1 OPEN KINEMATIC CHAINS

In this chapter Kane’s approach is used to formulate the equations of motion
for open kinematic chains. A detailed dynamic analysis of a three DOF open
kinematic chain is presented [Kane and Levinson].

1.1 Kinematics of open kinematic chains

Figure 1.1(a) is a schematic representation of an open kinematic chain (robot
arm) consisting of three elements 1, 2, and 3. The last link 3 holds rigidly
a rigid body RB. Body 1 can be rotated at A in a “fixed” reference frame
(0) of unit vectors [1g, Jo, ko] about a vertical axis 1g. The unit vector 14 is
fixed in 1. At the pin joint B the link 1 is connected to lik 2. The element
2 rotates relative to 1 about a horizontal axis fixed in both 1 and 2, passing
through B, and perpendicular to the axis of 1. The last link 3 is connected to
2 by means of a slider joint. The mass centers of links 1, 2, and 3 are C}, C5,
and (3, respectively. The distances L; = AC;, Ly = BC5, and Lg = AB are
indicated in Fig. 1.1(a). The reference frame (1) of unit vectors [11, J;, ki] is
attached to link 1, and the reference frame (2) of unit vectors [12, Jo, ko] is
attached to link 2, as shown in Fig. 1.1.

Let

Pz =TYC3Ck " 12, Py =TC3CR " J2y Pz = Y0305 k27

where re,co, is the position vector from C5 to Cgr, where Cp is the mass
center of RB.

To characterize the instantaneous configuration of the arm, generalized co-
ordinates q1(t), q2(t), q3(t) are employed. The generalized coordinates are
quantities associated with the position of the system. The first generalized
coordinate q; denotes the radian measure of the angle between the axes of 1
and 2 (s; = singy, ¢; = cosqy), and gq is the distance from Cy to C3. The
last generalized coordinate g3, (s3 = sings, c3 = cosgqs), designates also a
radian measure of rotation angle between 1 and 0.

As important as generalized coordinates are generalized speeds, these be-
ing quantities associated with the motion of a system. The generalized speeds
ui(t), ..., un(t), where n is the number of generalized coordinates can be in-
troduced as .

U =Y Arsgs +Br, 7=1,..,n, (1.1)
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where A,s and B, are functions of ¢, ...,q,, and the time ¢; A,; and B,
(r,s = 1,...,n) are chosen such that Eq.(1.1) can be solved uniquely for
qi---,qn. The generalized speeds uyq,...,u, serve as variables on an equal
footing with the generalized coordinates ¢y, ...,q,. Their introduction can
enable one to take advantage of special features of a given physical system
to bring equations of motion into a particularly simple form. Generally, this
is accomplished by taking u, to be an angular velocity measure number, a
velocity measure number, or simply ¢,.. Considering, for example, the robotic
arm, one can introduce uy, ug, uz as

U1 = Wi ' 11, U2 = W21 )9, U3 :(2) Vs - k2, (12)

where wjg is the angular velocity of 1 in the fixed reference frame (0), wg;
is the angular velocity of 2 with respect to reference frame (1), and v, is
the velocity of Cj in reference frame (2).

In the case of the three DOF robot arm, ¢35 = u, ¢ = u9, and ¢o = ug or

Uy =(q3, Uz = (i, U3 = (a. (1.3)

Equation (1.3) can be solved uniquely for ¢, go, gs.

1.1.1 Angular velocities

Next the angular velocity of 1, 2, and 3 will be expressed in the fixed reference
frame (0). One can express the angular velocity of 1 in (0) as

wip =¢g3h = U . (1.4)

The angular velocity of link 2 with respect to (1) is
w21 = q1)9, (1.5)
and the angular velocity of link 2 with respect to the fixed reference frame

(0) is
Wy = Wio + wWa1 = 311 + G1]s- (1.6)

The unit vector 13 can be expressed as Fig. 1.1(b)

19 =1 =C113 + S kg. (17)



The angular velocity of link 2 in (0) written in terms of the reference frame
(2) is

Woo = Uy(c11p + 81 Ka) 4+ Up Jg = Uy €1 1g + Uz Iy + Uy 51 kK, (1.8)

or
Wog = Z1 1o + Uz Jo + ZQ kQ, (19)
where Z7 = wic¢; and Zy = wu; s;. The quantities Z; are introduced to

minimize the writing. The link 3 and the rigid body RB have the same
rotational motion as link 2, i.e. w3y = wprg = wag.
1.1.2 Angular accelerations
The angular acceleration of 1 in (0) can be expressed as
19 = q;; 17 = ’CLl 17. (110)

The angular velocity of link 2 with respect to (0) is

d @9 . . . . .
Qo0 = W0 = 5o Wi = (d1c1 — urgisi)1g + Ua)y + (U181 + urgicr)ke
= (1c1 — urUps1)lp + tody + (U181 + uruzcs) Ko
= (Wcr + Z3)1z + gy + (U151 + Za)ko, (1.11)
29
where — represents the partial derivative with respect to time in reference

frame (2), (12,39, ko|, Z3 = —Zjus, and Zy = Zjus. The link 3 and the rigid
body RB have the same angular acceleration as link 2, i.e. argg = agp.

1.1.3 Linear velocities

The position vector of C, the mass center of link 1, is

ro, = Liky, (1.12)
and the velocity of C; in (0) is
d e
Ve, = %r(}l = er + wip X e,
oy k
=0 + | u 0 0= —ulLL]l = Z5J1, (113)
0 0 Iy
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where Zs = —uy L.
The position vector of Cy, the mass center of link 2, is

ro, = Lpki+ Loks = Lp(—s112 + c1ka) + Loko
= —Llelg + (L361 + L2)k2. (114)

The velocity of Cs in (0) is

d @9
Vo, = arcg = EFCQ + Wy X I,
1o J2 ko
= —L301U212 — LBcllLka + uiCy (75) U151

—Lgsy 0 Lpgc+ Lo
= Lously — (Lp + Loc1)ur)y = Lously + Zsuq),
= Zns + Zs)s, (1.15)

where Zﬁ = _(LB + LQCl), Z7 = LQUQ, and Zg = Z@Ul.
The position vector of Cs with respect to reference frame (0) is

ng - rCz + C]2k2
= _LBSIIQ + (LBCI + LQ + QQ)kQ, (116)

and the velocity of this mass center in (0) is

d @9
VCg - %rC:g - EFCS + Wop X ng
12 Ja ko
= —Lpciugly — (Lpciug +uz)ka + | wicy Usg U181

—Lpsy 0 Lpcr+ La+qo
= (L2 + @)ugly — (Lp + Laci + c1q2)u1)y + usks
= UyZgly + u1L10)y + usksy
= Zuly + Ziz) + usks, (1.17)

where Zg = Lg + q27ZIO = Zﬁ + Q2017Zn = u2Z97 and Zlg = Zloul. The
position vector of the mass center C'y of the rigid body RB is

re, = Tgoy+Tos0R
(py — Lpsi)1a + Dylo + (Lpcy + Lo + ¢ + p.)ko. (1.18)

4



The velocity of Cg in (0) is

d )
Vop, = %rCR = WI'CR + woo X Iy
12 Jo ko
= —Lpciugly — (LBC1UQ + U3)k2 + U1C1 Uo U181

Pz — Lpsy py Lpci+ Ly + g+ p:
= (u1Z13 + uaZ14)12 + w1 Z15)9 + (Z16u1 — uap, + us)ko
= Zinla + Z1g)y + Zioke, (1.19)

where Z13 = —s1py, Z14 = Zo+p., Zi5 = Zio+S1Px —C1Pz, L16 = C1Py, L17 =
U1 Z13 + U Zia, Zig = u1 215, and Zig = ZigU1 — UaPy + Us.

1.1.4 Linear accelerations

The acceleration of C is

d W
acg, = %Vcl = EVQ + wio X Ve

1 J1 ky
= —Llﬂlj—f‘ Uy 0 0

0 —L1u1 0
= —Liy, — Livik
= —Liu), + Zyok, (1.20)
where Zyy = —Liu? = uy Zs.
The linear acceleration of the mass center Cy is
d ok,
ac, = EV% = EV@ + woo X Vi,
(UgLo — ZyZg )y + (Zgtn + Losiuguy + Z2Z7)3y + (Z1 25 — uaZz) ko
= (/I:L2L2 + 222)12 + (Zﬁul + 223)J2 + Zz4k2, (121)
where Zgl = L281u2, ZQQ = —Zng, Zgg = Z21u1 + ZQZ7, and 224 = leg —
UQZ7.
The acceleration of (5 is
d ok
ac, = %ch = EV@ + Wy X Ve

= (fLQZg + 226)12 + (?:LlZlO + ZQ7)J2 + (U,3 + Zgg)kg, (122)
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where Zos = Zo1 —usci+qesiua, Zog = Uz — Ly Lo, Loy = Zasun + ZoZy1 —
Zyuz, and Zog = Z1 719 — uaZ1;.
The acceleration of Cy is

d @9 i .
Acp = EVCR = WVCR + wag X Vo, = (1213 + e Z1s + Zz2)1
+(t Z15 + Z33)Jo + (1 Z16 — Pali + U + Zsa)ko, (1.23)

where Zyg = —Z1gua, Zsg = Zos+us(c1pe+s1D2), Z31 = Z1gua, Zsg = Zaglii+
ug(us+2Z1g) — ZoZhs, Zsg = Zsour+ ZoZvr— Z1Zhg, and Zsy = Zsyuy+ 21 Z15—

UBYATS

1.2 Generalized inertia forces

To explain what the generalized inertia forces are, a system {S} formed by
v particles P, ..., P, and having masses my,...,m,, is considered. Suppose
that n generalized speeds u, have been introduced. Let vp, and ap, denote,
respectively, the velocity of P; and the acceleration of P; in a reference frame
(0).

Define Fj, ;, called the inertia force for P;, as
Finj = —m; ap].. (124)
The quantities FY, ..., F', defined as

v Ovp,
Fr=% auI:J cap, r=1,..n, (1.25)

J=1

are called generalized inertia forces for {S}.
The contribution to F;*, made by the particles of a rigid body RB belonging
to {S}, are

0 13,
(F)r= 8‘;0 - Fo + % T, 7=1,...,m, (1.26)

where v is the velocity of the center of gravity of RB in (0), and w =
Wyl + wy) + w.k is the angular velocity of RB in (0).
The inertia force for the rigid body RB is

Fin = —macg, (127)
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where m is the mass of RB, and a¢ is the acceleration of the mass center of
RB in the fixed reference frame. The inertia torque T, for RB is

Ty = —a- [ —wx- w, (1.28)

where o = w = a1+ o) + ok is the angular acceleration of RB in (0), and
I = (I + (1,3)) + (I.k)k is the central inertia dyadic of RB. The central
principal axes of RB are parallel to 1, j, k and the associated moments of
inertia have the values I, I, I., respectively. The inertia matrix associated
to I is

B [Ix 0 O -‘
I—10 I, O (1.29)
0 0 L]
The dot product of the vector o with the dyadic I is
a-I=1-a = a1+ ayl, 3+ a1k, (1.30)

and the cross product between a vector and a dyadic is

1 J k
wx ([ w=|w w w |=
wely wyl, w,I,

—wyw, (Iy — L)1 — wwy (I, — 1)) — wewy (L, — I)k. (1.31)

Referring to the three DOF robot arm, let my, mso, ms, mg be the masses of
1, 2, 3, RB, respectively. The links 1, 2, 3, and the rigid body RB have the
following mass distribution properties. The central principal axes of 1 are
parallel to 11, J;, k1, Fig. 1.1(a), and the associated moments of inertia have
the values A,, A,, A., respectively. The central inertia dyadic of 1 is

I = (Ag)y + (A, + (Aky k. (1.32)

The central principal axes of 2 and 3 are parallel to 19, J,, ko and the associ-
ated moments of inertia have values B,, B, B., and C,, Cy, C, respectively.
The central inertia dyadic of 2 is

I, = (Buta)tz + (ByJy))y + (B:ko ko, (1.33)
and the central inertia dyadic of 3 is

I3 = (Cato)1y + (Cy3a)3o + (Coka)ks, (1.34)
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The central inertia dyadic of the rigid body RB is

Ir = (Dilg+ Dig)y + Diska)ls + (Dagla + Dasjy + Dasks)ys +
(D3112 + D32y + D3azka)ka. (1.35)

To facilitate the writing of results, the following notation is introduced

k?l == By—BZ, ]{32 - BZ—BQH ]Cg - Bx—By, /{?4 - Oy—OZ, /{35 - OZ—O:L«, ]{36 -
Cy—Cy, kr = D33—Day, kg = D11— D33, kg = Dag— D1, kio = By+k1, ki
B, —ks, kig = Cy+ky, ki3 = C, — kg, kia = D11 — kr, k15 = D31+ D, kig =
D33 + ]{?9.

The inertia torque of 1 in (0) can be written as

Tin1 = —oug- [t — wip ¥ (jl cwio) = — Az = — Azt (1.36)
The inertia torque of 2 in (0) is
Tin2 = —aug - I — wag X (I - wa),
or
Tino = — (1 235 + Z3)12 — (W By + Z3s))y — (U1 Z39 + Zap) ks, (1.37)

where Zss = 1By, Zsg = Zskio, Zay = LaZy, Lsg = —Lsrka, Lzg = 518, Zyg =
Z4k:11.
Similarly the inertia torque of 3 in (0) is

Tins = — (121 + Za2)12 — (0Cy + Zaz)yy — (U1 Zas + Zu5)ka, (1.38)

where Zyg = Zsk11, Za1 = c1Cy, Zyg = Zskia, Zag = —Zsrks, Zyy = 51C,, Zss =
Z4]€13.
The inertia torque of RB in (0) is

Tinr = —(Zag+ UeD1o+ Zso)1a — (W1 Z51 + U Das + Zs2)Js
— (1 Zs3 + e D3y + Zsa) ko, (1.39)
where Zys = Z3, Zuz = u3, Zus = Z3, Zsg = Dricy + Disgs1, Zso = kiaZs +
ki5Z4— D19 Z374 Do3(Zaz — Zag), Zs1 = Dassi+Doaicr, Zsy = Da1(Zas— Zag) +

ks Zs7, Zss = Dsgs1+ Dsic1, Zsy = k1523 + k1624 + DagZsr + D12(Zas — Za7).
The inertia force for link j =1, 2, 3 is

Fin j = —my acj, (140)
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and the inertia force for the rigid body RB is
Fin R = —MRpacy. (141)
The contribution of link j = 1, 2, 3 to the generalized inertial force F is

8vcj 8(.0]'0

Fr); = Finj+ 22
( )] aur J+ auT

r

Ty, 7=1,2,3, (1.42)

and the contribution of the rigid body RB to the generalized inertial force
Eris
aVC 8(.020
F* - LA Fin - Tin . 143
(FY)r 9. Rt o R (1.43)

The three generalized inertia forces are computed with

R:

- 2
;-

dvg, dwo
-Fy, —— Ty,
iz < ou, it ou, J) *

1

aVCR awgo
Fypt =2 Typ r=1,2 3. 1.44

ou, R ou, Ry T ( )

1.3 Generalized active forces

To explain what these are, again the system {S} of v particles is consider
and let R; be the resultant of all contact and body forces acting on a generic
particle P; of {S}, and define F, as

0
F. = Z ( a‘;]? ' ) , r=1,..n, (1.45)

where F, is called the rth generalized active force for {S'}.

The task of constructing expressions for F, frequently is facilitated by the
following facts. Many forces that contribute to R; make no contributions to
F,. For example, if RB is a rigid body belonging to {S}, the total contribu-
tion to F, of all gravitational forces exerted by particles of RB on each other
is equal to zero. Furthermore, if a set of contact and/or body forces acting
on RB is equivalent to a couple of torque T together with force R applied



at a point () of RB, then (F})g, the contribution of this set of forces to F;,

is given by
Ow

0
(F)p= oo T+ 24

ou, ou,
where w is the angular velocity of RB in (0), and v, is the velocity of @) in
(0). In the case of the robot arm, there are two kinds of forces that contribute
to the generalized active forces Fy, F3, F3 namely, contact forces applied in
order to drive 1, 2, 3 and RB, and gravitational forces exerted on 1, 2, 3, and
RB by the Earth. Considering, first, the contact forces, Figure 1.1(a) the
set of such forces transmitted from 0 to 1 (through bearings and by means
of motor) is replaced with a couple of torque Tg; together with a force F
applied to 1 at A. Similarly, the set of contact forces transmitted from 1 to
2 is replaced with a couple of torque Ty together with a force 15 applied
to 2 at B. The law of action and reaction then guarantees that the set of
contact forces transmitted from 1 to 2 is equivalent to a couple of torque
—T15 together with the force —F5 applied to 1 and B. Next, the set of
contact forces exerted on 2 by 3 is replaced with a couple of torque Ts3
together with a force Fy3 applied to 3 at C5. The law of action and reaction
guarantees that the set of contact forces transmitted from 3 to 2 is equivalent
to a couple of torque — T3 together with the force —Fq3 applied to 2 and Cs,,
(C32 € link2) the point of instantaneously coinciding with C3, (C3 € link3).

The expressions Ty, Foi, T12, Fi2, T3, and Fo3 are

‘R, r=1,....n, (1.46)

Tor = Torat1 + To1ydy + Torki, For = Forelr + Forgdy + Forka,
Tio = Tiop1o + Ty + Tho.ko, Fio = Fiog1 + Fioy)y + Fia.ko,
Ta3 = Tosaly + Tozydo + TosKa, Faz = Fogply + Fhgy)y + Fhg ko, (1.47)

As for gravitational forces exerted on 1, 2, 3, and RB by the Earth, these
are denoted by G1, Ga, Gs, Gy, respectively, and can be expressed as

G, = —-mign,
Gy, = —magy =-—mag(cily+ s1ks),
Gz = —mggn =-—m3g(ci1a+ s1 ko),
GR = —mMRrgly = —ng(Cl 12 + S1 kg) (148)
The reason for replacing 1; with ¢q 15 + s1 ko in connection with G, Gz, and
G, is that they are soon to be dot-multiplied with aVCQ, Ovey , and Iver
ou, = Ou, ou,
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which have been expressed in terms of 15, J5, ko.
One can express (F,);, the contribution to the generalized active force F, of
all forces and torques acting on particles of body 1, as

aVC1 aVB

ou, G ou,

- (=Fy2), m=1,2,3. (1.49)
The contribution to the generalized active force of all forces and torques
acting on link 2 is

aCUQO aVB aVCQ

(F)y = o, - (T12—Tas) + o, -Fia + ou. -Gg +
% (=Fy3), 7=1,2,3. (1.50)

The contribution to the generalized active force of all forces and torques
acting on link 3 is
awgo (9v03 8v03

(Fr)s = ou. - Ta3 + E : ou,

Foy, 7=1,2,3. (1.51)

The contribution to the generalized active force of all forces and torques
acting on rigid body RB is
- 8VCR

(E)r=—5"" Gr, r=123 (1.52)

The generalized active force of all forces and torques acting on 1, 2, 3, and
RB are

F.=(F )1+ (F)2+ (F)s+ (Fr, 7=1,2,3, (1.53)
or
Fy =T,
Fy =Thoy — g [(maLa + mgZy + myZ14) ¢1 — Mppasi),
Py = Fys, — g (ms +mg) s1. (1.54)

To arrive at the dynamical equations governing the robot arm, all that re-
mains to be done is to substitute into Kane’s dynamical equations, namely,

Fr+F. =0 r=1,23 (1.55)
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or

X1ty + Xyoug + X3tz = Y7,
Xo1ty + Xogtig + Xogtiz = Yo,
X311 + Xsotg + Xsztiz = Y3, (1.56)

where

X = —[Ap +c1(Zss + Zay + Zag) + 51(Z39 + Zaa + Zsz) +
miLi +maZg +msZio+me(Ziy + Zis + Zi)),

Xio = Xo1 = —[Zs1 + mp(Z13214 — Z16P2))

Xi3 = X31 = —mpZis,

Y1 = c1(Z36 + Zaz + Zso) + 51(Zao + Zas + Zsa) + maZsZoz +
msZ10Zar + Mr(Z13230 + Z15Z33 + Z16234) — Tota,

Xop = —[By + Cy + Do + maL + maZs + mp(Zi, + p3));
Xo3 = X3g = MRPq,

Yy = Zsg + Zyg + Zsy + maLloZoy + m3ZyZog + mp(Z14Z32 —
PaZ34) — Thoy + g[maLe + m3Zy + mpZis)c1 — MpPLsi),

X33 = —(m3 +mg),

Y5 = m3Zog + mpZsy — Fos. + g(ms + mp)ss.

1.4 Numerical simulation

The robot arm is characterized by the following geometry [Kane and Levin-
son|: L1=0.3 m, Ly=0.5 m, Lp=1.1 m, p,=0.2 m, p,=0.4 m, p,=0.6 m,
A,=11 kg m? B,=7 kg m? B,=6 kg m? B,=2 kg m* C,=5 kg m?
Cy:4 kg m2, szl kg m2, D11:2 kg mQ, D22:2.5 kg m2, D33:1.3 kg m2,
D12 = D21:0.6 kg Hl2, D13 = D31:—1.1 kg mz, D32 = D23:075 kg le. The
masses of the rigid bodies are m;=87 kg, my=63 kg, m3=42 kg, mp=>50 kg,
and the gravitational acceleration is g=9.81 m/s?.

The initial conditions, at t=0 s, are ¢;(0) = 7/6 rad, ¢(0) = 0.1 m,
q3(0) = 7/18 rad, and ¢1(0) = ¢2(0) = ¢3(0) = 0.

The robot arm can be brought from an initial state of rest in reference frame
(0) to a final state of rest in (0) such that ¢, g2, and g3 have specified values
Qi7, G2, and gsz, respectively, by using the following feedback control laws

Toie = —PBogs — 701(613 - C]3f),
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Tiay = —li2gi — M12(q1 — qug) + g[(meLs + mgZy +
MprZ14)C1 — MRP251],

Fos, = —PBasdo — V23(q2 — qay) + g(mg + mp)ss.

The constant gains are [y =464 N m s/rad, v0;=306 N m/rad, $2=216 N
m s/rad, 712=285 N m/rad, $23=169 N s/m, v93=56 N/m, and the specified
values for the generalized coordinates are ¢;y = 7/3 rad, ¢y = 0.4 m, and
g3y = 7m/18 rad. Fig. 1.2 represents the values of ¢;, ¢, and ¢3 from ¢t =0
to t = 30 s and the Mathematica™ program is given in Appendix 9.

1.5 Kinetic energy
The total kinetic energy of the robot arm in (0) is
3
T=> T, +Tx. (1.57)
i=1

The kinetic energy of link 7, + = 1,2, 3, is

1 1 _
T, = 5Mave, - Ve, + Wi (L - wip). (1.58)
The kinetic energy of rigid body RB is
1 _
TR = §mRVR VR + 50}20 . ([R . WQ()). (159)

The generalized inertia forces can be computed also with the formula

d (0T or
"oodt (8@) dq,’ r=123 (1.60)
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