1 Kinematics

1.1 Ordinary gear trains

A system of two fixed gears is shown in Figure 1.a. The angular speed of the
motor connected to the center of the gear 1 is wyp = 10 rpm. The pinion is
fixed to the ground with a pin joint. Given the radii r1 = 1 m and r; = 0.5
m of the gears 1 and 2, find the angular speed wq of the gear 2.

The following relation can be written between the speeds and the radii

of the two gears
w10 L
— = ——. 1
w20 T2 ( )
Thus, the angular speed ns of the planet gear is

n —20rpm. (2)

W20 = —
T2
Remark:
In general, if the angular speed is expressed in rpm, then the symbol n
is preferred instead of w. In this section the symbol w is also used for the
angular speed expressed in rpm.

1.2 Planetary gear trains
1.2.1 Two DOF gear train

A planetary gear train is shown in Figure 2.a. The planet gear rotates around
the sun gear. The arm 3 is connected to the planet gear at the point C' (pin
joint) and the ground at the point D (pin joint). The sun gear is connected
to the ground at the point A (pin joint). The motor connected to the sun
gear has the angular speed w9 = 20 rpm. The motor connected to the arm
has the angular speed w3y = —10 rpm. Given the radii r; = 1 m and ro = 0.5
m of the sun gear 1 and the planet gear 2, find the angular speed wqq of the
planet gear 2.

The contour of the gear trainis0 —A—-1-B—-2—-C—-3-D —0.

One can write the following relations between the relative angular veloc-
ities of the gears

wip + war + wsp +wpz =0, (3)



AB x w1 + AC x W39 = 0, (4)

where wig = 201 rpm and wyz = —wsg = 10i rpm.
Egs. (3) and (4) can be solved simultaneously with respect to the two
unknowns wsy; and wss. The solutions are

w1 = —901 rpm, wso = 601 rpm. (5)
The angular speed wyg of the planet gear 2 can be computed as

Wop = Wa1 + Wi = —701 rpm. (6)

1.2.2 One DOF gear train

A system of three gears is shown in Figure 3.a. The sun gear 1 is connected
to the ground with a pin joint at point A. The arm 3 is connected with pin
joints to the planet gear 2 at point C' and to the ground at point D. The
planet gear 2 is also in contact to the gear 4 (as internal gear) which is fixed
to the ground. The angular speed of the motor connected to the sun gear is
wip = 20 rpm. Given the radii r; = 1 m and r, = 0.5 m of the sun gear 1 and
the planet gear 2, find the angular speed wqy of the planet gear 2. The arm
3 does not have a motor attached to it and the planet gear 2 is connected to
the sun gear 1 and the fixed gear 4.

Contour0—A—-1—-B—-2—-—FE—-0

One can write the following relations between the relative angular veloc-
ities of the gears

wip + war +wo2 =0, (7)
AB x wo1 + AE x Wpo = 0, (8)

where w9 = —201 rpm.
Egs. (7) and (8) can be solved simultaneously with respect to the two
unknowns ws; and wpy. The solutions are

wo1 = —401 rpm, wgo = 201 rpm. (9)
The angular speed wqg of the planet gear 2 can be computed as

Wog = —wpo = —201 rpm. (10)
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Contour 0 —F—-2—-C—-3—-D -0
One can write the following relations between the relative angular veloc-

ities of the gears

wao + w3z + woz = 0, (11)
AE x wa1 + AC x W39 = 0. (12)

The relative angular speed w3y can be computed from Eq. (12) as
w3y = 26.61 rpm. (13)
The angular speed wsg of the arm 3 can be computed from Eq. (11) as

W3y = —Wwpz = Wy + w3y = 6.61 rpm. (14)

2 Force analysis

Assumptions: forces of inertia, moments of inertia, and gravity forces are
neglected.

2.1 Ordinary gear trains

The mechanism from section 1.1 is considered. The free body diagram is
©20 , 4001 Nm acts

shown in Figure 1.b. An external torque M,,; = —400 |
W20

on the driven gear 2. Find the torque of the motor M,,, and the reaction
force between the gears 1 and 2.

Gear 2 (driven)
For the gear 2 one can write the moment equation with respect to its
center C

S MY = CB x Fyy + M,y = 0, (15)
where Fi5 = F,15) + F;10k is the reaction force of the gear 1 on the gear 2,
and CB = ry].
One can write Eq. (15) as

1] k
0 —r9 0 |+ M, 1=0. (16)
0 Fao Fho
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From Eq. (16) results

Mez
Fip = = L= 800 N. (17)
2

The radial reaction force F,qy is
Fr19 = Fjotan20° = 291.176N, (18)
For the gear 2 one can write the force equation
S F® =F,, +Fp =0. (19)
Thus, the reaction force of the ground on the gear 2 is
Fopo = —F15 = —291.1765 — 800k N. (20)

Gear 1 (driver)
For the gear 1 one can write the moment equation with respect to its

center A
S MY = AB x Fa; + M, = 0, (21)

where F21 = —F12, and AB = ).
The motor torque M,,,; can be computed as

Mot = Fiorr1 = —Fpor = E]\469[;,5 = 800 Nm. (22)
T2

For the gear 1 one can write the force equation
S FW =Fy, +Fp = 0. (23)
Thus, the reaction force of the ground on the gear 1 is

2.2 Planetary gear trains
2.2.1 Two DOF gear train

The gear train from section 1.2.1 is considered. The force and moment dia-

“20 , — 400
’w20|

gram is shown in Figure 2.b. An external torque M,,; = —400



Nm acts on the planet gear 2. Find the torques My, and Ms,,, of the
motors and the reaction forces.

Gear 2 (driven)
For the planet gear 2 one can write the moment equation with respect to
its center C'

S MY = CB x Fiy + M,y = 0, (25)

where F12 = Fr12.] + Ft12k-
One can write Eq. (25) as

1] k
0 —ry 0 |+ Myn=0. (26)
0 Fro Fio

From Eq. (26) results

M.,
Fjp = — =800 N. (27)
T2

The radial reaction force Fjqy is
Fo15 = Fyptan20° = 291.176 N, (28)
For the planet gear 2 one can write the force equation
SF® =F, +Fyp = 0. (29)
Thus, the reaction force of the arm 3 on the gear 2 is
F3 = —F15 = —291.1765 — 800k N. (30)

Gear 1
For the gear 1 one can write the moment equation with respect to its

center A
S MY = AB x Fa1 + Myn0, = 0, (31)

where F21 = —Flg.
The motor torque My,,,; can be computed as

Mlmot = Ft217“1 = Ft127’1 = 800 Nm (32)



For the gear 1 one can write the force equation
S"FY =Fy, +Fy = 0. (33)
Thus, the reaction force of the ground on the gear 1 is
Fop = —F9; = 291.1763 + 800k N. (34)

Arm 3
For the arm 3 one can write the moment equation with respect to the
point D
S MY = DC x Fa3 + My = 0, (35)

where Fo3 = —F35, and DC = (11 + 13)J.
The motor torque M3 can be computed as

Mspmot = —Fyo3(r1 + 1r2) = —Fy2(r1 +73) = —1200 Nm. (36)
For the arm 3 one can write the force equation
S"F® =Fy + Fg3 = 0. (37)
Thus, the reaction force of the ground on the arm 3 is

2.2.2 One DOF gear train

The gear train from section 1.2.2 is considered. The force and momentum dia-
gram is shown in Figure 3.b. An external torque M.,; = —400 w30| 1= —4001
Nm acts on the driven arm 3. Find the torque M,,,; of the motor and the
reaction forces.

Arm 8 (driven)
For the arm 3 one can write the moment equation with respect to the
point D
S M =DC x Fy3 + M,,; =0, (39)

where F23 = F23y_] + Fngk.
One can write Eq. (39) as

1 J k
0O ri+re 0 |+ M,1=0. (40)
0 I3y Fs
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From Eq. (40) results

Mezt
T1 —+ T2

— 266.666 N. (41)

For the arm 3 one can write the force equation
STF® =Fyy + F3 = 0. (42)

Thus, the reaction force Fp3 = —F53 = —266.666k N.

Gear 2
For the planet gear 2 one can write the force equation

S F® =F5 + Fpo + Fa = 0, (43)

where Fio = F,12) + Fr2k, Foo = F, 02 + Fipok, and Fzy = —Fas.
Projecting Eq. (43) on the Oy axis one can write

Friz = Fron. (44)
Projecting Eq. (43) on the Oz axis one can write
Fia + Fioa + Fsa, = 0. (45)
Thus, the tangential reaction forces Fjio and Fiy, are
Fio = Fypo = —Fg‘? = 133.333 N. (46)
The radial reaction forces F,;5 and F,qy are

F,
Foy = Fp = —% tan 20° = 48.529 N. (47)

Gear 1 (driver)
For the gear 1 one can write the moment equation with respect to its
center A

S MY = AB x Fy; + M, = 0, (48)
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where F21 = —Flg.
The motor torque M,,,; can be computed as

Mmot = _Ft217'1 = Ft127’1 = 133333 Nm
For the gear 1 one can write the force equation
Z F = Fy1 +Fo = 0.

Thus, the reaction force Fo; = —F9; = 48.529) + 133.333k N.

(49)

(50)
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