1 Lagrange equations - Example 2

A double pendulum is considered in Fig. 1.1. The bars 1 and 2 are homogen-
uos and have the lengths OA = AB = L and the masses m; = mg = m. At
O and A there are pin joints. The mass centers of links 1 and 2 are C and
Cs.

Find the Lagrange equations of motion if the initial conditions are known.

Link 1 can be rotated at O in a “fixed” cartesian reference frame of
unit vectors [1, J, k] about an axis k. To characterize the instantaneous
configuration of the system, two generalized coordinates ¢;(¢) and ¢o(t) are
employed. The generalized coordinates are quantities associated with the
position of the system. The first generalized coordinate ¢; denotes the radian
measure of the angle between the link 1 and the “fixed” cartesian reference
frame. The last generalized coordinate ¢, designates also a radian measure
of rotation angle between link 1 and link 2.

Kinematic analysis
The position vector of the mass center of link 1 is

rci1 =0.5L singi1+0.5L cosq ], (1)
the position vector of the mass center of link 2 is
roo = (L sing; + 0.5 L sings) 1+ (L cosqy + 0.5 L cos ) 1. (2)

The velocity of (Y is

dr ) . o
Vol = dil =1rc1 =05L¢ cosqu1—0.5L¢ sing ], (3)

and the velocity of Cj is

d Irco

dt
(Lgy cosqr +0.5L¢Gy cosge) 1— (L ¢ singg +0.5L ¢y sings) 3. (4)

Ve = =Tco2 =

Kinetic energy
The kinetic energy of the link 1 which is in rotational motion is
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where Ij is the mass moment of inertia about the center of rotation O, Ip =
mL?/3.
The kinetic energy of the bar 2 is due to the translation and rotation and
can be expressed as

1

T, = B CQQ% + §m2vé27 (6)

where Io9 is the mass moment of inertia about the center of mass Cs, Igo =
mL?/12, and
2 2.0, 1 9. 2. .
Vg = Vo2 Ve = L q1+ZL @5 + L” 1 g2 cos(qa — q1). (7)
Equation (6) becomes

1 mL? 1 . 1. ..
=5 q§+§mL2 [Q%+ZQS+Q1 Go COS(QQ_Ql)}- (8)

The total kinetic energy of the system is

L2
T=Ty+T="

[4(}% + 361 G2 cos(ga — q1) + q%} ) (9)

The left hand sides of Lagrange equations are

or  mL?> . .

94, =75 [8¢1 + 3¢ cos(q2 — q1)]

d (0T mL? . . .

r (6—q1> =~ [841 + 3Gz cos(g2 — 1) = 362 (2 — &) sin(gz — an)]
or _mlL, .. i )_mLz.. in )

e =76 q1 g2 SIM{q2 — q1) = 5 g1 g2 SIM\gz — q1);

oT mL? )

0—(1'2 =75 31 cos(q2 — q1) + 24],

d (0T mL? .. L .
7 (8_q2> =5 3¢ cos(qz — q1) — 31 (G2 — 41) sin(g2 — q1) + 24o] ,
oT mL? mL? . . .

o = 341 ¢ sm(q2 - Q1) = - q1 92 Sln(Qz - Q1)- (10)
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External forces analysis
The gravity forces on links 1 and 2 at the mass centers C; and Cy

Foi1 = Foo = mgy. (11)

Generalized forces
There are two generalized forces. The generalized force associated to ¢; is

Or or
Qi =Fci 5t +Fop 2 =
oq oq
mgy-(0.5L cosqr1—0.5Lsing)) +mgy- (L cosqi1— L sing, )
= —1.5mgL sin q. (12)

The generalized force associated to ¢o is

arm arcg
— F - Fo - =
@2 c1 20 c2 20
mg)-0+mgj-(0.5L cosga1— 0.5 L sings])
= —0.5mgL sin g,. (13)

The two Lagrange equations are

d (ory _or _,
dt\o¢ ) o

1.333m LG, + 0.5mL%Gy cos(qa — q1) — 0.5m L33 sin(qy — q1)
+1.5mgLsing; = 0;

afory or_,
dt \ 0¢, O 7

0.5mL%§y cos(qa — q1) + 0.333mL3Gy + 0.5mL*¢: sin(qs — 1)
+0.5mgL sin gy = 0. (14)
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