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SUMMARY & CONCLUSIONS Prior formulations of the redundancy allocatiproblem
have generally required deterministic reliability values to be
The objective ofthe redundancy allocatigoroblem is to known for all available component choices. Sophisticated
select the parts to besedand adesign configuration to optimization algorithms havéhen been developed teolve
optimize someobjective function without violatingsystem- these problems but they hawet always beerpractical for
level constraints. In this paper, tipeoblem was formulated several reasons. One reasorthiat theuse of average or
in a more general frameworkhan haspreviously been expected reliability valuewithin the constraints oobjective
accomplished, allowing fothe explicit consideration of the function impliesthat thesystemdesignersandusers are risk-
risk-profile of systendesignersandusers. Risk is related toneutral, when in factithat israrely the case. If theystem
the probability that arandomly selectedystem will be less reliability is a random variablgbecauseall component
reliable than a predicted or specified value. Previouseliability valuesare not knownprecisely) and there is a
formulations of theproblem involved anaximization of the reliability constraint,system users desire @esign which
expected value of system reliability @he mean-time-to- exceeds the requirement consistently, naimply “on
failure, which implieghatdesigners are risk-neutral. In thisaverage” as a risk-neutral approach might imply.
paper, both component reliabilitand time-to-failure are
considered as random variablesd lower-boundlimits are 1.1 Notation
used inthe optimization problem. The extent of the risk

associated with aparticular system design project was C,
included in the problem formulatiomsdinfluenced the final W,
design decisions. These formulations wietended to more s
faithfully addressthe actual concernand considerations of m
the engineering design community. Tm@blems were¢hen
solved using a Genetic Algorithms (GAs). Several )\;
illustrative examples argrovided which show different
design configurations depending on the risk profile. Bi

1.INTRODUCTION X

Determination of an optimal or near optimgystem
design is very important to economically produce new y,
systemswhich meetand exceed customers’ expectations fog(“
reliability, performance, etc. When developingeav system, n”
there are detailed engineeripgecifications which prescribe

minimum levels of reliability,maximum weight, maximum

cost constraint

weight constraint

number of subsystems

quantity of available component choices for
subsystem (i = 1,...9)

Weibull scale parameter of compong¢mtvailable for
subsysten

Weibull shape parameter of compongnavailable
for subsystem

solution vector which defines the system design

= (X1, X2y -y Xg)
solution vector for subsysteim
= (Xily XZI seny x,ml)

quantity of thg™ component used in subsystem
total number of components used in subsystem
=Xpt Xt . HXm

volume, etc. The redundancy allocation probleaddressed R(lo.X) system reliability
in this paper,involves the simultaneous evaluation andR(to.x:) reliability of subsystenn

selection of available componeraad asystem-level design Ria(to . X)

configuration whichcollectively meetsall design constraints,

and at thesame time, optimizesome objectivefunction, Gi(x)
practice, each of theseWi(Xi)
parametersmay not be knownexactly and there issome T(X)

element of riskhat the constrainwill not actually be met or Tia(X)

usually system cost or reliability.

the objective function value may not actually be achieved.
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a risk level (0 <a < 1) andknown precisely. Therefore, it was necessary to base the

to mission time algorithm on componerandsystem reliability, as opposed to
time-to-failure, which is always considered arandom
1.2 List of Assumptions variable. Also,the expected value or an assumed constant
value for reliability, weightand/or cost had to beused (as
1. Redundancy is active redundancy. opposed to a value described by a probability density
2. There is no component (system)repair orpreventive function) within theobjective functionsand constraints. If
maintenance. component reliability valuesre truly constantthen the
3. There are discrete componehbices available for eachreliability over a stated missiotime is knownexactly and
required system function. there is no risk that thpopulation ofsystemshas alower
4. Each component used in a systemirsdependent. reliability level.
5. The system operates until failure. However, this is neither an accurate representation of
most engineering problenmmor a particularlyuseful problem
2. REDUNDANCY ALLOCATION PROBLEM formulation for risk-aversesystem designersand users.

There actually is variability presefdr real-world problems,

Design and development of new products involves th@ndknowledge of a distribution for component reliability or
selection of componentsand a system-level design time-to-failure arenecessary for designers with differeisgk
configuration to satisfy detailed functionahd performance profiles.
specifications.  Forthis problem, the overallsystem is A general problem formulation wheréhe user’s risk
partitioned into aspecific number ofsubsystems in series.profile is considereénd where component reliability values
For each subsystenthere are multiple componerhoices are stochastic is as follows. In the formulation, lirsetem-
which can beselectecandused inparallel. Figure 1 presentslevel constraints orcost and weight areshown as typical
a typical example of a series-parallel system. examples of problem constraints.

For each subsystem i€l,...5), there arem discrete )
component choices available with associated reliabtiogt, Problem P1: max Ria(toX)  (0rTia())

S
weight and/or other characteristics. These parameters may :
either be a constant titey may be described by a probability subject to ; Cx)=C
density function. For each subsystemm@mimum of one s
component must be chosen from among theavailable ZV\/i(Xi)g W
choices (with arunlimited supply available for each dfie m =i
components). It maythen become advisable, or even % 0(0,1,2,..)

necessary, to place additional componentsparallel to
maximize the reliability. Additionally, there is the option of Rua(toX) is defined asthe reliability level at which a
using two (or more) of a lower reliability component as af@ndomly selectedsystem will exceedthat value with a
alternative to using a more reliable, but also mowstly, Probability equal to Ix, or as follows.
component. The consumer electronics industry is one such
example where entirely new systedesigns areoften Ro(t,%) = { I'| PV(R(to X )2 r) =1- a}
composed largely ofstandard componentypes (e.g.,
microcircuits,  transistors,  resistors)  with  known Tia(toX) is defined similarly. The choice of whether to
characteristics. maximizeRy. 4(to,X) or Tiq(X) depends on whether there is a
single mission time,t, of interest. Alternatively, the
objectivealso could have been tainimize system cost and
Ria(to,X) or T14(X) could have been in eonstraint with a
minimum acceptable level specified. Foeither case
(Ri(to,X) Or T14(X)), the user’s riskprofile is considered in
- the problem bythe a value, defined athe risklevel, which
represents thprobabilitythat arandomly chosesystem will
have a reliability value leghanR,.4(t,,X) or that thetime-to-
failure will be less thaif;.4(X).
WhenRy 4(t,,X) is included in theroblem formulation, it
implies that component reliability valuesre not known
ky k, Ks preciselyand system reliability is itself aandom variable.
This canoccur if there is uncertainty in the time-to-failure
distribution parameters, the reliability is determined
Previous formulations ofhe problem generally did not empirically, or the mission time is not constant lalgo
allow for variability in component characteristics. It bagn characterized by a distribution. Figure 2 shows the concept of
assumedhat all component-level informatiomvas constant a (1-a)x100% lower bound on reliability.
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Figure 1: Series-Parallel System Configuration.
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would be viewed less favorable, if someangible
subpopulation consistently fails early, compared to a design
with a lower MTTF but highly likely to operatsome
Rio(X) extended period of time without failure. The design which
maximizes that extended period of time would be the best.
These formulations are more realisiied offer benefits to
risk-averse designers by explicitly considering risk. However,
as they becomemore realistic, they alsdecome more
difficult, primarily because there are notclosed-form
‘ ; expressions to calculal «(to,X) or T1«(X).
09 (X7 0% 0% 0% 1 The redundancy allocatioproblem for series-parallel
RX) systemshasproven to be difficultChern(Ref. 1)showedhat
the problem is NP-hard. Many different optimization
approaches have been used to determine optimé&veoy
good” solutions. Previous research involvitigs problem
can beclassified based othe solution approach aynamic
rogramming, integer programming, mixed integer and

f(R)
d

Figure 2: (1-a)x100% Lower-bound on Reliability.

For risk-averse design problems whtre implications of
failure are severe, it is not sufficient to desigsyatem where

the mean or median time-to-fai_lur_e is gxemplary. It Sonlinear programming, or heuristics. Aaverview and
necessary to knowhat a largemajority of items from the g, mmary of work irthis area is presented Tillman, Hwang
population will also achieve some satisfactory level. For a4k o (Ref. 2)
risk-neutral design scenario, aa value of 0.50 is Fyffe, Hines and Lee (Ref. 3), and Nakagawa and
appropriate, however, for a risk-averse design scenario, a Kﬂ‘f\}azaki (Ref. 4) used dynamiprogramming tesolve the
o value (e.g.o = .10 or .01) should be used. ~ problem. Ghareand Tayler (Ref.5), andBulfin and Lee
For problems without a clearly defined mission t'm?Ref. 6) usedinteger programming. For each dfiese
consider thetwo systemtime-to-failure probability density fo mylations, theproblem was to optimize system reliability.
functions given in Figure 3. Each one represendiffarent Gnedenkoand Ushakov (Ref. 7) developed keuristic to
systemwith everything equal except for reliabilityrhe risk-  getermine design configurations to maximize the median
neutral designewould naturally prefer the option with the gy gtemtime-to-failure. Risk wasiot considered in any of
higher MTTF. Alternatively, a risk-averse design@ay not pese formulations. Paintaand Campbell (Ref. 8) solved a
prefer thischoice atall. If the implications of a failure are closely related problem using a genetic algorithm (GA) and

severeand the probability of a failure must be tightly nronte Carlo simulation which did consider risk.
controlled ¢ < .05), the option with théower MTTF is a

better choice. This user carsafely usethis system for 3.5 3. ALGORITHM DEVELOPMENT

time units without any appreciabpgospect of a failure. At

that time, itmaythen beneces;ary.to repla¢hesystemith Separate algorithmwere developedvhen the problem

a new one, perform preventiveaintenance ouse it in @ inyolved Ry (to,X) Or Tia(X) as a performance measure. In

different, less critical, application. either case, itould bethe objectivefunction or included as a
08 constraint.

The algorithm to maximizeR;.4(to,X) assumed that
component reliability wasnot known precisely for the
higherE(T) available component types. This happens, for example, if it is
known that thecomponent time-to-failuréollows a Weibull
distribution but the shape and scale parameters are not known
explicitly and aredescribed by somprior distribution. The
component independence assumption, applied probability
theoryand the central limitheory were used to shaWwat the
lognormal distribution accurately descrilmstem reliability,
to estimate distribution parameteasd then toestimateR;.

0.7 +

0.6 +

051
= 04l lower E(T)
=
03+
02+

0.1+

_ a(te,X). Possible solution vectors, x, were searchsithg a
_ _ time.t _ _ GA. This algorithm is described in Ref. 9.
Figure 3: System Time-to-Failure Density Functions. A similar algorithmwas developed tenaximize Ty.4(X).

o ) o . System and component time-to-failure are defined as follows,
This interpretation of risk ialsovery applicable to other

systems. Consider a consungeod (e.g., microwave oven, T = System time-to-failure
radio) where the customer wilkely purchase a singlanit e o

. . = mingmaxT; if k=1
andexpects it to be maintenance-free for some exte(yktd i i
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T; ~ Weibullg;,B;), F(t) =1 - exp(h;(t)°i) which makes the reliability constraint tight.
For both algorithms, a GAvas selected tgearchover

It is difficult to solvethis problem directly because, forppssible solution vectors, and find thebest solution. GAs
any non-trivial prOblem, there is no closed-form eXpreSSioné% stochastic search a|gorithms patterned aftatural
computeT;«(X). Monte Carlo simulation could be used as gelection in biological evolution as described by HollgReff.
function evaluator within a GA toomputethis lower-bound, 10). The GA approach isery flexible, can accommodate
as was done by Painton and Campbell (RefH)weverthis  poth discreteand continuous functionsand caninvestigate
can be inefficient consideringhat a separate function |arge search space®eficiencies withthis approach arthat
evaluation is required forevery prospectivesolution there areseveral search parameters which mustfdend
considerecand a GA musevaluate many different solutionsexperimentally, and the GA can not guarantee convergence to
each generation for an extended number of generations. the optimal solution, although it hasconsistently

Instead, theproblem was transformed the following demonstratedthat it provides good solutions to reliability
equivalent formulation by adding reliability to the constrairgroblems. A GA specifically developed for reliability design
set. problems was described by Coit and Smith (Ref. 11).

Problem P1 max t'

subject toR(t',x) = 10 4. EXAMPLE PROBLEMS

S
C.(x)<C Optimization ofsystemdesigns considering risgrofiles

o are demonstrated dwo small illustrative example problems.

s The firstproblem is to minimizesystem costhen there is a

ZV\/i(xi )SW reliability constraint but uncertainty with theomponent

= reliability estimates. The second example is to maxifize
X 0(0,1,2,..) «(X) at two different constraint levels with Weibull

distributions known for the components’ time-to-failure.

maxf(x, t’) =t - P(X) The component parametefer the first example are

. compute objective function presenteo_l in Table 1 (tabl_ase at the end of the text)._ The
« rank and cull solutions problem is for a systemvith three subsystemsand eight
- component choiceper subsystem. The table shows the
t component reliabilityr§;), reliability variance ¢;°) and three
Ab physical parameters labeleg, a, andas. Thesystem-level
, , values, A;, are simply a sum ofthe componeni. The
R(t', x) 21-a f(x, ) objective is to identifthe minimumcost configuratiowith a
line search fot' X system-level reliabilityconstraint of 0.97 and constraints on
X I A;, A; andA; of 40, 50 and 50.Physical interpretations of
b A;, A; and A; were not provided butthey could be upper
A y limits on weight, size osomeother physical or performance
Ax<b, Ab=Ax-Db parameter. Theystem was optimized foisk levels of.50,
.10 and .01.
Ten GA trialswere performed for eachisk level. The
best solutions foundre presented in Figure 5. These results
Figure 4: Algorithm For Problem P1'. are very interestingecauséhe recommended solutiodifer
dramatically. As the designs situatiobecomeriskier, the
The t' which maximizes Problem Pis equal to the design strategies change. This is particularly important
Ti(X) which then maximizes the origingroblem. The because mosiptimization algorithms assumbat designers
algorithm to solve this equivalentproblem is depicted in are risk-neutral and wilproduce designsimilar to thea=.50
Figure 4. Starting at théottom of the figure, the GA design. Yet most real designeage risk-aversend desire
crossoverand mutationoperators areised to searctover systems closer to thee=.10 or .01 design.
possible solution vectorg, Theobjectivefunction valuey’, The algorithmwas next applied onwo sample problems
is thenfound for each prospective solution viaNewton- for both arisk-neutral ¢ = .50) andrisk-averse ¢ = .05)
Raphson search. The soluticar® then ranked anclilled by designer. Theroblem is for a systemwith 14 subsystems.
the t' values (plus a penalty for violated constraints). Thghe componenthoicesand their Weibull parameters are
processthen repeats itself for some pre-selectedmber of given in Table 2. Corresponding component wedaid cost
generations or until the GA converges. are given inRef. 3, wherethis problem was first published.
This algorithmavoids simulationand istherefore more The size of the seardpace forthis problem is >18. The
efficient than other solution approaches which hakeen two problemsare to maximizeT,4(X) with a system-level

applied to problems dhis type. The GAonly operates on weight constraint of 191 and 159 respectively. Therecissa
the x decision variablesand finds t' in an efficient search constraint of 130 for both problems.

Genetic Algorithm - crossover & mutation operatofs
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C(X) =83,RdX) =.9712
A(X) =38,A(X) = 47,A(X) =49

CX) = 91,RyyX) = .9702

A) =36,Ax) = 36,A(x) = 44

OX) = 98,Ryyx) = .9703
A(X) =36,A(X) =39,A(X) =41

Figure 5: Problem Solutions For Example 1.

The tablereveals somdnteresting comparisons.
component MTTF values vary by a factor1df0 forsome of
the subsystems. This would seem to implythat the
components with thlewer MTTF areless advisable choices,
and in general, this is trueHowever, ifthe objective is to
maximize the reliabilityfor a relativelysmall mission time or
the lower-bound on system time-to-failure imsuch smaller
than the individual component MTTF valuesthen the

component with thdower MTTF may actually be a better

choice. This will be particularly true if thecomponent
choices withthe higherMTTF are prone to infant mortality
failures. Theycanvery likely be poor choices faisk-averse

design situations associated with relatively short system life.

0.09

choice 1

0.08 +

0.07

0.06 +

0.06 +

0.04

hazard function

0.03

0.02

0.01

0

0.0 90 100
time
Figure 6: Subsystem 4 - Component Hazard Functions.

Figure 6 showsthe hazardfunction for the three
component choices available for subsystem 4. Nohiatfor
short mission times, the rate of failui@ the first choice is
much higherthan theother choiceseventhough this is the
alternative  with  the  highest
Alternatively, the secondchoice rapidly wears out and
generally fails early, but it fails less ofteluring thevery
earliest time periods.

Ten GA runswere made for each different problem an
a-level. Each GArundid notconverge tdhe same solution,

RF 97RM-061:
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mean-time-to-failure.

but even inthe worst casethe GA solutionhad anobjective
function valuevery close tothe best found. The most
important observation isthat the recommended design
configurations areery different depending on the risk-level.
This observation is demonstrated Hye results shown in
Figures 7and 8. Figure 7 pertains to the least constrained
example Y\,=191), andshowsthe lower-bound on system
time-to-failure forthree different design configurations as a
function ofa. The three different designs are the optimal
solution which maximizes reliability (at time equal to 10) and
the GA solutiondor a values of 0.5@&nd 0.05respectively.
Figure 8 pertains to the most constrained example159),
and presents analogous information.

20

18

16

14 1

12 4

10

time-to-failure

best solution for alpha = .50
best solution for alpha = .05
best solution for E(R)

0

0 0.05 0.1 0.15 0.2 0.25 03 0.35 0.4 0.45 0.5

alpha level
Figure 7: Comparison of Best Solution (W,=191).

20

18 +

IS

time-to-failure

best solution for alpha = .50
best solution for alpha = .05
best solution for E(R)

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

alpha level

Figure 8: Comparison of Best Solutions (W,=159).

For the example withW,=191, the solution which
maximizes reliability is noeffective atmaximizing alower-
bound on time-to-failure at ang-level. Forthe example
with W,=159, the solution which maximizes reliability is
effective for lowera-levels, but not ahighera-levels,and is
dominated by competing designs at all levels.

Also interesting is the that theolution which maximizes

a lower-bound on time-to-failure far=.50 is apoor choice

for maximizing thdower-bound foro=.05, andsimilarly, the
reverseargument is also true. Therefore, the amount of risk
dssociated with garticular problem shouldffect design
strategies. The optimal design configuration should be
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different if designers are risk-neutrahd simply want to
maximize the mediarsystem life, oralternatively, if the
designers are risk-aversnd want toassurethat a great
majority of the products willsurvive someminimal time
period.

5. DISCUSSION

In certain factories usingcomplex heavymachinery,

component failures areelatively common, personnel are

ready to respondndthey can be repairedfficiently. Inthis
case, the user desires to maximizedakgected omedianlife

of thesystemand isgenerally risk-neutral. For a risk-neutral

designer, ana of 0.50 is appropriate. Alternatively, if
component failure is relativelyare, but the implications of
failure arevery dire, then the usewill be risk-averse. The

degree at whichihe particular designer or designer is risk-

averse is controlled by a quantitative risk lewel (or a risk-
averse designer, law value ofa should be used wherme
represents the@robability that arandomly selectedsystem
will have a reliability lowerthan theconstraint value or
objective function.

The problem formulationsnd solution algorithms which

were demonstrated allow for the explicit consideration of ris

Often, estimates of component reliability are raiown
precisely. It is not possible to measure reliability imanner
similar to a weight or a resistance. Iniscessary to conduct
life tests or to observéhe performance ofielded systems

using the sameart. For highly reliable components, there

often must be #arge sample sizand alengthy test duration

to determine an accurate estimate of reliability. Since thisg(%t

not always possibleand even when it is possiblthere are
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Table 1: Example 1 Problem Parameters.

subsystem 1 subsystem 2 subsystem 3

] Fij Oij2 Ci @ a azg| [ Oij2 Ci @ a azg| [ Oij2 Ci aa a& a3

1199 00530 7 9 5 .99 .005629 8 7 @4 .99 00524 8 5 |9

2190 050 14 9 10 7/ .90 .050 22 8 8 10 .90 .050 22 6 4 |6

3|86 070 13 8 9 8/ .86 .070 19 10 9 P .86 .070 20 10 4 |7

4 .84 .080 10 5 7 9 B84 080 18 6 5 B .84 .080 16 6 9 |4

5183 .08 11 4 9 7/ .83 .08 17 5 10 P .83 .085 15 5 10 |10

6|82 .09 10 4 6 5 .82 .09 11 5 7 p .82 .09 12 9 8 |4

7179 1069 6 7 7|.79.105 10 8 8 7| .79 .105 12 7 9 5

8|.75.1258 7 4 7|.75.125 9 10 8 6| .75 .125 11 6 4

Table 2: Input Parameters for Example 2.
choice 1 choice 2 choice 3 choice 4

i Aij B; MTTF Aij B; MTTF Aij B; EM Aij B; MTTF
1| .0051293 1.0 195| .0229489 0.5 3798 .0298237 0.5 P249 .0000011 5.0 14
2 | .0051293 1.0 195| .0006188 2.0 36 .0007257 2.0 |33 -- - - -
3| .0008338 2.0 31 .0333179 0.5 1802 .0013926 2.0 |24 .0513930 0.5 |757
4 | .0440385 0.5 1031 .0000016 5.0 18 .0018633 2.0 |21 -- - - -
5] .0051293 1.0 195| .0195667 0.5 5224 .0007257 2.0 |33 -- - - -
6 | .0010050 1.0 995| .0002020 2.0 62 .0000003 5.0 |19 .0000004 5.0 17
7 | .0000006 5.0 16 .0008338 2.0 31 .0298237 0.5 2249 -- -- -
8 | .0000009 5.0 15 .0000011 5.0 14  .0000021 5.0 |13 -- -- -
9 | .0010050 1.0 995| .0030459 1.0 328 .0040822 1.0 |245 .0000009 5.0 15
10| .0105361 1.0 95 .0513930 0.5 757 .0186330 1.0 |54 - - - - -
11| .0040822 1.0 245| .0005129 2.0 39 .0061875 1.0 |162 -- -- -
12| .0010536 2.0 27 .0162519 1.0 62 .0198451 1.0 |50 .0023572 2.0 18
13| .0001005 2.0 88 .0000002 5.0 20 .0030459 1.0 (328 - - - - -
14| .0001005 2.0 88 .0000005 5.0 17 .0000008 5.0 |15 .0000011 5.0 14

97RM-061: page 7

RF



