The relationship between the Poisson pmf and the Exponential  density

                              (  = Rate of Occurrence

                                                                                       Time = T

                   0                                                             t

                  0 = Last Poisson Event

Let X(t) = No. of Poisson events occurring within the interval (0, t)

Let T represent the time of the next occurrence form the last.
Then the two events {X(t) = 0} and {T > t} are equivalent.

Thus,  ( = (t                 Pr {X(t) = 0} = 
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As an example, consider the modified Exercise 59 on page 162 of Devore’s 7th edition, where I am changing the arrival rate ( = 1 customer per minute to 1.8 customers per minute. The  pdf of interarrivals is given by f(t) = 1.80e(1.80t , and hence the cdf is given by F(x; 1.80) = 1(e(1.80t.

     (a, b) ( = 1/( = 0.55555 hours. ( = 0.55555 ( 
            CVX =  100%.

     (c)   P(X< 4 min) = 1(e(1.80(4 = 1(e(7.20 = 1( 0.0007466 

                 =  0.9992534 = Pr {X(t) ≥ 1} 
     (d) P(2 <X< 5) = (1(e(1.80(5)( (1(e(1.80(2) = 
         e(1.80(2(e(1.80(5= 0.027324 (0.0001234 = 0.02720.
The above Pr can also be computed as Pr(no arrivals up to 2 minutes, and then 1 arrival in the next 3 minutes), i.e., as e(2((1( e(3().
Compute the Pr that the number of arrivals in the interval [0.50, 2.5] exceeds 5 customers. (t = 1.8(2 = 3.60

Pr{X(2) > 5} = 1(FX(5;3.60) = 1(
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                     =0.155881466

What is the Pr that exactly 4 customers arrive in the next 3 minutes since the last arrival?   (t = 1.8(3 = 5.4

Pr{X(3) = 4} = 
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= 0.16002.

The relationship Between Exponential and the Gamma 
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Note that X1 is the time to the 1st failure (or any other Poisson 
event such as an arrival) measured from zero; X2 is the intervening time between the first and 2nd failures; X3 is the intervening time between the 2nd and 3rd failures; X4 is the intervening time between the 3rd and 4th failures, etc.  The occurrence rate, (, has to be the same for all intervening times Xi (i = 1, 2, 3, 4, 5,…).

T = T1 = X1 = Time to the 1st failure

T2 = X1 + X2 = Total Time to the 2nd failure measured from zero, which has a gamma pdf at the rate ( and the Erlang parameter n = 2.  T3 = X1 + X2 + X3 = Total Time to the 3rd failure measured from zero, which has a gamma pdf at the same rate ( of each exponential and the Erlang parameter n = 3 whose pdf is given by 

f(t; n=3, () = 
[image: image4.wmf]31t

(t)e

(3)

--l

l

l

G

 = 
[image: image5.wmf]2t

(t)e

2!

-l

l

l

,   where 

 X1, X2 , and  X3 are independently, identically and exponentially distributed.

T4 = X1 + X2 + X3 + X4 = System Time to the 4th failure measured from zero, which has a gamma pdf at the same rate (  as each exponential and the Erlang parameter n = 4 and whose pdf is given by


f(t; n=4, () = 
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,  etc.
Now , consider an aircraft that is being guided by 3 computers, 
where all 3 have a failure rate of 0.0004/hour.  Compute the reliability of the system for a 10-hour flight.

T3 = Time to the 3rd failure.  R(10 hours) = Pr{ at most 2 failures during 10 hours} = Pr{X(10)( 2 failures)} = FX(2; (t = 0.004) =
0.999999989365282 ( one chance in 108. 

Note that time to the n = 3rd failure has a gamma pdf with density

f(t; n =3, ( = 0.0004/hour) = 
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, and thus (letting x= (t)

Pr{T3 > 10 hours} = 
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= (0.0042e(0.004)/2 
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= (0.0042) e(0.004 /2 + (0.004e(0.004) + e(0.004 = 0.999999989365282.
In the Exercise 59 on p. 162 of Devore,  suppose we wish to compute the Pr of 4th arrival less than 3 minutes since the last arrival.  n = 4, (t = 1.80*3 = 5.40
Pr{T4  < 3 minutes} = Pr{X(3) ≥ 4 arrivals} = 1(F(3;5.40) = 1( 0.213291018434 = 0.78671.

What is the Pr that the time to the 5th arrival exceed 4 minutes?

n = 5, (t = 7.2 ( Pr{T5 > 4 minutes} = Pr{X(4) ( 4 arrivals} = F(4;7.20) = 0.15552.

Compute the Pr that there will be exactly 6 arrivals in the interval (8:30 AM – 8:35 AM). ( n= 6, (t =5(1.80 = 9 (
 Pr{X(5) = 6 arrivals} = 
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