ELEC 5270-001/6270-001 Low-Power Design of Electronic Circuits 
Spring 2009
Homework 3 Solution
Assigned 4/23/09, due 4/29/09
Problem 1: The alpha-power law is often used characterize the voltage-delay relationship of digital circuits. See http://www.ieee.org/organizations/pubs/newsletters/sscs/oct04/jssc.pdf. Thus, we can express the maximum clock frequency of a circuit as f = K(V – Vth )α/V, where V is the supply voltage, Vth is threshold voltage assumed to be the same for p and n devices, and K and α are constants specific to the circuit and technology. To characterize a circuit, its maximum clock rate is determined at two voltages: (a) V = 2 volts, f = 1.380GHz and (b) V = 1 volt, f = 428MHz. Assuming Vth = 0.35 volt, find a consistent set of values for K and α. 
Solution: Substituting the given data in the alpha-power law expression for frequency (in GHz), we get



1.380 = K(2.0 – 0.35)α/2.0
and
0.428 = K(1.0 – 0.35)α/1.0

By dividing the two expressions, we obtain




2.760/0.428
=
(1.650/0.65)α
Thus, α = 2.0, and upon substitution we find, K = 1.0GHz.
Problem 2: The circuit of Problem 1 was originally designed for operation with a 2 volts supply and clock rate of 1.38GHz. To reduce power consumption, consider parallel core designs. What should be the supply voltages for (a) dual core and (b) quad core designs? What are respective power savings? Neglect short circuit power and leakage and assume 10% overhead for each additional core.
Solution: From Problem 1, maximum operating clock frequency as a function of supply voltage is




f
=
(V – 0.35)2/V
GHz

For the original design, f = 1.38GHz and V = 2.0 volts.

(a) Dual core: core frequency is 1.38/2 = 0.69GHz and voltage is given by the quadratic equation:





V2 – 1.39V + 0.1225 = 0

Selecting the root that is greater than 0.35 volt threshold voltage, we get V = 1.295 volt.
If the power consumption of the original design is P1 and that of n-core design is Pn, then the power ratio for an overhead δ is,



Pn/P1
=
[1 + δ(n – 1)](Vn/V1)2
For n = 2 and δ = 0.1,
P2/P1
=
1.1(1.295/2.0)2
=
0.46
(b) Quad core: core frequency is 1.38/4 = 0.345GHz and voltage is given by the quadratic equation:





V2 – 1.045V + 0.1225 = 0

Selecting the root that is greater than 0.35 volt threshold voltage, we get V = 0.91 volt. Power ratio for n = 4 and δ = 0.1 is given by,



P4/P1
=
1.3(0.91/2.0)2

= 
0.27
Problem 3: Starting with zero charge, a capacitor C is charged through a series resistance R to voltage V by a current source I(t) in a fixed given charging time T. Show that the energy dissipation during the charging of the capacitor is minimum when I(t) is a constant current source. Find the minimum value for the energy dissipation.


[image: image1]
Solution:
The charge on the capacitor after it has been charged to a voltage V in time T is given by,





T



T

Q
= 
CV
=
∫   I(t) dt
=
I0T  +  ∫  i(t) dt
=   I0T





0



0

where I0 is the average current and i(t) is its time variation. Thus,





T


T

I(t) = I0 + i(t)
and
(1/T)
∫  I(t)  dt  =  I0, i.e.,
∫  i(t) dt  =  0





0


0

Energy dissipation is obtained as,



T


T

E
=     R
∫  I2(t) dt
=     R
∫  [I0 + i(t)]2 dt



0


0
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=     R
∫  [I02 + 2I0i(t) + i2(t)] dt



0
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T


=    RI02T    +     2RI0  ∫  i(t) dt        +         R 
∫  i2(t) dt
≥
RI02T





0


0

The inequality holds for any arbitrary variation i(t) because the second term is 0 by definition and the third term is non-negative. The minimum value E = RI02T occurs when i(t) ≡ 0 making the third term take its lowest value 0, i.e., charging current is a constant I(t) = I0, whose value is obtained from the first equation as I0 = CV/T. Therefore, the minimum value of energy is

E
=
RC2V2/T

which is inversely proportional to the charging time T.
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