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8/2 Free Vibration of Particles

When a spring-mounted body is disturbed from itgiléarium position, its ensuing motion in the abserof any imposed external forces is terrfred
vibration. In every actual case of free vibration, theresesxsome retarding or damping force which tendsrtonish the motion. Common damping forces
are those due to mechanical and fluid frictionthiis article we first consider the ideal case whbeedamping forces are small enough to be negleTteen
we treat the case where the damping is appreciaalenust be accounted for.

Equation of Motion for Undamped Free Vibration

We begin by considering the horizontal vibratiortta# simple frictionless spring-mass system of Biia. Note that the variabbedenotes the displacement

of the mass from the equilibrium position, whiobr; this system, is also the position of zero spdatiection. Figured/1b shows a plot of the forc? ;

necessary to deflect the spring versus the cornepg spring deflection for three types of sprirgkhough nonlinear hard and soft springs are usafu

some applications, we will restrict our attentiorthe linear spring. Such a spring exerts a ragjdorce kx on the mass—that is, when the mass is displaced
to the right, the spring force is to the left, anck versa. We must be careful to distinguish betwihe forces of magnitud’;  which must be appbed t

both ends of the massless spring to cause tensicongpression and the forF = — jox  of equal magnitudehvtiie spring exerts on the mass. The
constant of proportionalitl is called thespring constant, modulusr stiffnessand has the units N/m or Ib/ft.
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The equation of motion for the body of F&jla is obtained by first drawing its free-body diagrakpplying Newton's second law in the foLF , = mx
gives

— o =mx or mx =10 8/

The oscillation of a mass subjected to a lineaoraxy force as described by this equation is dadieple harmonic motioand is characterized by
acceleration which is proportional to the displaeatrbut of opposite sign. Equati8fi is normally written as

where
i

is a convenient substitution whose physical sigaifice will be clarified shortly.

Solution for Undamped Free Vibration

Because we anticipate an oscillatory motion, wé limw a solution which gives as a periodic function of time. Thus, a logicabicle is
x=Acoswy,t+ B sinwy,t 8/
or, alternatively,
x=Csin (wyf -+ 1) 8/
Direct substitution of these expressions into &8g.verifies that each expression is a valid solutmthe equation of motion. We determine the coristan
andB, orC and , from knowledge of the initial displaceme*n  aniial velocityJIfU- of the mass. For example, if werlwavith the solution form of Eq.
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8/4 and evaluate and* at timer= 0 , we obtain
xpg=A and xg=Buw,

Substitution of these values AfandB into Eq.8/4 yields

xg .
X = Xy COS Wy :D—sm;unx 8/
o

The constant€ and of Eq.8/5 can be determined in terms of given initial coiodis in a similar manner. Evaluation of Bg5 and its first time derivative
aty =10 gives

xg=Csiney» and xp= Cw,cosy
Solving forC and yields
C= J{g.2 | (J'(g..-".;-.l”)z 1 = tan _l(xg.;un.-":ég.)
Substitution of these values into B45 gives
x=yxp” {xo/ .;-J”)zsin[;unx btan~! (g ! xu)} 8/
. . . . . . 2 2
Equations8/6 and8/7 represent two different mathematical expressionstfe same time-dependent motion. We observeC' = {f 4 4 B and
Y=tan"1(4/B)

Graphical Representation of Motion

The motion may be represented graphically, 8ig, wherex is seen to be the projection onto a vertical akihe rotating vector of lengt@. The vector
rotates at the constant angular velow ,, = k / m. whiateited thenatural circular frequencynd has the units radians per second. The nunfiber o
complete cycles per unit time is thatural frequencyf » = w, / 27 and is expressed in he(1 hertz (Hz) = 1 cycle per second) . The time required for
one complete motion cycle (one rotation of theneiee vector) is thperiod of the motion and is given tr =1 / f,, =lrtfwy

+x

We also see from the figure thais the sum of the projections onto the verticas af two perpendicular vectors whose magnitude®\andB and whose
vector suntC is theamplitude VectorsA, B, andC rotate together with the constant angular velcv;y Thus, as we have already seC = I'I'Az } Bz and

Y=tan"}(4/B)

Equilibrium Position as Reference

As a further note on the free undamped vibratiopasficles, we see that, if the system of Biga is rotated 90° clockwise to obtain the systemigf 8/3
where the motion is vertical rather than horizoritad equation of motion (and therefore all syspeoperties) is unchanged if we continue to defies the
displacement from the equilibrium position. The iigtium position now involves a nonzero spring léefiond st . From the free-body diagram of Fig3,
Newton's second law gives

— k(g + x) + mg=mx
At the equilibrium positiorx = 0 , the force sum mustzeeo, so that
— kbt +mg=10
Thus, we see that the pair of forc— i ;¢ argbn the left side of the motion equation canceling
mx + e =0
which is identical to Ecg/1.
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The lesson here is that by defining the displacemarable to be zero at equilibrium rather thathatposition of zero spring deflection, we mayagnthe
equal and opposite forces associated with equitibfi

Equation of Motion for Damped Free Vibration

Every mechanical system possesses some inhereeedefgfriction, which dissipates mechanical eneRygcise mathematical models of the dissipative
friction forces are usually complex. The dashpotiscous damper is a device intentionally addeslygiems for the purpose of limiting or retarding
vibration. It consists of a cylinder filled withvascous fluid and a piston with holes or other pges by which the fluid can flow from one sidelsd piston
to the other. Simple dashpots arranged as shovewsatically in Fig8/4a exert a forcd ; whose magnitude is proportionaghéovelocity of the mass, as
depicted in Fig8/4b. The constant of proportionalityis called theviscous damping coefficieand has units N- s /m  or Ib-sec/ft. The directionfu t
damping force as applied to the mass is oppositeatthe velocity® . Thus, the force on the mass*s

k
—H
S L=
Equilibrium -
position —— ¥ me
-y
X et
K
()
Fy
Y
(b)

Complex dashpots with internal flow-rate-dependerg-way valves can produce different damping coleffits in extension and in compression; nonlinear
characteristics are also possible. We will restiigt attention to the simple linear dashpot.

The equation of motion for the body with dampingléermined from the free-body diagram as showFign8/4a. Newton's second law gives
—Jox —ex =mx or mx x4 be=0 8/

In addition to the substituticw,, = k /m,  itis convenieliot, reasons which will shortly become evident,tvéduce the combination of constants
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C=c/! (2mwy)

The quantity (zeta) is called theiscous damping factar damping ratioand is a measure of the severity of the dampimay $hould verify that is
nondimensional. Equatid8/8 may now be written as

[5&+2§w,,.i:+w,,2x=0] 8/

Solution for Damped Free Vibration

In order to solve the equation of motion, B, we assume solutions of the form
= A
Substitution into Eg8/9 yields
Ak 2w 4wy =0
which is called theharacteristic equationlts roots are

/\1='u'-'n(—f_ I y[cz_—l) AEZMM(—C—JCQ——I)

Linear systems have the propertysaperpositionwhich means that the general solution is the sfithe individual solutions each of which corresgemo
one root of the characteristic equation. Thusgeeeral solution is

x=file’\1r | Age’\z!

R N e -
=Ae S - Axe cip

Categories of Damped Motion

Becausel < ¢ < 0o, the radical(f2 -1y may be positive, negaiiveyen zero, giving rise to the following thre¢egmries of damped motion:

I. ¢ =1 (overdampe}l The rootsh; anAz are distinct, real, and negatiwabers. The motion as given by BflOdecays so thatapproaches zero
large value of timet. There is n oscillation and therefore no period associatedh it motion

Il =1 (critically dampeq. The rootsh; anA; are equal, real, and negativedeus(A; = A\; = —w,,) . The solution to the differential equation
the special case of equal roots is given by

x= {411 AEI)E_")"!

Again, the motion decays withapproaching zero for large time, and the motiomoisperiodic. A critically damped system, when teaiwith an
initial velocity or displacement (or both), will ppach equilibrium faster than will an overdampgstem. Figure3/5 depicts actual responses for |

an overdamped and a critically damped system fioitial displacemen®o and no initial veloci(xy = 0

. ¢ = 1 (underdamped Noting that the radicar(¢2 _ 1y is negative and réauglthat,(a+5) _ ,a,5 , we may rewrite EG/10as
= {AIQI 1—¢lont } Aze_f 1—C zﬂ)nf}e—cdnf

wherei = y—1.1 is convenient to let a new varia~'y  respnt the combinatic,-;,lnp' 1 _(3 . Thus,

= {Alg.f..)d! | A)g—:‘..;dr}e—c..;,gr
Use of the Euler formule ™™ = cos x L i sinx  allows the previous etqueto be written as

x= {Ai(cos wgt + isinw ) Ag(cos;.-.lch—z'sin;.-.ldxj}e_c“""“E

= {(A] + A1) cos wgt + (A — A3) sinw g} e (8/1

= {A3coswt+ Ay sinwgr}e S

whered; = (A; + A7) ancdy=i(A4; — A7) . We have shown with Eggl and8/5 that the sum of two equal-frequency harmorsesh as thos
the braces of E@/11, can be replaced by a single trigonometric fumctidich involves a phase angle. Thus, &41 can be written as
x= {Csin (wgt +1b) e o
or
x=Ce " sin (wyt + ) (8/1

Equation8/12represents an exponentially decreasing harmonictifon, as shown in Fi@/6 for specific numerical values. The frequency

is called thedamped natural frequencyhedamped periods given bde =dlwg=12x/ (wm.fl _ CE) )
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%, mm
30 Conditions: m = 1 kg, k = 9 N/m
xp=30mm, x5 =0

20
— ¢ =15 N-s/m ({= 2.5), overdamped
¢ =6N-a/m ({=1), eritically damped

10-

0 1 ] .
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Conditions: m = 1 kg, £ = 36 N/'m
30k ¢=1N-s/m ({ = 0.0833)

~ Ce'i“’nl xp=30mm, ;=0

10 [\ F'_T“'_ﬂ B
Ry v

T _Cetow

It is important to note that the expressions dgwetbfor the constanS and in terms of initial conditions for the case of damping are not valid for the
case of damping. To fin@ and  if damping is present, you must begin anew, sgttie general displacement expression of@tg and its first time

derivative, both evaluated at tirr =0 , equal to thitail displacemenxn and initial veloci*0 | respeely.

Determination of Damping by Experiment

We often need to experimentally determine the vafitbe damping ratio for an underdamped system. The usual reasontithinaalue of the viscous
damping coefficient is not otherwise well known. To determine the damgpwe may excite the system by initial conditi@m obtain a plot of the
displacemenx versus time, such as that shown schematically in BiF. We then measure two successive amplit€ies X2ndull cycle apart and
compute their ratio

x1_ Ca—Swnll = glwnTa
X1 g twnltitTa)
x
4" o
1
g
[
t
“ ‘2 \_/
x = Ce~5®t gin (gt +y)
Thelogarithmic decrement is defined as
2 I
dl=]:1(¥§~) ClwpyT g = Civ gy == — 2
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From this equation, we may solve foand obtain
#
2
¥ (..,. “a”

For a small damping ratiici =x2 af« =1 ,sot{=4/2r xif X2dre so close in value that experimental distimchietween them is
impractical, the above analysis may be modifiedjbylg two observed amplitudes which areycles apart.

=

Sample Problem 8/1

A body weighing 25 Ib is suspended from a springmfstank = 160 b /ft . Attim¢ =0 , it has a downward velocitydf/sec as it passes
through the position of static equilibrium. Detenei

(a) the statii spring deflectiord ¢

(b) the natural frequency of the systin both rad/sec+' ;) and cycles/secf )

(c) the system perio

(d) the displacemerx as a functio of time, wherex is measure from the position of stat equilibriun
(e) the maximum velocit¥max attained by th mas:

(f) the maximum acceleraticmax attained by th mass

% k= 160 Ib/ft

W=251b
Solution.
a. From the spring relationshF'; = kx , we see that at dayitim
@
_ ) m 25
mg = b ost=?g ‘g5 = 01562 ft or 1.875in. Ans .
[k _ [ 160 .
= [£= | = 14.36 rad/se Ans.
) W, Vm V25822 14.36 rad/sec 8
f, = (14, 36J|: %:I 28 cycles/sec Ans.
C.
T= 11 0.438 sec Ans .
fn 228

d. (2) From Eq8/6:

xXp
X = X[ COS Wyt - ;D—sm;unr

= (0) cos 14.36¢ 4 14 36 —=——sin 14.36¢
=0.1393 sin 14 36¢ Ans .
As an exercise, let us determix&om the alternative EQ/7:
_ ‘x

x = Jx,? + (&y/w,)? sin | w,f + tan™? |I CJWﬂ'l

\ dy /
= 02 + |I—I| sin | 14.36f + tan™ fwll
\ \14.36) \ « I

= 0.1393 sin 14.36¢
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e. The velocity isx = 14.36(0.1393) cos 14.36¢ = 2 cos 14 36¢. Because the cosine function cannot be greaterltw less than -1, the
maximun velocity Vmax is 2 ft/sec, which, i this case, is the initi velocity. Ans.
f. The acceleration is

Xx= —1436(2) sin 1436t = — 28.7 sin 14 36¢

) . .2
The maximum acceleratic@max 287 ft /sec™ .Ans

Fs = kﬁst
T RO +%) g
3 |
Equilibrium; -
position \[_r-
mg
mg

Sample Problem 8/2

? Click here to see a computer extension of thidlam.

The 8-kg body is moved 0.2 m to the right of thaiorium position and released from rest at tif = () Determine its displacement at time
t =2 s. The viscous damping coefficients 20 N - s / m, and the spring stiffnekds 32 N/m.
|
.
c |

—
W —

k

8kg

1% ¥.97

Solution.  we must first determine whether the system is whataped, critically damped, or overdamped. For pliapose, we compute the

damping ratio .
wa=yk/m=y32/8=2rad/s (==S—= % — 0625

2miw

Since( = 1, the system is underdamped. The dampedah&tenguency iy 7= .h,“.”vfl _ (_2 — zv{l _ (0_625)2 — 1.561rad/s. The motion is
given by Eq8/12and is
x=Ce " sin (w4t + 1) = Ce P sin (1.561¢ 4 4)
The velocity is then
%= —125Ce 1 gin (1.561¢ + 1) + 1.561Ce™ 2 cos (1.5617 4 47)
Evaluating the displacement and velocity attz = 0 iveg
xg=Csinth=02 xp= —125Csin+r+ 1.561C cos 1) =0
Solving the two equations f@ and yields(C = 0.256 m ancy» = 0.896 rad . Therefore, the displacement in nseter
x = 025622 sin (1.561¢ + 0.896)

(1) Evaluation for timez =2 s givexa= — 0.01616 m . Ans
Equilibrium
position
(B
| mg

ex = 20 —t——ri

kx = 32% ——r
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Sample Problem 8/3

The two fixed counterrotating pulleys are driverret same angular spewy . A round bar is placeceotier on the pulleys as shown. Determine
the natural frequency of the resulting bar motibime coefficient of kinetic friction between the kzard pulleys igij .

Solution.  The free-body diagram of the bar is constructedafoarbitrary displacemertfrom the central position as shown. The governing
equations are

[LFy = mi ] HiN 4= jeNg = mi
[EF,=0] Nyt Np—mg=0
[EM 4=10] aNg— (% | x)mg=0

(1) EliminatingV 4 ancN'z from the first equation yields

@)

We recognize the form of this equation as that®f&2, so that the natural frequency in radians perrsgégis,; = ¢ 212 / @ and the natural
frequency in cycles per second is

1 -
fn= P upgla

Central—_ ¥
position \\I

a y.oa
2 |2
x
'—5—

[ ]
G

% Student Sample Solution - Free Vibration of Réet (Undamped) Example #1

gu Student Sample Solution - Free Vibration of Réet (Undamped) Example #2

PROBLEMS

(Unless otherwise indicated, all motion variablesraferred to the equilibrium position.)
Introductory Problems —Undamped, Free Vibrations

8/1. When a 3-kg collar is placed upon the pan whidttisched to the spring of unknown constant, thétiadal static deflection :]
of the pan is observed to be 42 mm. Determinehiag constank in N/m, Ib/in., and Ib/ft.
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8

=

2. Show that the natural frequency of a verticallyented spring-mass system, such as that of Bfébmay be expressed as
Wa=yg/ds wheredg; is the static deflection.

8

=

3. Determine the natural frequency of the spring-nsgsgem in both radians per second and cycles pendgHz). :]

k = 54 1bfin.

AR — 6441b

8/4. For the system of ProB/3, determine the positioxof the mass as a function of time if the masglisased from rest at time
t =0 from a position 2 inches to the left of the edurilim position. Determine the maximum velocity andximum
acceleration of the mass over one cycle of motion.

8/5. For the system of ProB/3, determine the positionas a function of time if the mass is releaseihs = () from a position 2 [:
inches to the right of the equilibrium position kvan initial velocity of 9 in./sec to the left. Remine the amplitud€ and
period of the motion.

8/6. For the spring-mass system shown, determine tiie gisflectiond ¢ , the system periodand the maximum veloci¥max
which result if the cylinder is displaced 100 mnwahovard from its equilibrium position and released.

Y
§k=98wm

Equilibrium
position _I_| I m=2kg

8/7. The cylinder of the system of Prab/6 is displaced 100 mm downward from its equilibriposition and released at tirs = (. :
Determine the positiop, velocityv, and acceleratioawhenz = 3 s . What is the maximum acceleration?

b

8/8.  In the equilibrium position, the 30-kg cylinder sas a static deflection of 50 mm in the coiledrsprif the cylinder is
depressed an additional 25 mm and released francedsulate the resulting natural frequelf » otical vibration of the
cylinder in cycles per second (Hz).
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8/9. For the cylinder of Prok8/8, determine the vertical displacemanmeasured positivdown in millimeters from the equilibriu :]
position, in terms of the timein seconds measured from the instant of release fne position of 25 mm added deflection.

8/10. The vertical plunger has a mass of 2.5 kg andppated by the two springs, which are always in passion. Calculate the
natural frequenc.f; of vibration of the plungertifsi deflected from the equilibrium position andegesed from rest. Friction
in the guide is negligible.

8/11. If the 100-kg mass has a downward velocity of 0/§ as it passes through its equilibrium positi@icalate the magnitude :
Amax Of its maximum acceleration. Each of the two spgsihas a stiffnesc = 180 kN /m

100 kg:

Representative Problems —Undamped, Free Vibrations

8/12.  Prove that the natural frequenf ;;  of oscillationtfee massnis independent of.
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8/13.  An old car being moved by a magnetic crane pickugiropped from a short distance above the grouadledt any damping [:
effects of its worn-out shock absorbers and cafeutee natural frequencf ,;  in cycles per second @fithe vertical
vibration which occurs after impact with the grou@ch of the four springs on the 1000-kg car hesnstant of 17.5 kKN/m.
Because the center of mass is located midway batteeaxles and the car is level when droppedetisero rotational motior
State any assumptions.

8/14. During the design of the spring-support systenttier4000-kg weighing platform, it is decided tHe frequency of free
vertical vibration in the unloaded condition shadt exceed 3 cycles per secora). Petermine the maximum acceptable spring
constank for each of the three identical springs). For this spring constant, what would be the radtirequencyf » of
vertical vibration of the platform loaded by the-¥1@ truck?

8/15. Replace the springs in each of the two cases shyvensingle spring of stiffness(equivalent spring stiffness) which will :]
cause each mass to vibrate with its original fregye

= :
ky S kg .
% J _ kl

L]

8/16. Explain how the values of the mé”1  and the sprimtank may be experimentally determined if the m#”s  nisakn.
Develop expressions fi*t1  akdn terms of specified experimental results. Nbg éxistence of at least three ways to solve
the problem.

"

8/17. A 90-kg man stands at the end of a diving boardaarbes a vertical oscillation which is observeblae a period of 0.6 s. :
What is the static deflecticis;  at the end of thartd® Neglect the mass of the board.
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8/18.

8/19.

8/20.

8/21.

8/22.

With the assumption of no slipping, determine treessm of the block which must be placed on the top ef@kkg cart in order
that the system period be 0.75 s. What is the mimrooefficient of static frictiot; for which thedak will not slip relative
to the cart if the cart is displaced 50 mm fromeheilibrium position and released?

Calculate the natural frequen;;  of the system shiovihe figure. The mass and friction of the pydlare negligible. S

An energy-absorbing car bumper with its springgally undeformed has an equivalent spring const&3000 Ib/in. If the
2500-Ib car approaches a massive wall with a spéBdni/hr, determined) the velocityv of the car as a function of time
during contact with the wall, whef =0 is the begimnof the impact, and) the maximum deflectioXmax of the bumper.

A small particle of massiis attached to two highly tensioned wires as shdatermine the system natural frequei' ¢ fo[:
small vertical oscillations if the tensidnin both wires is assumed to be constant. Is thrilzdion of the small static deflectiorr
of the particle necessary?

O

The large cement bucket suspended from the craam ejyastic cable has a mass of 4000 kg. Whenutieebis disturbed, a
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vertical oscillation of period 0.5 s is observechdWis the static deflection of the bucket? Neiglee mass of the cable and
assume that the crane is rigid for the inboard stggsition shown.

8/23.  The cylindrical buoy floats in salt water (density ) and has a mass of 800 kg with a low center ofsrtag&eep it

stable in the upright position. Determine the frexgey of vertical oscillation of the buoy. Assurhattthe water level
remains undisturbed adjacent to the buoy.

8/24. The cylinder of masmis given a vertical displacement  from its equilim position and released. Write the differential
equation for the vertical vibration of the cylinderd find the period of its motion. Neglect the friction and mass d fhulley.

8/25.  Shown in the figure is a model of a one-story hngd The bar of mas® is supported by two light elastic upright columns
whose upper and lower ends are fixed against aotafior each column, if a foréeand corresponding momekitwere appliet
as shown in the right-hand part of the figure,dbélection would be given by , Whereis the effective

column lengthE is Young's modulus, arlds the area moment of inertia of the column ceesgion with respect to its neutral
axis. Determine the natural frequency of horizonslillation of the bar when the columns bend aswvshin the figure.
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8/26. Derive the differential equation of motion for thgstem shown in terms of the variable . The maskefinkage is
negligible. State the natural frequency in radrdiie case and . Assume small oscillations
throughout.

8/27. A 3-kg piece of putty is dropped 2 m onto the all§i stationary 28-kg block, which is supportedfoyr springs, each of which
has a constant . Determine the displacemesta function of time during the resulting viboati wherex is
measured from the initial position of the blockshswn.

Introductory Problems —Damped, Free Vibrations

8/28. Determine the value of the damping ratifor the simple spring-mass-dashpot system shown.

8/29. Determine the value of the viscous damping coefiitc for which the system shown is critically damped.
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8/30. The 8-lb body of ProtB/28is released from rest a distance  to the riglthefequilibrium position. Determine the
displacemenk as a function of timg where is the time of release.

8/31. The addition of damping to an undamped spring-regstem causes its period to increase by 25 perbetgrmine the
damping ratio .

8/32.  Alinear harmonic oscillator having a mass of lk#ds set into motion with viscous damping. If frequency is 10 Hz and if
two successive amplitudes a full cycle apart arasueed to be 4.65 mm and 4.30 mm as shown, cortigitéscous damping
coefficientc.

8/33. Determine the value of the viscous damping coefiitc for which the system shown is critically damped.

8/34. The 2.5-kg spring-supported cylinder is set ineefrertical vibration and is observed to have &gesf 0.75 s in parta) of
the figure. The system is then completely immersegh oil bath in parth) of the figure, and the cylinder is displaced fritsn
equilibrium position and released. Viscous dampngues, and the ratio of two successive positisplaiiement amplitudes is
4. Calculate the viscous damping ratjdhe viscous damping constaniand the equivalent spring constant
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Representative Problems —Damped, Free Vibrations

8/35. The figure represents the measured displacemeetréfationship for a vibration with small dampingawve it is impractical to
achieve accurate results by measuring the neadgl egmplitudes of two successive cycles. ModifyeRpression for the
viscous damping factorbased on the measured amplitudes  and whicN ayeles apart.

8/36. For the damped spring-mass system shown, detetirénéscous damping coefficient for which criticelmping will occur.

8/37. A damped spring-mass system is released fromnast & positive initial displacement . If the suatieg maximum positive
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displacement is , determine the damping ratid the system.

8/38. If the amplitude of the eighth cycle of a lineacitlator with viscous damping is sixteen times #meplitude of the twentieth
cycle, calculate the damping ratio

8/39.  Further design refinement for the weighing platfahirob.8/14is shown here where two viscous dampers are tmted to
limit the ratio of successive positive amplitudésertical vibration in the unloaded condition toRletermine the necessary
viscous damping coefficiemtfor each of the dampers.

8/40. The 2-kg mass is released from rest at a distande the right of the equilibrium position. Determitie displacementas a
function of time.

8/41. Click here to see an animation of a similar peofl

The system shown is released from rest from aiaimbsition . Determine the overshoot displacementAssume
translational motion in the-direction.
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8/42. The mass of a given critically damped system isastd at time from the position with a negatnitiail velocity.
Determine the critical value of the initial velgcbelow which the mass will pass through the elgriilm position.
8/43. ) R -
Click here to see an animation of a similar peatol
The mass of the system shown is released fronatest when . Determine the displacemesat if
@ and b)

8/44. The owner of a 3400-lb pickup truck tests the actibhis rear-wheel shock absorbers by applyingady 100-Ib force to the
rear bumper and measuring a static deflectioniof Bpon sudden release of the force, the bumpesrand then falls to a
maximum of below the unloaded equilibrium positafrthe bumper on the first rebound. Treat theoacéis a one-
dimensional problem with an equivalent mass of traftruck mass. Find the viscous damping facfor the rear end and the
viscous damping coefficiemtfor each shock absorber assuming its action teebtical.

8/45.  Derive the differential equation of motion for thgstem shown in its equilibrium position. Negldw tmass of linlAB and
assume small oscillations.

8/46. Develop the equation of motion in terms of the ablex for the system shown. Determine an expressioth®vdamping ratio

in terms of the given system properties. Negleetrhass of the crarkB and assume small oscillations about the equilibriu
position shown.
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