1 Lagrange equations - Example 1

The planar mechanical system considered is shown in Fig. 1.1. has a slider
1 of mass m and a pendulum 2 with the mass M concentrated at B. The
length of AB is L and the elastic constant of the spring R is k. The spring
deflect only horizontally.

Given the initial conditions find the equations of motion using Lagrange
method.

The generalized coordinates for this two degree of freedom system are the
displacement of the slider ¢;(¢) and the rotation of the pendulum g¢y(%)

Position analysis
A cartesian reference frame xOyz with the versors [1, j, k] is selected, Fig. 1.1.
The position vector of mass 1 is

ry=ra=q(t)L (1)
The position vector of mass 2 is
ro =rp = [q1(t) + Lsinga(t)]1+ Lcosqa(t)). (2)

Velocity analysis
The velocity of the slider 1 is

dr : :

VA:d—tA:I'A:(Jlla (3)

and the velocity of the particle at B is

dI‘B . . . .o
V= =tp= (g1 + Lga cos q2) 1 — Lo sin qa). (4)
Kinetic energy
The kinetic energy of the slider 1 is
1 1

T, = — V4 = —mg? 5
1 2mVA vVa 2mq1 ) (5)

and the the kinetic energy of the mass 2 is

1 1 ) .. .
T, = §MVB VB = §M (Q12 + 2Lq1G2 cos g2 + L2Q22) . (6)



The total kinetic energy is
T =1+ 1Ts. (7)

External forces analysis
The forces that act on 1 at A are the spring force and the gravity force
Fa=—kq1+mgy, (8)

where g=9.81 m/s? is the gravity acceleration. The gravity force acts on
mass 2 at B
Fp = Mg). (9)
Generalized forces
There are two generalized forces. The generalized force associated to ¢; is

aI'A 8rB
—F, —2 1 F,. -2 =
Q1 =Fa o +Fp 9
(=kqi1+mgy) -1+ Mgy 1= —kq. (10)
The generalized force associated to ¢ is
81',4 81‘3
—F, 224 F,. =2 =
Q2 =Fa 90, +Fp 9
(—kg114+mg))- 0+ Mgy)-(Lcosga1— Lsingy)) =
—MgLsings. (11)

Lagrange equations
The two Lagrange equations are

da(ory_or _
dt \ Oq oq "
d (0T oT
— =)= =0.,. 12
dt <8q2> (9q2 Q2 ( )
One can calculate for ¢

oT

—— = (m + M)q1 + LMda cos gz,

dqi

d (0T . . Lo .

T (8—ql> = (m+ M)Gi + LM cos g2 — LM g>” sin g,

T



For the generalized coordinate ¢y the left hand side of Lagrange equation is

oT . -
S = LM (G cos gz + Lgs)
q2
d (0T
- (8—q2> = LM (¢i cos gz — Gigosin ga + L) ,
orT CL
8—(]2 = —LMgiqg>sin go. (14)

The equations of motion are

(m+ M)y + LM, cos g — LMgy?sings = —kqy,
LM (¢ cos qa — G1G2 singa + Lga) + LM q1Gasin go = —M gL sin g2{15)

or

(m+ M)dy + LM cos go — LM ga” sin go + kqy = 0,
LM i cos g + M L*Gy, + MgLsing, = 0. (16)

For small oscillations of the pendulum sings ~ ¢ and cos ¢y ~ 1, the equa-
tions of motion are

(m + M)G + LMdy, — LMda*qo + kg1 = 0,
LM, + ML*G + MgLgy, = 0. (17)
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(* Lagrange equations -

O f[ General ::spell1];

O f[ General ::spell];

rA={ql[t], O, O0};

rB={ql[t] +L*Sin[qg2[t]],
L*Cos[q2[t]], O};

VA=D[rAt];

vB=D[rB, t];

T1l=m VA VA 2,

T2=M vB. vB/ 2;

T=T1+T2;

(*External forces*)

FA={-k ql[t], mg, O};

FB={0, M g, 0} ;

(*CGeneralized forces*)

Exanple 1

QL=FA. D[rA ql[t]]+FB.D[rB, q1[t]];
Q@=FA.D[rA g2[t]]+FB.OrB,g2[t]];

(*Lagrange' s Equati ons*)
eql=D[D[T,ql" [t],t]]-DI T, qlft
eq2=D[D[T,q2" [t],t]]-DI T q2[t

(*Smal | oscil ations*)

rule={Sin[g2[t]]->q2[t],

Cos[q2[t]]->1};
(*i nput data*)

rulel={m>1. , M>1.,L->1.,

k->1.,g->10.};

equati onl=eql/.rule/.rul el;
equati on2=eq2/.rul e/ .rul el;

sol =NDSol ve[

{equati onl==0, equati on2==0,

gl[0]==.1,q92[0] ==. 1,

ql' [0] ==0., q2' [ 0] ==0. },

{al,02},{t,0.,1.}];

Pl ot [ Eval uate[ ql[t]]/. sol,
{t,0.,1.}, PlotRange->All,

O AxeslLabel ->{"t[s]",

"ql[nm "}];

Pl ot [ Eval uate[g2[t]]/. sol,
{t,0.,1.}, PlotRange->All,

O AxeslLabel ->{"t[s]",

"q2[0] "}]

1]-A
11-Q2;

*)



