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1 Introduction

1.1 Vector Algebra

Vector Terminology

Scalars are mathematics quantities that can be fully defined by specifying
their magnitude in suitable units of measure. The mass is a scalar and can
be expressed in kilograms, the time is a scalar and can be expressed seconds,
and the temperature can be expressed in degrees.

Vectors are quantities that require the specification of magnitude, orien-
tation, and sense. The characteristics of a vector are the magnitude, the
orientation, and the sense.

The magnitude of a vector is specified by a positive number and a unit
having appropriate dimensions. No unit is stated if the dimensions are those
of a pure number.

The orientation of a vector is specified by the relationship between the
vector and given reference lines and/or planes.

The sense of a vector is specified by the order of two points on a line
parallel to the vector.

Orientation and sense together determine the direction of a vector.

The line of action of a vector is a hypothetical infinite straight line
collinear with the vector.

Displacement, velocity, and force are examples of vectors.

To distinguish vectors from scalars it is customary to denote vectors by
boldface letters. Thus, the vector shown in Fig. 1.1(a) is denoted by r or
rap. The symbol |r| = r represents the magnitude (or module, or absolute
value) of the vector r. In handwritten work a distinguishing mark is used for
vectors, such as an arrow over the symbol, 7" or A@, a line over the symbol,
7, or an underline, r.

The vectors are depicted by either straight or curved arrows. A vector
represented by a straight arrow has the direction indicated by the arrow.
The direction of a vector represented by a curved arrow is the same as the
direction in which a right-handed screw moves when the axis of the screw is
normal to the plane in which the arrow is drawn and the screw is rotated as
indicated by the arrow.

Figure 1.1(b) shows representations of vectors. Sometimes vectors are
represented by means of a straight or curved arrow together with a measure
number. In this case the vector is regarded as having the direction indicated
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by the arrow if the measure number is positive, and the opposite direction if
it is negative.

A bound (or fized) vector is a vector associated with a particular point P
in space (Fig. 1.2). The point P is the point of application of the vector, and
the line passing through P and parallel to the vector is the line of action of the
vector. The point of application can be represented as the tail [Fig. 1.2(a)]
or the head of the vector arrow [Fig. 1.2(b)].

A free vector is not associated with a particular point or line in space.

A transmissible (or sliding) vector is a vector that can be moved along its
line of action without change of meaning.

To move the body in Fig. 1.3 the force vector F can be applied anywhere
along the line A or may be applied at specific points A, B, C. The force
vector F' is a transmissible vector because the resulting motion is the same
in all cases.

The force F applied at B will cause a different deformation of the body
than the same force F applied at a different point C. The points B and C'
are on the body. If one is interested in the deformation of the body, the force
F positioned at C' is a bound vector.

The operations of vector analysis deal only with the characteristics of
vectors and apply, therefore, to both bound and free vectors. Vector analysis
is a branch of mathematics that deals with quantities that have both mag-
nitude and direction.

Vector Equality
Two vectors a and b are said to be equal to each other when they have
the same characteristics

a=>b.

Equality does not imply physical equivalence. For instance, two forces repre-
sented by equal vectors do not necessarily cause identical motions of a body
on which they act.

Product of a Vector and a Scalar

Definition. The product of a vector v and a scalar s, sv or vs, is a
vector having the following characteristics:
1. Magnitude.

|sv] = [vs| = |s]|v],
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where |s| denotes the absolute value (or magnitude, or module) of the scalar
S.

2. Orientation. sv is parallel to v. If s = 0, no definite orientation is at-
tributed to sv.

3. Sense. If s > 0, the sense of sv is the same as that of v. If s < 0, the
sense of sv is opposite to that of v. If s = 0, no definite sense is attributed
to sv.

Zero Vectors

Definition. A zero vector is a vector that does not have a definite di-
rection and whose magnitude is equal to zero. The symbol used to denote a
zero vector is 0.

Unit Vectors

Definition. A unit vector (versor) is a vector with the magnitude equal
to 1.
Given a vector v, a unit vector u having the same direction as v is obtained
by forming the quotient of v and |v|:

Vector Addition

The sum of a vector v; and a vector vy: vy + vy or vo + vy IS a vector
whose characteristics are found by either graphical or analytical processes.
The vectors v; and vy add according to the parallelogram law: vi+vs is equal
to the diagonal of a parallelogram formed by the graphical representation of
the vectors [Fig. 1.4(a)]. The vector vy + vy is called the resultant of v,
and vy. The vectors can be added by moving them successively to parallel
positions so that the head of one vector connects to the tail of the next vector.
The resultant is the vector whose tail connects to the tail of the first vector,
and whose head connects to the head of the last vector [Fig. 1.4(b)].

The sum vy + (—vg) is called the difference of v; and vy and is denoted
by vi — vy [Figs. 1.4(c) and 1.4 (d)].

The sum of n vectors v;, i =1,...,n,

n
dvior vitvat...+v,
=1

is called the resultant of the vectors v;, 2 =1,...n.



1.1 Introduction 4

The vector addition is:
1. commutative, the characteristics of the resultant are independent of
the order in which the vectors are added (commutativity):

Vi + Vg = Vg 4 V.

2. associative, the characteristics of the resultant are not affected by the
manner in which the vectors are grouped (associativity):

v, + (VQ + V3) = (V1 + VQ) + V3.

3. distributive, the vector addition obeys the following laws of distribu-
tivity:

p p
VZSZ' = Z(Vsi), for s; #0, s; € R,
i=1 i=1
n n

sy vi=) (sv;), for s#0, s € R,

=1 =1

where R is the set of real numbers.
Every vector can be regarded as the sum of n vectors (n = 2,3,...) of
which all but one can be selected arbitrarily.

Resolution of Vectors and Components
Let 11, 15, 13 be any three unit vectors not parallel to the same plane
(noncollinear vectors):
| =[] =3/ =1.

For a given vector v (Fig. 1.5), there are three unique scalars, vy, vy, v3, such
that v can be expressed as:

V = v1l] + Uglg + Usls.

The opposite action of addition of vectors is the resolution of vectors.
Thus, for the given vector v the vectors v11;, v912, and v313 sum to the original
vector. The vector v,1 is called the 1, component of v and vy, is called the
1, scalar component of v, where k =1, 2, 3. A vector is often replaced by its
components since the components are equivalent to the original vector.

Every vector equation v = 0, where v = v11; + w215 + w313, is equivalent
to three scalar equations: v1 =0, vy =0, v3=0.
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If the unit vectors 11, 15, 13 are mutually perpendicular they form a carte-
sian reference frame. For a cartesian reference frame the following notation
is used (Fig. 1.6):

=1 15=]) 13=Kk,

and
113,11k 31k

The symbol L denotes perpendicular.

When a vector v is expressed in the form v = v,1 4 v,) + v.k, where
1, J, k are mutually perpendicular unit vectors (cartesian reference frame or
orthogonal reference frame), the magnitude of v is given by

|v| = /v2 +v§ + v2.

The vectors v, = v,1, v, = v,], and v, = v,k are the orthogonal or rectan-
gular component vectors of the vector v. The measures v,, vy, v, are the
orthogonal or rectangular scalar components of the vector v.

If vi = vip14+v1,) + vk and vy = 9,1+ v9) 4 2.k, then the sum of the
vectors is

Vit vy = (Ulw + UQI) 1+ (Uly + U2y).] + (Ulz + UQz) Ulzk~

Angle Between Two Vectors

Two vectors a and b are considered. One can move either vector parallel
to itself (leaving its sense unaltered ) until their initial points (tails) coincide.
The angle between a and b is the angle 6 in Figs. 1.7(a) and 1.7(b). The angle
between a and b is denoted by the symbols (a,b) or (b,a). Figure 1.7(c)
represents the case (a,b) = 0, and Fig. 1.7(d) represents the case (a,b) =
180°.

The direction of a vector v = v,1 + v,J + vk relative to a cartesian
reference, 1, J, k, is given by the cosines of the angles formed by the vector
and the respective unit vectors. These are called direction cosines and are
denoted as (Fig. 1.8):

cos(v,1) = cosa = [; cos(v,]) = cos f =m; cos(v,k) = cosy =n.
The folowing relations exist:

vy = |V]|cosa; v, = |v|cosf; v, = |v]|cosr,
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P+m?+n®=1, (v]+v,+v:="0").

Scalar (Dot) Product of Vectors
Definition. The scalar (dot) product of a vector a and a vector b is

a-b=b-a=|a||b|cos(a,b).
For any two vectors a and b and any scalar s
(sa)-b =s(a-b)=a:(sb) =sa-b.

If

a = az1+ ay) + ak,
and

b = b1+ b,y + b.k,
where 1, J, k are mutually perpendicular unit vectors, then

a-b=ayb, +ayb, +a.b,.

The following relationships exist:

1-1=3-J=k-k=1,
1-J=31-k=k-1=0.

Every vector v can be expressed in the form
v=1-vi+]-v]j+k vk
The vector v can always be expressed as
vV = U1+ v,] + v k.
Dot multiply both sides by 1
1°V =0,1-1+0,1-]+v,1- k.
But,

1-1=1, and 1-J=1-k=0.
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Hence,

Similarly,
Jov=v, and k-v=u,.

The associative, commutative, and distributive laws of elementary algebra
are valid for the dot multiplication (product) of vectors.

Vector (Cross) Product of Vectors
Definition. The vector (cross) product of a vector a and a vector b is
the vector (Fig. 1.9):

a x b = |a| |b|sin(a, b)n

where n is a unit vector whose direction is the same as the direction of
advance of a right-handed screw rotated from a toward b, through the angle
(a,b), when the axis of the screw is perpendicular to both a and b.

The magnitude of a x b is given by

|a x b| = |a| |b|sin(a, b).

If a is parallel to b, a||b, then a x b = 0. The symbol || denotes parallel.
The relation a x b = 0 implies only that the product |a| |b|sin(a, b) is equal
to zero, and this is the case whenever |a| = 0, or |b| = 0, or sin(a,b) = 0.
For any two vectors a and b and any real scalar s,

(sa) x b=s(axb)=ax (sb)=saxb.

The sense of the unit vector n which appears in the definition of ax b depends
on the order of the factors a and b in such a way that

b xa=—axb.
Vector multiplication obeys the following law of distributivity (Varignon the-

orem):

n

a x ivi = Z(a X V).

i=1
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The cross product is not commutative, but the associative law and the dis-
tributive law are valid for cross products.

A set of mutually perpendicular unit vectors 1, j, k is called right-handed
if 1 x ) = k. A set of mutually perpendicular unit vectors 1, j, k is called
left-handed if 1 x j = —k.

If

a = a;1+ a,) + ak,
and
b = b1+ b, + b.k,

where 1, J, k are mutually perpendicular unit vectors, then a x b can be
expressed in the following determinant form:

1 ] k
axb=|a a, a,
by b, b,

The determinant can be expanded by minors of the elements of the first row:

al cg cl: = v ¢ J Qo 9z L x| 92 W
T Yy z - -
b b b by, b. by b, by b,

=1(ayb, — a.b,) — j(azb, — a.b;) + k(azb, — a,b,)
= (ayb, — a,by)1+ (a.b, — azb,)) + (azb, — a,b,)k.

Scalar Triple Product of Three Vectors
Definition. The scalar triple product of three vectors a, b, c is

[a,b,c]=a(bxc)=a-bxc.

It does not matter whether the dot is placed between a and b, and the cross
between b and c, or vice versa, that is,

[a,b,c]=a-bxc=axb-c.

A change in the order of the factors appearing in a scalar triple product at
most changes the sign of the product, that is,

[b,a,c] = —[a,b,c|,
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and
[b,c,a] = [a,b,c|.

If a, b, c are parallel to the same plane, or if any two of the vectors a, b, c
are parallel to each other, then [a, b, c|] = 0.

The scalar triple product [a, b, c] can be expressed in the following determi-
nant form

az Gy a,
[a,b,c] = b, b, b,
Cx Cy Cs

Vector Triple Product of Three Vector

Definition. The vector triple product of three vectors a, b, c is the
vector a x (b X c).
The parentheses are essential because a x (b X ¢) is not, in general, equal to
(axb) xc.
For any three vectors a, b, and c,

ax(bxc)=a-cb—a-bc.

Derivative of a Vector

The derivative of a vector is defined in exactly the same way as is the
derivative of a scalar function. The derivative of a vector has some of the
properties of the derivative of a scalar function.
The derivative of the sum of two vector functions a and b is

d da db

The time derivative of the product of a scalar function f and a vector function
ais

d(fa) _df

dt dt

da

1.2 Centroids

Position Vector
The position vector of a point P relative to a point M is a vector ryp
having the following characteristics (Fig. 1.10:
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e magnitude (|rap| = ryp) the length of line M P;
e orientation parallel to line M P;
e sense M P (from point M to point P).

The vector ry;p is shown as an arrow connecting M to P. The position
of a point P relative to P is a zero vector.

Let 1, 3, k be mutually perpendicular unit vectors (cartesian reference
frame) with the origin at O (Fig. 1.10). The axes of the cartesian reference
frame are x, y, z. The unit vectors 1, J, k are parallel to z, y, 2z, and
they have the senses of the positive z, y, z axes. The coordinates of the
origin O are x = y = z = 0, i.e.,, O(0, 0, 0). The coordinates of a point P
are r = xp, Yy = yp, 2 = zp, i.e., P(xp, yp, zp). The position vector of P
relative to the origin O is

rop=rp=zpl+yp)+zprk

The position vector of the point P relative to a point M, M # O of coordi-
nates (T, Y, 2ar) s

ryp = (rp —zym)1+ (yp —ym) 3+ (zp — 20) k.

The distance d between P and M is given by

d=|rp —rarl = |rarp| = (2p — 220)? + (yp — yar)? + (zp — 201)2.

First Moment

The position vector of a point P relative to a point O is rp and a scalar
associated with P is s, e.g., the mass m of a particle situated at P. The first
moment of a point P with respect to a point O is the vector M = srp. The
scalar s is called the strength of P.

Centroid of a Set of Points
The set of n points P;, i =1,2,...,n,is {S} (Fig. 1.11):

{S} = {Pla P27 S 7Pn} = {Pi}izl,Q,...,n-

The strengths of the points P; are s;, 1 = 1,2,...,n, i.e., n scalars, all having
the same dimensions, and each associated with one of the points of {S}.
The centroid of the set {S} is the point C' with respect to which the sum of
the first moments of the points of {S} is equal to zero.
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The position vector of C' relative to an arbitrarily selected reference point
O is r¢ (Fig. 1.11). The position vector of P; relative to O is r;. The position
vector of P; relative to C' is r; — ro. The sum of the first moments of the
points P; with respect to C' is Z si(r; —re). If C is to be centroid of {S},

i=1
this sum is equal to zero:

n

n n
ZSZ'<I'Z' — rc) = ZSiI'i - rCZSi = 0.
=1 =1

i=1
The position vector r¢ of the centroid C| relative to an arbitrarily selected

reference point O, is given by

n
> sili
i=1
rec = =y

s
i=1

n
If >~ s; =0, the centroid is not defined.
i=1
The centroid C' of a set of points of given strength is a unique point, its
location being independent of the choice of reference point O.

The cartesian coordinates of the centroid C(z¢, yc, z¢) of a set of points

P, i=1,...,n, of strengths s;, © = 1,...,n, are given by the expressions
n n n
Z S;T; Z SilYi Z Si%i
_ =l _ =l _ =l
To = n y Yo = — y RC = T4 .

> > >
=1 =1 =1

The plane of symmetry of a set is the plane where the centroid of the set
lies, the points of the set being arranged in such a way that corresponding
to every point on one side of the plane of symmetry there exists a point of
equal strength on the other side, the two points being equidistant from the
plane.

A set {S'} of points is called a subset of a set {S} if every point of {S}
is a point of {S}. The centroid of a set {S} may be located using the method
of decomposition:

e divide the system {S} into subsets;
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e find the centroid of each subset;

e assign to each centroid of a subset a strength proportional to the sum of
the strengths of the points of the corresponding subset;

e determine the centroid of this set of centroids.

Centroid of a Curve, Surface, or Solid
The position vector of the centroid C' of a curve, surface, or solid relative

to a point O is
/ rdr
D

e = )
/dT
D

where D is a curve, surface, or solid, r denotes the position vector of a typical
point of D, relative to O, and dr is the length, area, or volume of a differential
element of D. Each of the two limits in this expression is called an “integral
over the domain D (curve, surface, or solid).”

The integral / dr gives the total length, area, or volume of D, that is
D

/dT:T.
D

The position vector of the centroid is

1
rcz—/rdT.
T JD

Let 1, J, k be mutually perpendicular unit vectors (cartesian reference
frame) with the origin at O. The coordinates of C are x¢, yc, z¢c and

rc = xol+ yo) + zck.

It results that

1 1
xcz—/wdT, yc:%/ydT, ZC:—/sz.
TJD D TJD

Mass Center of a Set of Particles

The mass center of a set of particles {S} = {P1, P, ..., P} = {Pi}ic12..n
is the centroid of the set of points at which the particles are situated with the
strength of each point being taken equal to the mass of the corresponding
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particle, s; = m;, i = 1,2,...,n. For the system of n particles the following
relation can be written

n n
(Z mi) e = Zmiria
i=1 i=1

and the position vector of the mass center C' is

Zmiri
re = %, (11)

where m is the total mass of the system.

Mass Center of a Curve, Surface, or Solid
The position vector of the mass center C' of a continuous body D, curve,
surface, or solid, relative to a point O is

1
rC:—/rpdT,
m Jp

or using the orthogonal cartesian coordinates

1 1 1
JJC:*/JJ"PCZT, yC:*/?/PdT, zsz/ZpdT,
m JD m JD m JD

where p is the mass density of the body: mass per unit of length if D is a
curve, mass per unit area if D is a surface, and mass per unit of volume if D
is a solid, r is the position vector of a typical point of D, relative to O, dr is
the length, area, or volume of a differential element of D, m = [, p d7 is the
total mass of the body, and z¢, yo, z¢ are the coordinates of C'.

If the mass density p of a body is the same at all points of the body,
p=constant, the density, as well as the body, are said to be uniform. The mass
center of a uniform body coincides with the centroid of the figure occupied
by the body.

The method of decomposition may be used to locate the mass center of a
continuous body B:

e divide the body B into a number of bodies, which may be particles, curves,
surfaces, or solids;
e locate the mass center of each body;
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e assign to each mass center a strength proportional to the mass of the cor-
responding body (e.g., the weight of the body);
e locate the centroid of this set of mass centers.

First Moment of an Area

A planar surface of area A and a reference frame xOy in the plane of the
surface are shown in Fig. 1.12. The first moment of area A about the x axis
is

M, = /Ay dA, (1.2)

and the first moment about the y axis is
M, :/ z dA. (1.3)
A

The first moment of area gives information of the shape, size, and orientation
of the area.

The entire area A can be concentrated at a position C(z¢, yc), the cen-
troid. The coordinates x¢ and yo are the centroidal coordinates. To compute
the centroidal coordinates the moments of the distributed area are equated
with that of the concentrated area about both axes:

Jydd oy
_ _ JA — z
Ayc—/AydA, = yo =" 1 (1.4)
/di
M
_ — JA — Y
Axc—/Ax dA, = x¢ = 1 1 (1.5)

The location of the centroid of an area is independent of the reference axes
employed, i.e., the centroid is a property only of the area itself.

If the axes xy have their origin at the centroid, O = C, then these axes
are called centroidal axes. The first moments about centroidal axes are zero.
All axes going through the centroid of an area are called centroidal axes for
that area, and the first moments of an area about any of its centroidal axes
are zero. The perpendicular distance from the centroid to the centroidal axis
must be zero.

Figure 1.13 shows a plane area with the axis of symmetry collinear with
the axis y. The area A can be considered as composed of area elements in
symmetric pairs as shown in the figure. The first moment of such a pair
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about the axis of symmetry y is zero. The entire area can be considered as
composed of such symmetric pairs and the coordinate z¢ is zero:

1
xC:Z/Adi:O.

Thus, the centroid of an area with one axis of symmetry must lie along the
axis of symmetry. The axis of symmetry then is a centroidal axis, which is
another indication that the first moment of area must be zero about the axis
of symmetry. With two orthogonal axes of symmetry, the centroid must lie
at the intersection of these axes. For such areas as circles and rectangles, the
centroid is easily determined by inspection.

In many problems, the area of interest can be considered formed by the
addition or subtraction of simple areas. For simple areas the centroids are
known by inspection. The areas made up of such simple areas are composite
areas. For composite areas

Z Airey

o = A
ZAini
Yo = 4

where z¢; and y¢; (with proper signs) are the centroidal coordinates to simple
area A;, and where A is the total area.

1.3 Moments and Couples

Moment of a Bound Vector About a Point
Definition. The moment of a bound vector v about a point A is the
vector

MY =rap XV, (1.6)

where rp is the position vector of B relative to A, and B is any point of
line of action, A, of the vector v (Fig. 1.14).

The vector MY, = 0 if and only the line of action of v passes through A
orv=0.
The magnitude of MY is

M| = M} = [rapl|v] sind,
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where 6 is the angle between r 5 and v when they are placed tail to tail.
The perpendicular distance from A to the line of action of v is

d = |rap| sinb,
and the magnitude of MY is
(M3 = M3 =d|v|.

The vector MY, is perpendicular to both ryp and v: MY L ryp and MY L v.
The vector MY, being perpendicular to r4p and v is perpendicular to the
plane containing r 45 and v.

The moment given by Eq. (1.6) does not depend on the point B of the
line of action of v, A, where r4p intersects A. Instead of using the point B
the point B’ (Fig. 1.14) can be used. The position vector of B relative to A is
rap = rap +rpp where the vector rp/p is parallel to v, rp g||v. Therefore,

MY =rap X V=(Cap +Tpp) XV=Tap XV+Tpp XV="ap XV,
because rg:g X v = 0.

Moment of a Bound Vector About a Line
Definition. The moment MY, of a bound vector v about a line €2 is the

Q resolute (£2 component) of the moment v about any point on 2 Fig. 1.15.
The M, is the 2 resolute of MY

M, = nM)n
= n(rxv)n
= [n,r,v|n,
where n is a unit vector parallel to €2, and r is the position vector of a point

on the line of action of v relative to a point on 2.
The magnitude of MY, is given by

IMg| = |, v, v]|.

The moment of a vector about a line is a free vector.
If a line © is parallel to the line of action A of a vector v, then [n,r,vin =
0 and Mg, = 0.
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If a line Q intersects the line of action A of v, then r can be chosen in
such a way that r = 0 and Mg, = 0.

If a line 2 is perpendicular to the line of action A of a vector v, and d is
the shortest distance between these two lines, then

IMg| = dlv].

Moments of a System of Bound Vectors
Definition. The moment of a system {S} of bound vectors v;,
{S} ={v1,ve,..., v} ={Vi}tiz12..» about a point A is

M =S MY
i=1

Definition. The moment of a system {S} of bound vectors v;,
{S} ={v1,ve,..., v} ={Vvi}ic12..» about a line Q is

My =S My
=1

The moments M;{f} and M;S} of a system {S}, {S} = {vi}iz12. n, of
bound vectors, v;, about two points A and P, are related to each other as
follows,

M = MEY 4 rp xR, (1.7)

where r4p is the position vector of P relative to A, and R is the resultant of
{S}.

Proof. Let B; a point on the line of action of the vector v;, rap; and
rpp; the position vectors of B; relative to A and P, Fig. 1.16. Thus,

n

n
sy _ Vi _
MA = ZM _ZrABiXVi
=1 =1
n n

= Z(rAP +Tppi) X v, = Z(rAP X Vi +Tppi X V;)
i=1 i=1

n n
= ZrAP X V; +ZI‘PBi X Vv
i=1 i=1
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n n
= Tap X D _Vi+ > Tpp XV;
=1 =1

= rAPXR"i_ZM‘]IDi

=1
= rap x R+ME

If the resultant R of a system {S} of bound vectors is not equal to zero,
R # 0, the points about which {S} has a minimum moment M,,;, lie on
a line called central axis, (C'A), of {S}, which is parallel to R and passes
through a point P whose position vector r relative to an arbitrarily selected
reference point O is given by

S
~ Rx MY
r = 71:{2 .

The minimum moment M,,;, is given by

{s}

Couples

Definition. A couple is a system of bound vectors whose resultant is
equal to zero and whose moment about some point is not equal to zero.
A system of vectors is not a vector, therefore couples are not vectors.
A couple consisting of only two vectors is called a simple couple. The vec-
tors of a simple couple have equal magnitudes, parallel lines of action, and
opposite senses.

Writers use the word “couple” to denote the simple couple.

The moment of a couple about a point is called the torque of the couple,
M or T. The moment of a couple about one point is equal to the moment of
the couple about any other point, i.e., it is unnecessary to refer to a specific
point. The moment of a couple is a free vector.

The torques are vectors and the magnitude of a torque of a simple couple
is given by

M| = dv],

where d is the distance between the lines of action of the two vectors com-
prising the couple, and v is one of these vectors.
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Proof. In Fig. 1.17, the torque M is the sum of the moments of v and
—v about any point. The moments about point A are

M=M}+M,"=rxv+0.
Hence,
M| = |r x v| = [r||v]sin(r,v) = d|v|.

The direction of the torque of a simple couple can be determined by
inspection: M is perpendicular to the plane determined by the lines of action
of the two vectors comprising the couple, and the sense of M is the same as
that of r x v.

The moment of a couple about a line €2 is equal to the €2 resolute of the
torque of the couple.

The moments of a couple about two parallel lines are equal to each other.

Equivalence of Systems

Definition. Two systems {S} and {S’} of bound vectors are said to be
equivalent when:
1. the resultant of {S}, R, is equal to the resultant of {S’}, R’

R=R

2. there exists at least one point about which {S} and {5’} have equal mo-
ments

exists P: MY =M.

Figures 1.18(a) and 1.18(b) each show a rod subjected to the action of
a pair of forces. The two pairs of forces are equivalent, but their effects on
the rod are different from each other. The word “equivalence” is not to be
regarded as implying physical equivalence.

For given a line 2 and two equivalent systems {S} and {S’} of bound
vectors, the sum of the € resolutes of the vectors in {S} is equal to the sum
of the € resolutes of the vectors in {S’}.

The moments of two equivalent systems of bound vectors, about point,
are equal to each other.

The moments of two equivalent systems {S} and {S’} of bound vectors,
about any line €2, are equal to each other.
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Transitivity of the equivalence relation. If {S} is equivalent to {S’}, and
{S'} is equivalent to {S”}, then {S} is equivalent to {S”}.

Every system {S} of bound vectors with the resultant R can be replaced
with a system consisting of a couple C' and a single bound vector v whose
line of action passes through an arbitrarily selected base point O. The torque
M of C' depends on the choice of base point M = Més} . The vector v is
independent of the choice of base point, v = R.

A couple C' can be replaced with any system of couples, the sum of whose
torque is equal to the torque of C.

When a system of bound vectors consists of a couple of torque M and a
single vector parallel to M, it is called a wrench.

Force Vector and Moment of a Force

Force is a vector quantity, having both magnitude and direction. Force
is commonly explained in terms of Newton’s three laws of motion set forth
in his Principia Mathematica (1687). Newton’s first principle: a body that
is at rest or moving at a uniform rate in a straight line will remain in that
state until some force is applied to it. Newton’s second law of motion states
that a particle acted on by forces whose resultant is not zero will move in
such a way that the time rate of change of its momentum will at any instant
be proportional to the resultant force. Newton’s third law states that when
one body exerts a force on another body, the second body exerts an equal
force on the first body. This is the principle of action and reaction.

Because force is a vector quantity it can be represented graphically as a
directed line segment. The representation of forces by vectors implies that
they are concentrated either at a single point or along a single line. The
force of gravity is invariably distributed throughout the volume of a body.
Nonetheless, when the equilibrium of a body is the primary consideration, it
is generally valid as well as convenient to assume that the forces are concen-
trated at a single point. In the case of gravitational force, the total weight
of a body may be assumed to be concentrated at its center of gravity.

Force is measured in newtons (N); a force of 1 N will accelerate a mass
of one kilogram at a rate of one meter per second. The newton is a unit of
the International System (SI) used for measuring force.

Using the English system, the force is measured in pounds. One pound of
force imparts to a one-pound object an acceleration of 32.17 feet per second
squared.

The force vector F can be expressed in terms of a cartesian reference
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frame, with the unit vectors 1, j, and k [Fig. 1.19(a)]:
F=Fa+ Fj)+ F.k (1.8)

The components of the force in the z, y, and z directions are I, Fy, and F.
The resultant of two forces: Fy = Fi1+ Fi,) + Fi.k and Fo = Fy1 4 Fy ) +
F5.k is the vector sum of those forces

R = F1 + F2 = (le + FQx)l + (Fly + ng)J + (Flz + ng)k (19)

A moment is defined as the moment of a force about (with respect to) a
point. The moment of the force F about the point O is the cross product
vector

My = rxF
1 ] k
= e Ty T2
F, F, F.

= (ryF,—r., FEn+(r, Fy —ry Fo)y+ (rp By — ry Fy)k. (1.10)

where r = r,1 4+ 7,) + .k is a position vector directed from the point about
which the moment is taken (O in this case) to any point A on the line of
action of the force [Fig. 1.19(a)]. If the coordinates of O are xo, Yo, zo and
the coordinates of A are x4, Y4, 24, thenr =rps = (xa—20)1+ (ya—Yy0))+
(24 — zo)k and the the moment of the force F about the point O is

1 J k
M{ = rtoaxF=|24—20 ya—Yyo 24— 20
F, F, F.
The magnitude of M, is
IME| = M5 =r F|sin6),

where § = /(r, F) is the angle between vectors r and F, and r = |r| and
F = |F| are the magnitudes of the vectors.

The line of action of MY, is perpendicular to the plane containing r and F
(ME L r&M§ L F) and the sense is given by the right-hand rule.

The moment of the force F about another point P is

1 J k

My = rpaxF=|za—2p ya—yp 2a—2p |,
F, F, F
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where xp, yp, zp are the coordinates of the point P.

The system of two forces, F; and Fy, which have equal magnitudes |F;| =
|F5|, opposite senses F; = —F5, and parallel directions ( F;||F2 ) is a couple.
The resultant force of a couple is zero R = F; + F5 = 0. The resultant
moment M = 0 about an arbitrary point is

M:I'1XF1—|—I'2><F27
or
M:I'l X (—F2)+r2 XFQZ (I‘Q—I'l) X FQZI'XFQ, (111)

where r = ry —ry is a vector from any point on the line of action of F to any
point of the line of action of Fy. The direction of the torque of the couple
is perpendicular to the plane of the couple and the magnitude is given by
[Fig. 1.19(b)]:

IM| =M =1 Fy|sinf| = h F, (1.12)

where h = r|sin 6| is the perpendicular distance between the lines of action.
The resultant moment of a couple is independent of the point with respect
to which moments are taken.

Representing Systems by Equivalent Systems

To simplify the analysis of the forces and moments acting on a given
system one can represent the system by an equivalent a less complicated
one. The actual forces and moments can be replaced with a total force and
a total moment.

Figure 1.20 shows an arbitrary system of forces and moments, {system 1},
and a point P. This system can be represented by a system, {system 2},
consisting of a single force F acting at P and a single couple of torque M.
The conditions for equivalence are

Z F{system 2} _ Z F{system 1} — F = Z F{system 1},
and
Z M}{jystem 2} _ Z M;system 1} — M= Z M}[Dsystem 1}.

These conditions are satisfied if F equals the sum of the forces in {system 1},
and M equals the sum of the moments about P in {system 1}. Thus, no
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matter how complicated a system of forces and moments may be, it can be
represented by a single force acting at a given point and a single couple.
Three particular cases occur frequently in practice.

1. Force represented by a force and a couple.

A force Fp acting at a point P {system 1} in Fig. 1.20 can be represented
by a force F acting at a different point () and a couple of torque M, {system
2}. The moment of {system 1} about point @) is rop X Fp, where rgp is the
vector from () to P. The conditions for equivalence are

Z M}[DsystemQ} _ Z MjIDSYStem 1} — F = FP;
and
ZngstemQ} _ ZMSYSWYHI} — M = Mgp =rgp X Fp.

The systems are equivalent if the force F equals the force Fp and the couple
of torque Mg” equals the moment of Fp about ().

2. Concurrent forces represented by a force.

A system of concurrent forces whose lines of action intersect at a point P
{system 1} in Fig. 1.21(a), can be represented by a single force whose line of
action intersects P, {system 2}. The sums of the forces in the two systems
are equal if

F=F,+F,+...+F,.

The sum of the moments about P equals zero for each system, so the systems
are equivalent if the force F equals the sum of the forces in {system 1}.

3. Parallel forces represented by a force.
A system of parallel forces whose sum is not zero can be represented by
a single force F shown in Fig. 1.21(b).

4. System represented by a wrench.

In general any system of forces and moments can be represented by a
single force acting at a given point and a single couple.

Figure 1.22 shows an arbitrary force F acting at a point P and an arbi-
trary couple of torque M, {system 1}. This system can be represented by a
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simpler one, i.e., one may represent the force F acting at a different point @
and the component of M that is parallel to F. A coordinate system is chosen
so that F is along the y axis
F = F},
and M is contained in the xy plane
M = M1+ M,).

The equivalent system, {system 2}, consists of the force F acting at a
point () on the z axis

F = Fy,
and the component of M parallel to F
M, = M,].

The distance PQ is chosen so that |rpg| = PQ = M, /F. The {system 1} is
equivalent to {system 2}.

The sum of the forces in each system is the same F.

The sum of the moments about P in {system 1} is M, and the sum of the
moments about P in {system 2} is

ZM}systemﬂ» = rpg X F + My.] — (_PQk) X (F_]) -+ My.] =M1+ MyJ = M.

The system of the force F = Iy and the couple M,, = M, that is parallel to
F is a wrench. A wrench is the simplest system that can be equivalent to an
arbitrary system of forces and moments.

The representation of a given system of forces and moments by a wrench
requires the following steps:

1. Choose a convenient point P and represent the system by a force F
acting at P and a couple M [Fig. 1.23(a)].

2. Determine the components of M parallel and normal to F [Fig. 1.23(b)]:
M =M, +M,, where M,||F.

3. The wrench consists of the force F acting at a point () and the parallel
component M, [Fig. 1.23(c)]. For equivalence, the following condition
must be satisfied:

rpg X F = Mn,

where M, is the normal component of M.

In general, the {system 1} cannot be represented by a force F alone.
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1.4 Equilibrium

Equilibrium Equations

A body is in equilibrium when it is stationary or in steady translation
relative to an inertial reference frame. The following conditions are satisfied
when a body, acted upon by a system of forces and moments, is in equilib-
rium:

1. the sum of the forces is zero:
> F=0. (1.13)
2. the sum of the moments about any point is zero:

S Mp=0, VP, (1.14)

If the sum of the forces acting on a body is zero and the sum of the moments
about one point is zero, then the sum of the moments about every point is
ZEro.

Proof. The body shown in Figure 1.24 is subjected to forces F 4;, i = 1, ...,n,
and moments M;, j = 1,...,m. The sum of the forces is zero,

ZF:ZFAszo,
i=1

and the sum of the moments about a point P is zero

ZMP—ZrPAz ><FAZ+ZM =0,

7j=1

where rpy; = Pjéli, 1 = 1,...,n. The sum of the moments about any other
point @ is

hE

> Mg =

rQA; XFA1+ZM
1 J=1

(rop +rpa;) X Fa; + Z M;
1 7j=1

rop X Y Fai+ > rpai xFa+ > M, =

i=1 i=1 j=1

-
Il

M=

.
Il
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rop X O+ZrPAi XFAi—FZMj =

i=1 j=1

ZI.PAi X FA1+ZM] :ZMPZO

i=1 j=1

A body is subjected to concurrent forces Fy, Fy, ..., F,, and no couples. If
the sum of the concurrent forces is zero,

F,+Fy+..+F, =0,

the sum of the moments of the forces about the concurrent point is zero,
so the sum of the moments about every point is zero. The only condition
imposed by equilibrium on a set of concurrent forces is that their sum is zero.

Free-Body Diagrams

Free-body diagrams are used to determine forces and moments acting on
simple bodies in equilibrium.

The beam in Fig. 1.25(a) has a pin support at the left end A and a roller
support at the right end B. The beam is loaded by a force F' and a moment
M at C'. To obtain the free-body diagram first the beam is isolated from its
supports. Next, the reactions exerted on the beam by the supports are shown
on the the free-body diagram [Fig. 1.25(b)]. Once the free-body diagram is
obtained one can apply the equilibrium equations.

The steps required to determine the reactions on bodies are:

1. draw the free-body diagram, isolating the body from its supports and
showing the forces and the reactions,

2. apply the equilibrium equations to determine the reactions.

For two-dimensional systems, the forces and moments are related by three
scalar equilibrium equations:

> F, =0, (1.15)
Y F, =0, (1.16)
> Mp=0, VP. (1.17)

One can obtain more than one equation from Eq. (1.17) by evaluating the
sum of the moments about more than one point. The additional equations
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will not be independent of Egs. (1.15)-(1.17). One cannot obtain more than
three independent equilibrium equations from a two-dimensional free-body
diagram, which means one can solve for at most three unknown forces or
moments.

For three-dimensional systems, the forces and moments are related by six
scalar equilibrium equations:

> F, =0, (1.18)
> F,=0, (1.19)
> F. =0, (1.20)
> M, =0, (1.21)
> M, =0, (1.22)
> M. =0 (1.23)

The sums of the moments about any point can be evaluated. Although one
can obtain other equations by summing the moments about additional points,
they will not be independent of these equations. For a three-dimensional free-
body diagram, six independent equilibrium equations are obtained and one
can solve for at most six unknown forces or moments.

A body has redundant supports when the body has more supports than
the minimum number necessary to maintain it in equilibrium. Redundant
supports are used whenever possible for strength and safety. Each support
added to a body results in additional reactions. The difference between the
number of reactions and the number of independent equilibrium equations is
called the degree of redundancy.

A body has improper supports if it will not remain in equilibrium under
the action of the loads exerted on it. The body with improper supports will
move when the loads are applied.

Two-force and three-force members

A body is a two-force member if the system of forces and moments acting
on the body is equivalent to two forces acting at different points.

For example a body is subjected to two forces, F4 and Fp, at A and
B. If the body is in equilibrium, the sum of the forces equals zero only if
F 4 = —Fp. Furthermore, the forces F 4 and —F g form a couple, so the sum
of the moments is not zero unless the lines of action of the forces lie along
the line through the points A and B. Thus for equilibrium the two forces
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are equal in magnitude, are opposite in direction, and have the same line of
action.

A body is a three-force member if the system of forces and moments acting
on the body is equivalent to three forces acting at different points.

If a three-force member is in equilibrium, the three forces are coplanar
and the three forces are either parallel or concurrent.

Proof. Let the forces Fq, F5, and F3 acting on the body at A;, Ay, and
Asz. Let m be the plane containing the three points of application Ay, As,
and As. Let A = A; Ay be the line through the points of application of Fy
and Fy. Since the moments due to F; and Fy about A are zero, the moment
due to F3 about A must equal zero,

m-(rxF3)n=[F3-(nxr)n=0,

where n is the unit vector of A. This equation requires that F3 be perpen-
dicular to n X r, which means that F3 is contained in 7. The same procedure
can be used to show that F; and Fy are contained in 7, so the forces Fy, F,
and F3 are coplanar.

If the three coplanar forces are not parallel, there will be points where
their lines of action intersect. Suppose that the lines of action of two forces
F, and F; intersect at a point P. Then the moments of F; and Fy about P
are zero. The sum of the moments about P is zero only if the line of action
of the third force, F3, also passes through P. Therefore either the forces are
concurrent or they are parallel.

The analysis of a body in equilibrium can often be simplified by recog-
nizing the two-force or three-force member.

1.5 Dry Friction

If a body rests on an incline plane, the friction force exerted on it by the
surface prevents it from sliding down the incline. The question is, what is
the steepest incline on which the body can rest?

A body is placed on a horizontal surface. The body is pushed with a
small horizontal force F'. If the force F is sufficiently small, the body does
not move. Figure 1.26 shows the free-body diagram of the body, where the
force W is the weight of the body, and N is the normal force exerted by
the surface. The force F' is the horizontal force, and F} is the friction force
exerted by the surface. Friction force arises in part from the interactions
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of the roughness, or asperities, of the contacting surfaces. The body is in
equilibrium and Fy = F\.

The force F' is slowly increased. As long as the body remains in equilib-
rium, the friction force Fy must increase correspondingly, since it equals the
force F'. The body slips on the surface. The friction force, after reaching the
maximum value, cannot maintain the body in equilibrium. The force applied
to keep the body moving on the surface is smaller than the force required to
cause it to slip. Why more force is required to start the body sliding on a
surface than to keep it sliding is explained in part by the necessity to break
the asperities of the contacting surfaces before sliding can begin.

The theory of dry friction, or Coulomb friction, predicts:

e the maximum friction forces that can be exerted by dry, contacting surfaces
that are stationary relative to each other;

e the friction forces exerted by the surfaces when they are in relative motion,
or sliding.

Static Coefficient of Friction
The magnitude of the maximum friction force, F, that can be exerted
between two plane dry surfaces in contact is

Fy = N, (1.24)

where i is a constant, the static coefficient of friction, and N is the normal
component of the contact force between the surfaces. The value of the static
coefficient of friction, u4, depends on:

e the materials of the contacting surfaces;

e the conditions of the contacting surfaces namely smoothness and degree of
contamination.

Typical values of ug for various materials are shown in Table 1.1.

Table 1.1. Typical values of the static coefficient of friction.

Materials s

metal on metal 0.15-0.20
metal on wood 0.20 - 0.60
metal on masonry 0.30 - 0.70
wood on wood 0.25 - 0.50

masonry on masonry 0.60 - 0.70
rubber on concrete 0.50 - 0.90
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Equation (1.24) gives the maximum friction force that the two surfaces can
exert without causing it to slip. If the static coefficient of friction us between
the body and the surface is known, the largest value of F' one can apply to
the body without causing it to slip is /' = Fy = pu,N. Equation (1.24) de-
termines the magnitude of the maximum friction force but not its direction.
The friction force resists the impending motion.

Kinetic coefficient of friction
The magnitude of the friction force between two plane dry contacting
surfaces that are in motion relative to each other is

Fy = N, (1.25)

where py is the kinetic coefficient of friction and N is the normal force be-
tween the surfaces. The value of the kinetic coefficient of friction is generally
smaller than the value of the static coefficient of friction, us.

To keep the body in Fig. 1.26 in uniform motion (sliding on the surface)
the force exerted must be F' = Fy = p/N. The friction force resists the
relative motion, when two surfaces are sliding relative to each other.

The body RB shown in Fig. 1.27(a) is moving on the fixed surface 0.
The direction of motion of RB is the positive axis x. The friction force on
the body RB acts in the direction opposite to its motion, and the friction
force on the fixed surface is in the opposite direction as shown in Fig. 1.27(b).

Angles of friction
The angle of friction, 8, is the angle between the friction force, Fy = |F f\,
and the normal force, N = |N|, to the surface (Fig. 1.28). The magnitudes
of the normal force and friction force, and 6 are related by
Fr = Rsin0,
N = Rcos®,
where R = |R| = |N + Fy|.
The value of the angle of friction when slip is impending is called the
static angle of friction, 0,
tan 6, = .
The value of the angle of friction when the surfaces are sliding relative to
each other is called the the kinetic angle of friction, 0,

tan 0, = .
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1.6
1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

1.10

Problems

a) Find the angle made by the vector v.= —101+ 51 with the positive z-
axis and determine the unit vector in the direction of v. b) Determine
the magnitude of the resultant v .= v; + vy and the angle which v
makes with the positive z-axis, where the vectors v; and vy are shown
in Fig. 1.29. The magnitudes of the vectors are |vi| = v; = 5, |vo| =
vy = 10, and the angles of the vectors with the positive x-axis are
61 = 30°, 65 = 60°.

The planar vectors a, b, and c are given in xOy plane as shown in
Fig. 1.30. The magnitude of the vectors are a = P, b = 2P, and
¢ = P+/2. The angles in the figure are o = 45°, 8 = 120°, and
v = 30°. Determine the magnitude of the resultant v =a+ b + ¢ and
the angle that v makes with the positive z-axis.

The cube in Fig. 1.31 has the sides equal to [. Find the direction cosines
of the resultant v = v; + vy + v3 + vy.

The following spatial vectors are given: vi = =3 1+4 3 —3k, vo =
31+3 k, and v3 = 11+2 jJ+3 k. Find the expressions E; = vi+vy+v3,
Eg =V + Vg — Vg, E3 = (V1 X Vg) X V3, and E4 = (V1 X Vz) * V3.

Find the angle between the vectors vi = 21 —4 3+ 4 k and vy, =
41+ 2 3+ 4 k. Find the expressions v; X v, and vy - va.

The following vectors are given vy = 214+4 46k, vo =11+3J+5 k,
and v3 = —2 1+ 2 k. Find the vector triple product of vy, v, and vj,
and explain the result.

Solve the vectorial equation x X a = x X b, where a and b are two
known given vectors.

Solve the vectorial equation v = a X X, where v and a are two known
given vectors.

Solve the vectorial equation a-x = m, where a is a known given vector
and m is a known given scalar.

The forces Fy, Fy, F3, and F,, shown in Fig. 1.32, act on the sides of
a cube (the side of the cube is [). The magnitudes of the forces are
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1.11

1.12

1.13

1.14

1.15

1.16

F, =F, = F, and F3 = F, = F /2. Represent the given system of
forces by an equivalent system at O.

Figure 1.33 represents the vectors vy, vo, v3, and v, acting on a cube
with the side [. The magnitude of the forces are vi = V and vy = v3 =
vy = 2V. Find the equivalent system at O.

Repeat the previous problem for Fig. 1.34.

The parallelepiped shown in Fig. 1.35 has the sides [ =1 m, w = 2 m,
and h = 3 m. The magnitude of the forces are F; = Fy = 10 N, and
F; = F, = 20 N. Find the equivalent wrench of the system.

A uniform rectangular plate of length [ and width w is held open by a
cable (Fig. 1.36). The plate is hinged about an axis parallel to the plate
edge of length [. Points A and B are at the extreme ends of this hinged
edge. Points D and C' are at the ends of the other edge of length [ and
are respectively adjacent to points A and B. Points D and C' move
as the plate opens. In the closed position, the plate is in a horizontal
plane. When held open by a cable, the plate has rotated through an
angle 6 relative to the closed position. The supporting cable runs from
point D to point F where point F is located a height h directly above
the point B on the hinged edge of the plate. The cable tension required
to hold the plate open is T. Find the projection of the tension force
onto the diagonal axis AC' of the plate.

Numerical application: [ = 1.0 m, w = 0.5 m, 6 = 45°, h = 1.0 m, and
T =100 N.

A smooth sphere of mass m is resting against a vertical surface and an
inclined surface that makes an angle # with the horizontal, as shown in
Fig. 1.37. Find the forces exerted on the sphere by the two contacting
surfaces.

Numerical application: a) m = 10 kg, § = 30°, and g = 9.8 m/s* b)
m = 2 slugs, § = 60°, and g = 32.2 ft/sec?.

The links 1 and 2 shown in Fig. 1.38 are each connected to the ground
at A and C, and to each other at B using frictionless pins. The length
of link 1 is AB = [. The angle between the links is /ABC' = 6. A force
of magnitude P is applied at the point D (AD = 21/3) of the link 1.
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1.17

1.18

1.19

1.20

1.21

1.22

The force makes an angle 6 with the horizontal. Find the force exerted
by the lower link 2 on the upper link 1.

Numerical application: a) [ = 1 m, § = 30°, and P = 1000 N; b)
=2 ft, 6 =45°, and P = 500 Ib.

The block of masss m rests on a rough horizontal surface and is acted
upon by a force, F', that makes an angle 6 with the horizontal, as shown
in Fig. 1.39. The coefficient of static friction between the surface and
the block is u,. Find the magnitude of the force F' required to cause
the block to begin to slide.

Numerical application: a) m = 2 kg, § = 60°, us = 0.4, and g =
9.8 m/s?; b) m = 10 slugs, 6 = 30°, u, = 0.3, and g = 32.2 ft/sec?.

Find the x-coordinate of the centroid of the plane region bounded by
the curves y = 2 and y = /x, (x > 0).

The shaft shown in Fig. 1.40 turns in the bearings A and B. The
dimensions of the shaft are a = 6 in. and b = 3 in. The forces on the
gear attached to the shaft are F; = 900 1b and F,. = 500 1b. The gear
forces act at a radius R = 4 in. from the axis of the shaft. Find the
loads applied to the bearings.

The shaft shown in Fig. 1.41 turns in the bearings A and B. The
dimensions of the shaft are @ = 120 mm and b = 30 mm. The forces
on the gear attached to the shaft are F;, = 4500 N, F, = 2500 N, and
F, = 1000 N. The gear forces act at a radius R = 100 mm from the
shaft axis. Determine the bearings loads.

The dimensions of the shaft shown Fig. 1.42 are ¢ = 2 in. and [ = 5 in.
The force on the disk with the radius r; = 5 in. is F; = 600 1b and
the force on the disk with the radius r, = 2.5 in. is F5 = 1200 1b.
Determine the forces on the bearings at A and B.

The dimensions of the shaft shown Fig. 1.43 are a = 50 mm and [ =
120 mm. The force on the disk with the radius r; = 50 mm is F; =
2000 N and the force on the disk with the radius r, = 100 mm is
F5 = 4000 N. Determine the bearing loads at A and B.
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1.23 The force on the gear in Fig. 1.44 is F' = 1.5 kN and the radius of the
gear is R = 60 mm. The dimensions of the shaft are [ = 300 mm and
a = 60 mm. Determine the bearing loads at A and B.



References

[1] P. Antonescu, Mechanisms, Printech, Bucharest, 2003.
2] P. Appell, Traité de Mécanique Rationnelle, Gautier-Villars, Paris, 1941.

[3] LI. Artobolevski, Mechanisms in Modern Engineering Design, MIR,
Moscow, 1977.

[4] M. Atanasiu, Mecanica, EDP, Bucharest, 1973.

[5] H. Baruh, Analytical Dynamics, WCB/McGraw-Hill, Boston, 1999.

(6] A. Bedford and W. Fowler, Dynamics, Addison Wesley, Menlo Park, 1999.
(7] A. Bedford and W. Fowler, Statics, Addison Wesley, Menlo Park, 1999.
[8] M.I. Buculei, Mechanisms, University of Craiova Press, Craiova, 1976.

9] M.I. Buculei, D. Bagnaru, G. Nanu, D.B. Marghitu, Analysis of Mecha-
nisms with Bars, Scrisul romanesc, Craiova, 1986.

[10] T. Demian et al., Mechanisms - problems, EDP, Bucharest, 1969.

[11] A.G. Erdman, and G.N. Sandor, Mechanisms Design, Prentice-Hall, Up-
per Saddle River, 1984.

[12] A. Ertas and J.C. Jones, The Engineering Design Process, John Wiley
& Sons, New York, 1996.

[13] F. Freudenstein, “An Application of Boolean Algebra to the Motion of
Epicyclic Drives,” Transaction of the ASME, Journal of Engineering for
Industry, pp.176-182, 1971.

[14] J.H. Ginsberg, Advanced Engineering Dynamics, Cambridge University
Press, Cambridge, 1995.

[15] D.T. Greenwood, Principles of Dynamics, Prentice-Hall, Englewood
Cliffs, 1998.

[16] A.S. Hall, Jr., A.R. Holowenko, and H.G. Laughlin, Theory and problems
of machine design, McGraw-Hill, New York, 1961.



[17] R.C. Hibbeler, Engineering Mechanics - Statics and Dynamics, Prentice-
Hall, Upper Saddle River, New Jersey, 1995.

[18] R.C. Juvinall and K.M. Marshek, Fundamentals of Machine Component
Design, John Wiley & Sons, New York, 1983.

[19] T.R. Kane, Analytical Elements of Mechanics, Vol. 1, Academic Press,
New York, 1959.

[20] T.R. Kane, Analytical Elements of Mechanics, Vol. 2, Academic Press,
New York, 1961.

[21] T.R. Kane and D.A. Levinson, “The Use of Kane’s Dynamical Equtions
in Robotics”, MIT International Journal of Robotics Research, No. 3, pp.
3-21, 1983.

[22] T.R. Kane, P.W. Likins, and D.A. Levinson, Spacecraft Dynamics,
McGraw-Hill, New York, 1983.

(23] T.R. Kane and D.A. Levinson, Dynamics, McGraw-Hill, New York,
1985.

24] J.T. Kimbrell, Kinematics Analysis and Synthesis, McGraw-Hill, New
York, 1991.

[25] R. Maeder, Programming in Mathematica, Addison—-Wesley Publishing
Company, Redwood City, California, 1990.

[26] N.H.  Madsen, Statics  and  Dynamics, class  notes,
www.eng.auburn.edu/users/nmadsen/, 2004.

[27] N.I. Manolescu, F. Kovacs, and A. Oranescu, The Theory of Mechanisms
and Machines, EDP, Bucharest, 1972.

28] D.B. Marghitu, Mechanical Engineer’s Handbook, Academic Press, San
Diego, California, 2001.

[29] D.B. Marghitu and M.J. Crocker, Analytical Elements of Mechanisms,
Cambridge University Press, Cambridge, 2001.

[30] D.B. Marghitu and E.D. Stoenescu, Kinematics and Dy-
namics  of  Machines and  Machine  Design, class  mnotes,
www.eng.auburn.edu/users/marghitu/, 2004.



[31] J.L. Meriam and L.G. Kraige, Engineering Mechanics: Dynamics, John
Wiley & Sons, New York, 1997.

[32] D.J. McGill and W.W. King, Engineering Mechanics: Statics and an
Introduction to Dynamics, PWS Publishing Company, Boston, 1995.

[33] R.L. Mott, Machine elements in mechanical design, Prentice Hall, Upper
Saddle River, New Jersey, 1999.

[34] D.H. Myszka, Machines and Mechanisms, Prentice-Hall, Upper Saddle
River, New Jersey, 1999.

[35] R.L. Norton, Machine Design, Prentice-Hall, Upper Saddle River, New
Jersey, 1996.

[36] R.L. Norton, Design of Machinery, McGraw-Hill, New York, 1999.

[37) W.C. Orthwein, Machine Component Design, West Publishing Com-
pany, St. Paul, 1990.

[38] L.A. Pars, A treatise on analytical dynamics, Wiley, New York, 1965.
[39] R.M. Pehan, Dynamics of Machinery, McGraw-Hill, New York, 1967.
[40] I. Popescu, Mechanisms, University of Craiova Press, Craiova, 1990.

[41] 1. Popescu and C. Ungureanu, Structural Synthesis and Kinematics of
Mechanisms with Bars, Universitaria Press, Craiova, 2000.

[42] T. Popescu and D.B. Marghitu, “Dyad Classification for Mechanisms,”
World Conference on Integrated Design and Process Technology, Austin,
Texas, December 3-5, 2003.

[43] 1. Popescu, E.D. Stoenescu, and D.B. Marghitu, “Analysis of Spatial
Kinematic Chains Using the System Groups,” 8th International Congress
on Sound and Vibration, St. Petersburg, Russia, July 5-8, 2004.

[44] M. Radoi and E. Deciu, Mecanica, EDP, Bucharest, 1981.
[45] F. Reuleaux, The Kinematics of Machinery, Dover, New York, 1963.

[46] C.A. Rubin, The Student Edition of Working Model, Addison—Wesley
Publishing Company, Reading, Massachusetts, 1995.



[47) LH. Shames, Engineering Mechanics - Statics and Dynamics, Prentice-
Hall, Upper Saddle River, New Jersey, 1997.

(48] J.E. Shigley and C.R. Mischke, Mechanical Engineering Design,
McGraw-Hill, New York, 1989.

[49] J.E. Shigley and J.J. Uicker, Theory of Machines and Mechanisms,
McGraw-Hill, New York, 1995.

[50] R.W. Soutas-Little and D.J. Inman, Engineering Mechanics: Statics and
Dynamics, Prentice-Hall, Upper Saddle River, New Jersey, 1999.

[51] A. Stan and M. Grumarescu, Mechanics Problems, EDP, Bucharest,
1973.

[52] A. Stoenescu, A. Ripianu, and M. Atanasiu, Theoretical Mechanics
Problems, EDP, Bucharest, 1965.

[53] A. Stoenescu and G. Silas, Theoretical Mechanics, ET, Bucharest, 1957.

[54] E.D. Stoenescu, Dynamics and Synthesis of Kinematic Chains with Im-
pact and Clearance, Ph.D. Dissertation, Mechanical Engineering, Auburn
University, 2005.

[55] L. W. Tsai, Mechanism Design: Enumeration of Kinematic Structures
According to Function, CRC Press, Boca Raton, Florida, 2001.

[56] R. Voinea, D. Voiculescu, and V. Ceausu, Mecanica, EDP, Bucharest,
1983.

[57] K.J. Waldron and G.L. Kinzel, Kinematics, Dynamics, and Design of
Machinery, John Wiley&Sons, New York, 1999.

[58] C.E. Wilson and J.P. Sadler, Kinematics and Dynamics of Machinery,
Harper Collins College Publishers, 1991.

[59] C.W. Wilson, Computer integrated macine design, Prentice Hall, Inc.,
Upper Saddle River, New Jersey, 1997.

[60] S. Wolfram, Mathematica, Wolfram Media/Cambridge University Press,
Cambridge, 1999.



[61] * * * The theory of mechanisms and machines (Teoria mehanizmov i
masin), Vassaia scola, Minsc, 1970.

[62] * * * Working Model 2D, Users Manual, Knowledge Revolution, San
Mateo, California, 1996.



Figure captions

Figure 1.1. Vector representations: (a) straight arrow and (b) straight
and curved arrows.

Figure 1.2. Bound or fixed vector: (a) point of application represented as
the tail of the vector arrow and (b) point of application represented as the
head of the vector arrow.

Figure 1.3. Transmissible vector: the force vector F can be applied any-
where along the line A.

Figure 1.4. Vector addition: (a) parallelogram law, (b) moving the vectors
successively to parallel positions. Vector difference: (c) parallelogram law,
(d) moving the vectors successively to parallel positions.

Figure 1.5. Resolution of a vector v and components.

Figure 1.6. Cartesian reference frame and the orthogonal scalar compo-
nents v, vy, v,.

Figure 1.7. The angle 6 between the vectors a and b: (a) 0 < § < 90°,
(b) 90° < 6 < 180°, and (c) # = 0°, and (d) 6 = 180°.

Figure 1.8. Direction cosines.

Figure 1.9. Vector (cross) product of the vector a and the vector b.

Figure 1.10. Position vector.

Figure 1.11. Centroid of a set of points.

Figure 1.12. Centroid of a planar surface of area.

Figure 1.13. Plane area with axis of symmetry.

Figure 1.14. Moment of a bound vector about a point.

Figure 1.15. Moment of a bound vector about a line.

Figure 1.16. Moments of a system of bound vectors.

Figure 1.17. Couple.

Figure 1.18. Equivalent systems (not physical equivalence): (a) tension
and (b) compression.

Figure 1.19. Moment of a force: (a) moment of a force about a point and
(b) torque of the couple.

Figure 1.20. Equivalent systems.

Figure 1.21. System of forces: (a) concurrent forces, and (b) parallel
forces.

Figure 1.22. System represented by a wrench

Figure 1.23. Steps required to represent a system of forces by a wrench.

Figure 1.24. Forces and moments acting on a body.



Figure 1.25. Free-body diagram: (a) beam with supports and (b) free-
body diagram of the beam.

Figure 1.26. Friction force Fy exerted by a surface on a body.

Figure 1.27. (a) Body moving on a surface and (b) free-body diagrams
of the body and of the surface.

Figure 1.28. The angle of friction.

Figure 1.29. Vectors for Problem 1.1.

Figure 1.30. Planar vectors for Problem 1.2.

Figure 1.31. Vectors for Problem 1.3.

Figure 1.32. Forces for Problem 1.10.

Figure 1.33. Vectors for Problem 1.11.

Figure 1.34. Vectors for Problem 1.12.

Figure 1.35. Forces for Problem 1.13.

Figure 1.36. Rectangular plate for Problem 1.14.

Figure 1.37. Smooth sphere for Problem 1.15.

Figure 1.38. Two links connected for Problem 1.16.

Figure 1.39. Block on a rough surface for Problem 1.17.

Figure 1.40. Shaft with gear for Problem 1.19.

Figure 1.41. Shaft with gear for Problem 1.20.

Figure 1.42. Shaft with two disks for Problem 1.21.

Figure 1.43. Shaft with two disks for Problem 1.22.

Figure 1.44. Shaft with gear for Problem 1.23.



