of bar 3, and TR is
the kinetic energy of RB.

The kinetic energy of link 1 is

T1 =
1

2
m1vC1 · vC1 +

1

2
ω10 · (Ī1 · ω10) =

1

2
ω10 · (Ī1 · ω10), (1.23)

where m1 is the mass of the link, Ī1 = (I1xı1)ı1 + (I1y1)1 + (I1zk1)k1 is the
central inertia dyadic of link 1, and ω10 = q̇1 ı1. Using the above relation the
kinetic energy of link 1 is

T1 =
1

2
I1xq̇

2
1. (1.24)

The kinetic energy of bar 2 is

T2 =
1

2
m2vC2 · vC2 +

1

2
ω20 · (Ī2 · ω20) =

1

2
ω20 · (Ī2 · ω20), (1.25)

where m2 is the mass of the bar and

Ī2 = (I2xı2)ı2 + (I2y2)2 + (I2zk1)k1 = (
m2l

2

12
ı2)ı2 + (

m2l
2

12
k2)k2,

is the central inertia dyadic of bar 2 with the length l. The kinetic energy is

T2 =
m2l

2

24
q̇2
1. (1.26)

The kinetic energy of slider 2’ is

T2′ =
1

2
m2′vC2′ · vC2′ +

1

2
ω20 · (Ī2′ · ω20) =

1

2
ω20 · (Ī2′ · ω20), (1.27)

where m2′ is the mass of the slider and

Ī2′ = (I2′xı2)ı2 + (I2′y2)2 + (I2′zk2)k2,

is the central inertia dyadic of the slider. The kinetic energy is

T2′ =
1

2

[
(I2′xc

2
2 + I2′zs

2
2)q̇

2
1 + I2′y q̇

2
2

]
. (1.28)

The kinetic energy of bar 3 is

T3 =
1

2
m3vC3 · vC3 +

1

2
ω20 · (Ī3 · ω20), (1.29)
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where m3 is the mass of the bar and

Ī3 = (I3xı2)ı2 + (I3y2)2 + (I3zk2)k2 = (
m3L

2

12
ı2)ı2 + (

m3L
2

12
2)2,

is the central inertia dyadic of bar 3.
The rigid body RB is considered a particle with the mass mR concentrated

at CR. The kinetic energy of RB is

TR =
1

2
mRvCR · vCR =

mR

2

[
(L/2 + q3)

2q̇2
2 + c2

2(q3 + L/2)2q̇2
1 + q̇2

3

]
. (1.30)

Generalized forces
In the case of the robot arm, there are two kinds of forces that contribute

to the generalized forces Q1, Q2, Q3 namely, contact forces applied in order
to drive 1, 2, 3 and RB, and gravitational forces exerted on 1, 2, 3, and
RB by the Earth. The contact forces are neglected for this example. The
gravitational forces exerted on 1, 2, 3, and RB by the Earth, are denoted by
G1, G2, G3, GR, respectively, and can be expressed as

G1 = −m1 g ı0,

G2 = −(m2 + m2′) g ı0,

G3 = −m3 g ı0,

GR = −mR g ı0. (1.31)

One can express the contribution to the generalized force of all forces and
torques acting on the system, as

Qr =
∂rC1

∂qr

·G1 +
∂rC2

∂qr

·G2 +
∂rC3

∂qr

·G3 +
∂rCB

∂qr

·GR, r = 1, 2, 3. (1.32)

The vectors in Eq. (1.32) must be expressed in terms of the fixed reference
frame (0). The generalized forces are

Q1 = 0,

Q2 = −gc2(mrL/2 + mrq3 + m3q3),

Q3 = −g(mR + m3)s2.

The same results can be obtained using the relations

Qr =
∂vC1

∂q̇r

·G1 +
∂vC2

∂q̇r

·G2 +
∂vC3

∂q̇r

·G3 +
∂vCB

∂q̇r

·GR, r = 1, 2, 3. (1.33)
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In Eq. (1.33) the vectors vC1, G1 are expressed in terms of the mobile refer-
ence frame (1), and the vectors vC2, G2, vC3, G3, vCR, GR are expressed in
terms of the mobile reference frame (2).

The Lagrange equations of motion are

d

dt

(
∂T

∂q̇r

)
− ∂T

∂qr

= Qr,

where r = 1, 2, 3.
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