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Reference: Chapter 14 of Montgomery (7e) Maghsoodloo

The 2-Stage Nested Designs

So far emphasis has been placed on factorial experiments where all factors are crossed
(i.e., it is possible to study the same FLCs of all factors in a completely randomized order). In
such experiments, all interactions of any order amongst factors can be studied. However,
there are true-life experiments where the levels of a factor, say B, cannot be crossed with
levels of another factor, say A, but the levels of B are nested under those of factor A. For the
sake of illustration, consider the Example 14.1 on pp. 545-550 of Montgomery, where a
company buys raw material in batches (factor B) from 3 different suppliers (factor A). To
understand this concept better, | have reproduced Montgomery’s Table 14.3 at the bottom of
page 545, as shown below, where B nested under A is a random factor, i.e., each of the 4

batches were selected at random from the 3 suppliers’ lots.

Table (14.3) on p. 545 of Montgomery’s 7" Ed. (yij = Purity — 93 %)

Factor A Supplier 1 Supplier 2 Supplier 3
Batches B(A) 1 2 3 4 5 6 7 8 9 10 11 12
1 -2 -2 1 1 0 -1 0 2 -2 1 3
-1 -3 0 4 2 4 0 3 4 0 -1 2
o 4 1 O 302 -2 2 |0 2 2 1
Yii. 0O 9 -1 5 -4 6 -3 5 |6 0 2 6
Yi. -5 4 14

Montgomery’s Table (14.3) clearly shows that Batches 1, 5, and 9 do not represent the same
levels of factor B because Batch 1 belongs to the Supplier 1 (A1), batch 5 belongs to A, and
batch 9 belongs to the supplier 3, i.e., there is absolutely no way to cross the levels of B with
those of A. In short, we say the levels of factor B are nested within (or under) the levels of A;
the nesting of B under A is statistically exhibited as B(A). The statistical model for the above 2-
stage nested design, with n = 3 responses per cell, is given by

Yijk = 1+ A+ Bj) + €ijk (18)

where A; = Wi — W, Bji) = W) —i. and €k = Yik — Kji)- Note that there is no interaction term in
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the above model (18) because A and B cannot be crossed. The notation By(1) = Hag1) — 1. Simply

means the effect of Batch 2 from supplier 1, which should not be estimated because batches

. . . . 2
were selected at random from suppliers’ lots. We will estimate the variance component GB(A)

after the ANOVA is presented. If factor A in Eq. (18) is fixed, then it is constrained to

ANg
>
I

o

The USS is computed in the usual manner as USS = 153 (with 36 df) and the CF = 13%/36 =
4.694444. Thus, SSt= 148.30555 (with 35 df). The SS(A) is also computed in the usual manner
as SS(A) = SS(Suppliers) = [(— 5)* + 4% + 14° ]/12 — CF = 15.05555. However, SS(Batches) cannot be
computed in the usual manner because of nesting; thus, we proceed as follows:

SS(B(A1)) = [0° + (= 9)* + (- 1)* + 5°]/3 — (— 5)* /12 =33.58333,
SS(B(A2)) = [(— 4)° + (6)> + (— 3)° + 5°]/3 — (4)°/12=27.33333,
and similarly SS(B(As)) = 9.0, each with 3 df. Hence, SSg(a)= 33.58333 +27.333339.00 =

69.91666 (with 9 df). In order to determine the denominators of the F statistics in the ANOVA
table, we must develop the EMS column for this 2-stage nested design, which is shown in Table

24,

Table 24. (F = Fixed factor, R = Random Factor)

Model F R R
Terms 3 4 3 EMS
i j k
. iar. 2
A; (Supplier;) 0 4 3 12D, + 30-B(A) + Gé
B (Batch)) 1 1 3 3o§(A) + GZ
€ (ij)k 1 1 1 O.i

The above EMS column in Table 24 clearly indicates that factor A must be tested against MSg(a),
i.e., the so-called error term for factor A is B(A), but the denominator of the F statistic for

factor B(A) must be MS(Error), which has 2 x12 = 24 df. The proper ANOVA table is shown
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atop page 546 of Montgomery in his Table 14.4.

In order to point-estimate the variance component G;A) , we make use of the EMS
column of the above Table 24, replacing parameters with their unbiased moment estimators,

: ) A2 ) :
i.e., MSg(a) = 3GB(A) + G — Opu =(7.76852 -2.63889)/3 = 1.710. Because factor Ais

fixed, then its effect point estimates are Al =¥, -y =(-5/12)-13/36 = -0.77777, Az =

3
Yo -V =(4/12)-13/36=-0.027777, A3=y3_ -y =0.80555 and Y A;=0,as
i=1

3 4 3 3
expected. Note that SS(A) = Z Z Z Aiz =12 ZAl2 = 15.055555, which is consistent to 2
i=1 j=1k=1 i=1

decimals with Montgomery’s ANOVA Table atop page 546.
Montgomery discusses residuals from a 2-factor nested experiment of model (18) on
his pages 547-548. By definition a residual is the difference between the actual observed value

of y obtained from the experiment and the corresponding fitted value from the pertinent

model, which in this case is given by Jjjx =1 + A;+B ) +€(jj)k - Because the best

j
predictor of €« is zero, the model predictor for y;j reduces to g’ijk =0 + Ai + Bj(i) =Y.t
(Vi. =Y. )+ (¥j@). = ¥i.) =¥i). = €k =Yik— Yijk = Vik = Yj(i) - For the Example 14.1 of

Montgomery on p. 545, €315 = Y312 — ?1(3); 4 —(6/3) = 2, which matches the value in the 26t

row of Montgomery’s Table at the bottom of his page 548.
For a 3-stage nested design, study pp. 551-553 of Montgomery’s 7" edition, for which |
am providing the EMS column of problem 14.5 on page 573 of Montgomery, in the Table 25

2 3
atop the next page, where @g) = ZZ(uj(i) - p,i”)2 /4.
i=1 j=1

Exercise 40. Work problems 14.5 and 14.7 on page 573 of Montgomery.

Nesting can also occur in a factorial experiment, where two factors A and
B are crossed but factor Cis nested under either factor A or B. Your text provides a good

example of such an experiment in Example 14.2 on pp. 553-557, where factor F = Fixtures at
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Table 25. (The EMS for Problem 14.5 of Montgomery); C = C(B(A))

Model F F R R
Terms 2 3 2 2 EMS

i j k r
A: (Alloy) 0o 3 2 2 120, +202% +02
. 2
Bj) (Heats) 1 0 2 2 4Dgp +20% +07
Cyij) (Ingots) 1 1 1 2 202 +02
€ (ijk)r 1 1 1 1 o-z

3 fixed levels, L = Layouts at 2 fixed levels, but factor O = “Operators” at 4 random levels
nested under the levels of factor L. This implies that there were actually 8 operators in the
experiment who were selected at random; operators 1, 2, 3, and 4 with 3 df are nested within
Layout 1, and operators 5, 6, 7, and 8 with 3 df are nested under L,. Therefore, operators carry
3 +3 =6 df in the entire experiment, and n = 2 determinations of assembly time, yiy., were
made at each FLC. The EMS column is provided in Table 14.10 on page 554 of Montgomery,
where ti=F;(i=1,2,3),B; =L (j=1, 2),and yx =0y (k=1, 2, 3, 4) and is reproduced below in

my notation.

Table 14.10 on page 554 of Montgomery (Restricted Model)

Model F F R R
Terms 3 2 4 2 EMS df
i j k r
) 2 2
Fi 0 2 4 2 16® + 20,0 ) + 0% 2
L 3 0 4 2 249, + 60’%0_) +Gz 1
O RO R I TSVer- SO I
. 2 2
O 3 1 12 605 +0% 6
(FXO)ik(j) 0 1 1 2 20|2:xO(L)+0-2 12
€ ikr 1 1 11 o2 24
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Exercise 41. Work problems 14.13 and 14.14 on page 574 of Montgomery.

THE SPLIT-PLOT DESIGN

We have extensively discussed the randomized complete block designs in Chapter 4,
where complete randomization is carried out within a block. In some experiments, complete
randomization of all FLCs within a block is either too time consuming, too impractical, too
expensive, or a combination thereof. As a result, the experimenter has to carry out
randomization in 2 stages within a block (or replicate), where the levels of one factor are
randomized first (this factor is called the whole plot), and then the levels of a second factor
(called the split-plot) are next randomized within the randomly selected level of the whole
plot. Toillustrate, consider the split-plot experiment of problem 14.19 of Montgomery on his
pages 574-575, where oven temperature (A) is at 2 fixed levels (1500, 1600 °F) and heat
treatment time (factor B) is at 3 fixed levels 10, 20, and 30 minutes. On shift 1 (or block 1, or
replicate 1), a temperature is selected at random, say A, = 1600 °F, by a coin flip. This is the 1%
stage of randomization, where one of A; or A is selected at random. For the sake of
argument, let’s assume that the level A; is selected at random 1st, followed by A; on shift 1.
The factor of (most) interest is heat treatment time (B) at 3 fixed levels 10, 20, and 30 minutes.
At the 2™ stage, a time is selected at random from 10, 20, and 30 minutes. Note that there is
only one restriction on randomization, namely that the levels of A (the factor whose levels are
hardest to change) are randomized 1% followed by those of the split-plot B within the
randomly selected level of A. A randomized complete block design requires that the 6 FLCs of
A and B, [(1500, 10), (1500, 20), (1500, 30), (1600, 10), (1600, 20), (1600, 30)], be completely
randomized within a shift (or block, or replicate), but this is too impractical and too time-
consuming! Because once the oven is heated to the 1*' randomly—selected temperature 1600,
it will be more practical to insert 3 specimen of steel (Instead of one; the alternative of
inserting 12 specimen leads to Duplicate-Measurements) into the oven and randomly treat
one of the 3 specimen for 10 minutes, another randomly selected component at 20 minutes
and the last specimen for 30 minutes. However, the drawback of such a design is that one of

our main factors, namely oven temperature, is actually confounded with plots. That is, if
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conditions change from one oven temperature to another, such uncontrollable changes will
also show up as oven temperature effect. Further, there is one restriction on randomization
because at the 1st stage, randomization is restricted only to the levels of oven temperature.
This 2-stage randomization (with one restriction, or one split) is carried out each time for all 4
shifts (or replicates R) until all N = 4x2x3 = 24 observations are collected. The statistical model
for this experiment is provided below:

[The whole-plot] [The split-plot]

Yijk= L + [R, + Aj + (RXA)ij] + [Bk+ (RXB)ik + (AXB)jk + (RXAXB)ijk].

Note that the 1* bracketed term on the RHS of the above model represents the whole plot,
while the last bracketed term on the RHS presents the split plot.
Table 26 presents the EMS column for the above split-plot experiment.

The EMS column in Table 26 shows that the denominator of the F statistic for

Table 26. (r denotes repeat observation in each replicate)

Model R F F R
Terms 4 2 3 1 EMS df
i j k r
Ri 1 2 3 1 607 + 02 3
A; 4 0 3 | 1 | 120,+30%an+02 1| The Whole-
A AT e Plot
(RXA)ij 1 0 3 1 30 RxA +o-§ 3
Bx 4 2 0 1 8Dp + ZGZRxg +O'2 2
RxB); 1 2 0 1 2 2 6 .
(RxB)i 26"rxe +O0¢ The Split-
(AXB)jk 4 0 0 1 4(DA><B + GszAxg +GZ 2 PlOt
(RXAXB)ijk 1 0 0 1 GszAxB +o-2 6
€ (ijk)r 1 1 1 1 02 (not retrievable) 0

testing Ho: A; = 0 has only 3 df, but the test for B (the factor of most interest in the split) does
have 6 df in the denominator. For this reason and the fact that one factor is always

confounded with plots, it is generally best to place the factor of most interest and easy-to-
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change levels in the split if experimentally feasible. | coded the data of Problem 14.19 by
subtracting 50 and then used SAS to obtain the ANOVA Table. For the coded data, the USS =
11859, CF = 423%/24 = 7455.375, and the SSt = 4403.625. In response to the question during a
class (December 4, 2002), | must categorically state that in the above split-plot experiment of
problem 14.19 each specimen of steel was used only once (i.e., the measurement on each
specimen was not repeated), and therefore, a total of N = 24 specimens were used in the
entire 4 shifts. Since no repeat observations could be gathered from any of the 24 specimens,
the above split-plot experiment could not provide any degrees of freedom for the Pure Error
(or replication error) SS in the ANOVA Table. This is in quite contrast to the R&R Study of the
Example 13.2 on pages 512-515 of Montgomery’s 7" edition, where each operator gathered 2
observations at random order (i.e., not necessarily successively) from each of the same part
with the same gauge and hence each of the 60 = 3x20 cells provided exactly one df for the
SS(PE), and the Minitab ANOVA of Table 13.4 on page 514 of Montgomery confirms 60 degrees
of freedom for the pure experimental error sum of squares. Of course, the experimenter may
decide to insert 12 specimen of steel at the same time into the oven once a temperature level
is selected at random and randomly heat 4 of them for 10 minutes, 4 of them for 20 minutes,
and the last 4 for 30 minutes. However, this does not create true replication error because the
4 specimen are being heated at the same time (resulting in much less variability in the
response) and hence not a CRD (see the problem with Duplicate Measurements in Example 6.5
on p. 248 of Montgomery).

The SAS codes and the associated ANOVA Table for the Problem 14.19 on pp. 574-
575 of Montgomery are provided below.
SAS Codes:

data Prb14_19;

input R @;

doj=1to2;inputA @@; dok=1to 3;input B @@,;

input y @ @; output; end; end;

datalines;

1 15001013 20 43011 16001039 2041 30 12
2 150010 0 20 230 9 16001030 2022 30 19
3 150010 -2 20243021 16001023 2031 30 19
4 150010 4 20 -230 9 16001038 2042 30 14

7
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proc anova;
title ' '; title2' The split-plot Experiment of';
title3' Problem 14-19 on p. 556 of Montgomery’s 6th edition, data coded by 50';
classesR A B;
Modely = R|A|B;
testH=A E=R*A; test H=B E = R*B;
test H = A*B E =R*A*B; run;

Anova
Source DF SS Mean Square F Value Pr>F
R 3 145.45833333 48.48611111
A 1 2340.37500000 2340.37500000
R*A 3 240.45833333 80.15277778
B 2 159.25000000 79.62500000
R*B 6 478.41666667 79.73611111
A*B 2 795.25000000 397.62500000
R*A*B 6 244.41666667 40.73611111

Tests of Hypotheses using the Anova MS for R*A as an error term
Source DF SS Mean Square F Value Pr>F

A 1 2340.3750 2340.37500 29.20 0.0124
Tests of Hypotheses using the Anova MS for R*B as an error term

Source DF SS Mean Square F Value Pr>F

B 2 159.2500 79.62500000 1.00 0.4223

Tests of Hypotheses using the Anova MS for R*A*B as an error term
Source DF SS Mean Square F Value Pr>F

A*B 2 795.2500 397.62500 9.76 0.0130

Since the above SAS output shows that AxB is highly significant, then these two factors have to

be crossed in order to determine Xy bearing in mind that y = “Strength” is an LTB type QCH.
To better understand the differences between randomization order of a CR

factorial and split-plot experiment, | have provided, in Tables 27, one possible

run order (of both design types) for the replicate | of problem 14.19 of Montgomery.
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Exercise 42. Provide possible experimental run orders for the other 3 replicates of

problem 14.19 of Montgomery. (b) Study the OA below, which is unrelated to Problem

Tables 27
CRD Factorial Split-Plot Design
Tme—Lemp 1500 1600 Trma~—Leme 1500 1600
10 Min 2 3 10 6 3
20 5 1 20 4 1
30 4 6 30 Min 5 2

14.19, and determine which factor is the whole-plot and which is the split-plot.
RunOrder : 1 2 3 4 5 6 7 8 9 10 11 12
Replicate : I I I I o o I I I 1 I
LevelsofB: 2 41 3 2 3 4 1 1 3 2 4
LevelsofA:2 22 2 1 1 1 1 3 3 3 3

As Montgomery points out on page 560 of his 7" edition, the split-plot design has its
origin in agriculture, where as a specific example, 3 different types of crop (or seeds, namely
factor A) are randomly assigned to 3 large fields (or plots) at the 1* stage of randomization (or
1% restriction). Note that the levels of factor A (= Seed Type) are actually confounded with
plots (or fields) because differences in fields will also be part of differences in seed types (each
field containing only one seed type assigned at random). Thus, the three seed types are called
whole-plots because they are confounded with plots. However, the main objective of the
experiment is to ascertain if 4 types of fertilizers have a significant impact on crop yield. At the
2" stage of randomization, the three fields (or large plots) are equally subdivided (or split) into
4 subplots, where the 4 types of fertilizers (called split plots) are randomly assigned to the 4
subplots. It is essential to place the factor of the most interest (fertilizer) in the split-plot. Each
replicate of such an experiment will involve exactly 3 fields, and thus for 5 full replicates, we

must make use of 15 fields (or large plots of land).
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The Split-Split-Plot Design

These are experiments where there are 3 stages of randomization within the same
replicate but 2 restrictions on randomizations. As an example, consider the experiment
(described by C. R. Hicks and K. V. Turner, “Fundamental Concepts in the Design of
Experiments”, p. 300, Oxford Press, ISBN:0-19-512273-9) where the effects of factors L =
“Laboratory” at 3 fixed levels 1, 2, 3, T = “Temperature” at 3 fixed levels 145, 155, 165 (°C),
and M = “Mix types” at 3 fixed levels 1, 2, 3 on the cure rate, y, of rubber samples are being
studied. Material for the 3 Mixes are sent to one of the randomly selected labs (1*" restriction),
where an experiment is performed by selecting one of the 3 temperatures at random (2nd
restriction) and heating the oven to that temperature, and then placing the rubber of all 3
mixes into the oven and measuring the resulting cure rate of the 3 samples in the oven at the
randomly selected temperature. Clearly, the levels of L are randomized 1* so that Lab is the
whole plot; then levels of T are randomized within Lab; (i = 1, 2, 3) so that Temperature (T)
forms a split plot; finally, the 3 mixes (i.e., the 3 samples of each Mix) are randomly selected
within T;, forming what is called the spilt-split plot. A possible randomization order for the 1%

nine experiments are provided below.

RunNo.: 1 2 3 4 5 6 7 8 9
Replicate : | I [ [ I I I
L:3 3 3 3 3 3 3 3 3

T:2 2 2 3 3 3 1 1 1

M:a3 2 1 1 3 2 2 3 1

The resulting coded data (by subtracting 5) for all 3 replicates are provided in Table 28. Table 29
provides the EMS column for the above split-split plot design. The RxL interaction is called the
whole-plot error, the RxLxT and RxT interactions are referred to as the split-plot errors
(sometimes only RxLxT is called the split-plot error). It should be obvious to the reader as to
what interactions should qualify as the split-split plot error. Most statisticians believe that if

there are not sufficient df for testing main factors (L, T, M) and their interactions, then some of
the interactions that include R may be pooled to obtain more df for the denominator of the F

tests. However, the pooling must be done within plots, split plots, and split-split plots. This
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Table 28
T
145 155 165
R L My My, Mj My My, M; My M, Ms
1 136 95 161 45 2.8 6.2 04 0.2 1.3
| 2 15.0 134 175 6.4 58 8.3 1.8 1.0 2.7
3 14.7 11.3 17.7 43 4.1 6.3 1.7 0.7 1.6
1 12.0 10.8 158 44 33 5.0 0.3 0.0 1.4
I 2 15.1 13.1 17.7 65 6.1 9.0 19 1.2 3.0
3 13.3 11.7 169 52 42 6.0 1.0 0.5 1.5
1 13.7 115 16.8 45 39 6.5 0.7 -7 0.8
1l 2 14.4 115 165 64 45 7.0 1.0 0.0 1.6
3 11.8 94 143 48 3.0 5.9 00 -4 0.9
Table 29
Model R F F F
Terms 3 3 3 3 EMS DF
rooi i k
R, 1 3 3 3 276%° 2
Li 3 0 3 3 270, + 9(0RxL)2
(RxL)yi 1 0 3 3 9(0RxL)2 4
T; 3 3 0 3 27®7 + 9(Gpsr)’ 2
(RXT);j 1 3 0 3 9(oper)’ 4
(LxT); 3 0 03 9(Dp1)* + 3(Opuisr)’ 4
(RXLXT)rij 1 0 0 3 3(GR><L><T)2 8
My 3 3 3 0 27Dy + 9(orem)’ 2
(LXM)ik 3 0 3 O 9CDLXM + 3(GR><L><M)2 4
(RXLxM)ik 10 30 3(0RxLxM)2 8
(TXM)jk 3 3 0 0 9q)TxM +3(GR><T><M)2 4
(RXTxM).ji 1 3 00 3(Grerm)’ 8
(LXTXM) ijk 3 0 0 0 3q)L><T><M +(GR><L><T><M)2 8
(RXLXTXM )rijic 10 00 (CRutxrmt)’ 16
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means that for the above design the best we can do for L is the 4 df of RxL, but we can attain 12
df for testing Ho: Tj=0, by pooling SS(RxT) and SS(RxLxT). Similarly, we may obtain up to 36
df for testing the effect of M. | wrote a set of SAS codes to analyze the data in Table 28,

whose output is given below.

The Example on pages 111-113 of INSY 7300 notes,
a Spit-Split Plot design ~ 08:00 Wednesday, July 12, 2000

Analysis of Variance Procedure Dependent Variable: Y

Source DF Sum of Squares Mean Square FValue Pr>F

Model 80 2570.4972840 32.1312160
Error 0

CSS 80 2569.4972840

R-Square C.v. Root MSE Y Mean
1.000000 0 0 6.74197531
Source DF  AnovaSS Mean Square FValue Pr>F
R 2 7.72246914 3.86123457

L 2 38.5558025 19.77790123

R*L 4 11.19234568 2.79808642

T 2 2332.17876543 1166.08938272
R*T 4 1.44493827 0.36123457
L*T 4 3.33827160 0.83456790
R*L*T 8 5.39135802 0.67391975

M 2 124.60024691 62.30012346

R*M 4 1.19012346 0.29753086

L*M 4 0.15234568 0.03808642
R*L*M 8 1.39061728 0.17382716

T*M 4  35.80049383 8.95012346
R*T*M 8 1.43358025 0.17919753
L*T*M 8 1.37802469 0.17225309
R*L*T*M 16  3.72790123 0.23299383

Tests of Hypotheses using the ANOVA MS for R*L as an error term
Source DF AnovaSS Mean Square F Value Pr>F

L 2 38.55580247 19.77790123 7.07 0.0468
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Tests of Hypotheses using the Anova MS for R*T as an error term
Source DF AnovaSS Mean Square F Value Pr>F
T 2 2332.17876543 1166.08938272 3228.07 0.0001

Tests of Hypotheses using the Anova MS for R*L*T as an error term
L*T 4  3.33827160 0.83456790 1.24 0.3680
Tests of Hypotheses using the Anova MS for R*M as an error term

M 2 124.60024691 62.30012346 209.39 0.0001

Tests of Hypotheses using the Anova MS for R*L*M as an error term
L*M 4 0.15234568 0.03808642 0.22 0.9204

Tests of Hypotheses using the Anova MS for R*T*M as an error term
T*M 4 35.80049383 8.95012346 49.95 0.0001

Exercise 43. For replicate | of the above experiment, write a possible randomization
order for the 18 experiments at L; and L,. This will complete the
randomization order for Replicate |.

Exercise 44. Work problems 14.20 and 14.22 pages 575 of Montgomery.

Errata for Chapter 14 of Montgomery’s 7™ Edition
1. Page 552, in Table 14.7, in the expression for SS(B(A)), change y to y; , and for
SS(C(B(a)), change y _to ;. .
2. Page 552, delete the two normal curves atop this page for T and 3 because both Alloy

formulation and Heat are fixed. Fixed factors cannot have a variance or a statistical

distribution.
3. Page 571, in Table 14.22, change the EMS for 1; to o’ +abcc5% and in the expression for

EMS(B;) , change the coefficient of the 2" term from 1 to bc.
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