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ABSTRACT method is potentially very useful, for it is the fastest
available heuristic for large problems. SFC works by

The spacefilling curve (SFC) method of Bartholdy andmapping city locations in multi-dimensional Euclidean
Platzman is an extremely fast heuristic for the Euclidearspace onto the unit circle, using the inverse of a closed
Traveling Salesman Problem. We show how genetispacefilling curve. A tour is then found by visiting the
search over a parametrized family of spacefilling curvegities in the order in which their images appear on the
can be used to improve the quality of the tours generatedrcle. Since no actual distances are calculated or
by SFC. The computational effort of the seagows compared, SF@ay be used even when the true inter-city
more slowly than for comparable heuristics, and the tourdistances are unknown, or subject to random érr@torer
obtained by the search provide extremely robusand Bringhurst used a simulated annealing approach to
presequences for repetitive problems in which only aransform theSFC for full sequences and showed average
subset of all cities will be present in any given problemimprovements of 10 to 14 percent over the n&@¥#C on
instance. problems of 10 to 500 cities [7].

INTRODUCTION After describing how the SFC can be used to generate tours
very quickly even for large ETSP instances, Bartholdi and
The Euclidean Traveling Salesman Problem (ETSP) is Rlatzman [5] make the following comment about problems
well-known, NP-hard combinatorial optimization problem. in which not all cities must always be visited:
Given a set of points in Euclidean space, we seek to find
the minimum-length closed tour of those points. Dozens ofhe essential contribution of the spacefilling curve is
solution methods have been proposed for this problem; simply to provide a linear ordering of all the points that
good survey of both optimum-seeking methods andnay potentially be included in a problem instance. The
heuristics is given in the book by Lawler et al [1]. A more[SFC] may be implemented with any such ordering. But,
recent discussion of fast heuristics is given by Bentley [2].to be most effective, the ordering should be tailored to the
distribution from which the problem instances amawn
Choosing a solution method for a given ETSP problenand the metric used to represent distances between pairs of
instance (or recurring problem environment) is in itself apoints (if available!). In general, we might be willing to
multi-criterion optimization problem. The solver must spend considerable effort creating an effective ordering for
consider the tradeoffs among tour length, speed od particular problem; this is a design task and so needs to
execution, and solution robustness. There is thus dme performed only once.
“efficient frontier” of solution methods which are not
equalled or surpassedatl three of these areas by any oneThis introduces the idea of a presequemtso explored by
competing solution method. A heuristic which yieldsJaillet [8]. A presequence is simply a sorted list of possible
mediocre tour lengths may nevertheless be useful for itsity sites; individual instances of the problem are treated
speed, while a relatively slow heuristic may provide arby visiting the cities in the order in which they appear in
attractive lower-bound guarantee on solution quality. the presequence. Constructing tours from a presequence is
even faster than basic SFC, but will generally result in

One extreme point of this efficient frontier of solution

methods is the spacefilling curve heuristic (SFC) of'sFc may be thought of as a limiting case of the Fast Recursive Partitioning
Bartholdi and Platzman [3, 4, 5]. The average solutiorFRP) algorithm alluded to by Bentldg]. In SFC,the refinement of the
quality of the method is onIy fair, and its Wors'[_CaseEucIidean region into buckets is continued until each city is alone in its

. . bucket. FRP shares many of the operational and performance attributes of
performance is relatively bad [6]. Nevertheless, thegc y P P




longer tours. For large, repetitive problem environments ifipopulation” of feasible solutions, encoded in some
which there are finitely many potential city sites, but onlyconvenient data structure. The search proceeds by
a proper subset of these sites occur in any given problerapeatedly selecting solutions from the population,
instance, presequencing becomes an attractive alternativbreeding” and “mutating” their encodings to produce
Bartholdi et al. [4] describe a successful application of SF@ncodings represent new feasible solutions, adding these
presequencing to repetitive vehicle routing problems. new solutions to the population, and “culling” solutions
from the population to maintain a stable population size.
Intuitively, for any given set of possible city sites (andThe selection of “parents” for breeding is made randomly,
their relative frequencies of occurrence in problembut with preference given to solutions with better objective
instances) there is some particular presequence which hfasction values. As a result, the average solution quality in
the lowest expected tour length. In practice, thoughthe population (and, more importantly, the best solution in
finding this presequence is even harder than finding ththe population) will tend to improve continuously. A more
shortest tour through all possible cities. Nevertheless, thorough description of past GA applications to traveling
may be possible to find presequences which givesalesman problems is given in [15].
significantly better tours than tt&-C sequence. Bartholdi
and Platzman [5] suggest an iterative search approach, linthere were a parametric family of spacefilling curves
which the initial SFC sequence is modified by randomwith a small number of real-valued parameters, such that
interchanges, and each new sequence is evaluated @igtinct parameter values gave distinct spacefilling
generating some statistically significant number of randommappings from to 0"  We could then search the
problem instances, to which the current presequence is thparameter space looking for the particular spacefilling
applied. curve which gives the best tour for the complete city set of
our problem environment. We might then expect this tour
This approach has several drawbacks. It is extremelp give better results as a presequence, as well, since it
computationally intensive, and the random interchangevould it some sense “follow” the irregularities in the
search of sequence space is very inefficient. We couldistribution of cities. Furthermore, we might expect this
improve the search by implementing a good heuristitour to be more robust with respect to random errors in the
search method in which proposed solutions are evaluatéocations of cities or the distances between cities. It is this
by generating random test problems, but this would still beotion that was explored by Storer and Bringhurst [7].
very slow. Also the set of possible tours is large and ill-
behaved, and thus difficult to search effectively even foit is easy to find such parametric families of spacefilling
deterministic problems. curves. Let S be an inverse spacefilling curve mapping a
compact region Rin 0" onto B, the boundary of the unit
We propose an alternative approach to improving the SF€ircle; S: H' O B. Nowlet M be any mapping of Honto
presequence, based on searching a space of alternatigelf; M: H" 0 H". The composition @V defines a new
spacefilling curves rather than the space of possiblmapping from H onto B. If M is invertible, 8M is the
sequences. This approach is faster than the iteratiieverse of a spacefilling mapping. Even if M is not
simulation method, and its computational effgmows invertible, M can be used to define a tour-construction
more slowly as problem size increases. The space fieuristic analogous to SFC, simply by including a tie-
searches is continuous, and the presequences it generasesaking mechanism for cities mapped to the same point in
compare extremely favorably not only to the naive SF(B. If we are given a parametric family of mappingsm(
presequence, but also to presequences generated by otRBere 1t is a vector of real-valued parametersONH)

fast heuristics. defines a parametric family of mappings from ehto B,
any one of which can be used to construct tours on sets of
GENETIC ALGORITHMS AND ALTERNATIVE points in H' . For any fixed set of city locations, we can
SEARCH SPACES search the possible valuesrofo find a particular mapping

which results in a short tour. If our family of mappings is
Genetic algorithms (GAgre a family of heuristic search sufficiently flexible, this will allow us to find good
procedures based on the biological paradigm of naturgblutions to ETSPs by searching a space whose size does
selection. They were pioneered by Holland [9], deJongot grow as a function of the number of cities.
[10], and Goldberg [11] in the context of continuous
nonlinear optimization, and later extended by various\s simple illustration, consider the inverse spacefilling
authors [12, 13, 14] to combinatorial problems. Formapping of Bartholdi and Platzman which maps [01]
optimization problems, GA search begins with an initial[oil] onto B. The spacefiling curve is a recursive



algorithm which can map to any degree of resolutiorsufficiently general, there will be some combination of
depending on the grid size. If we precede this mappingarameter values that causes the actual city locations to be
with the transformation T: [0,1% [0,1] O [0,1] x [0,1] mapped close to one of the “optimal” vectors L. By
defined by T(x,y) = (9, yB) for somep > 0, we obtain a searching the parameter space of the transformation, we
new transformation from [0,1]] [0,1] onto B, which will can thus hope to find a near-optimal tour of the cities for
usually produce different tours than the origirBfC. our particular problem instance.
Similarly, different choices of the paramet@rwill give
different tours for the same problem instance. We couldhere is a tradeoff here between small parameter spaces
thus search over possible valuesBofo find a better tour (which are easier to search) and extremely flexible families
than that given by using the spacefilling mapping directlyof transformations (which may involve many parameters).
on the original problem data. We chose to focus our efforts on simple transformations,
hoping to find modest improvements with minimal
Below, we describe a GA implementation which employs gomputational effort. For the most part, we considered
parametric family of spacefilling mappings. The GA seeksndependently shifting x and y coordinates, combined with
to optimize tour length as a function of 3 parameter valuesome rotational transformation. After some preliminary
where each real-valued triple of parameter valuedesting of various mappings, we decided to perform a
corresponds to a distinct spacefilling curve. Computationglomplete test of the GA method using one of the simpler
testing shows that the GA method gives modest transformations: a centered rotational transformation T(x,y;
improvements over SFC for single deterministic problen, X, Yo) defined as follows:
instances, but that the GA tour used as a presequence
compares quite favorably with other presequences, in bothix.y) = (xy + (x - xp)) cos@) - (v - yp) sin@),
average and worst-case tour length. Yo + (X - X)) sin@) + (y - yp) cost)) (1)

GA IMPLEMENTATION The three parametersi,( %, Y,) comprise the decision
variables of the new optimization problem. The
To test the effectiveness of the GA approach, we selectdtansformation consists of rotating the entire data set
two well-known two-dimensional Euclidean TSP instancesounter-clockwise by degrees about the center of rotation
from the literature. The first is the 318-city problem (X, Yp). This is clearly not a very flexible family of
described by Lin and Kernighan [16]; the second is thé&ransformations; not even the relative distances among

538-city problem described by Padberg and Rinaldi [17]cities will change. Because this simple angle
We also generated several 2-D test problems with unifortansformation did not allow sufficient richness to reliably
distributions, described below. find better TSP presequences, we turned to a

transformation with more tuneable parameters. After
To implement a genetic search of the type described abovemnpirical investigation, we found the following
we first needed to identify a parametric family of transformation to possess greater flexibility than (1) above,
spacefilling curves. We chose simply to transform thevhile still allowing a search over only three parameters.
coordinates of the cities in a given problem using some
parametric 2-D coordinate transformationtlj(and then  (x,y) = (X - Xmin®max- Xmin) * ¥ = YminYmax- Ymin) @
to map the transformed coordinates onto the unit circle
using the inverse spacefilling mapping described byGiven this 3-parameter search space, we implemented a
Bartholdi and Platzman [3]. The GA was used to searcheal-coded GA with a population size of 20. Individual
over possible values of the parameter vemtdooking for ~ solutions were encoded as triples, ,, y,) of floating
a particular coordinate transformation that would yield thegpoint numbers. The angle was restricted to lie in the
shortest tour when the resulting transformed city locationsterval [0, 4], while X, and y, were restricted to lie in
were given as input to the original SFC. the interval [0.4, 0.6]. (This restriction was based on
empirical observation that centers of rotation outside that
We can think about this approach as follows: for anyange tended to give poor results; we could just as easily
problem instance, there is some optimal sequence s mve used the range [0,1].) The initial population was
which to visit the cities. Furthermore, there are manyformed by generating uniform random coordinates over
location vectors L=(L, Lz, ..., Ln) such that placing city 1 those ranges. Breeding of solutions consisted of simply
at Ly, city 2 at Lz, and so forth would cause the original averaging the corresponding parameter values of the two
spacefilling curve to pass through the cities in order s. Ielected triples, with selection probabilities favoring
our parametric family of coordinate transformations ishigher-ranking solutions in the current population.



Mutation was effected through the introduction of newwere not known for these problems, but we were able to
random solutions. Each generation consisted of the besbmpare the average SFC, GA/SFC, and NN behavior over
solution from the previous generation, 14 offspring of100 randomly-generated problems of each sizeshasvn
parents from the previous generation, and 5 randomlyn Table 2. The GA/SFC still yielded significant
generated newcomers. For each parameter triple, thmprovement over the simple SFC, despite the fact that the
corresponding tour was found by rotating the unit-squarsimple SFC should perform best on uniformly distributed
data set about the specified point, contracting the resultingity sets. In addition, theésA/SFC results compared
point set back into the unit square using (2), and thefavorably to the NN results, in both best case and average
applying the original SFC mapping to the unit circle. case, for all but the largest problem.

RESULTS We next tested the performance of tBA/SFC sequence
when used as a presequence for subsets of the 532-city
We applied this GA to the two well-known ETSP instancegproblem. We tested five different sequences as
described above. For each problem, we ran 20 replicatioqmsesequences: the optimal tour for all 532 cities, the simple
of the GA for 20 generations each, so that a total of 428FC tour forall 532 cities, the 532-city tour found by a
tours (not necessarily distinct) were considered in each rusingle GA/SFC run, the 532-city tour found by a single NN
Each run used a different random number seed, yieldingran with random starting point, and the best NN tour
different realization of the population’s evolution. The among all 532 possible starting points. Each of theses
results of these runs are summarized in Table 1. Theas used as a presequence for 100 randomly-generated
GA/SFC method showed a noticeable improvement ovesubsets of 50 cities, 100 cities, 200 cities, 300 cities, 400
the simpleSFC solution, and gave results comparable taities, and 500 cities. All cities were assumed to be
the Nearest Neighbor (NN) heuristic for problems of thisequally likely to occur in a given problem instance.
size. This was encouraging, in that B&/SFC method,
with its O(n log n) work per generation, should scale up tdable 3 shows the average performance and standard
larger problems better than NN-based methods. Note thedgviation for each of the five presequences over 100
single GA/SFC run is faster than enumerating a largeandom problem instances for each subset size. The
fraction of all possible NN starting points and selecting theptimal sequence for the overall city set is clearly the best
best NN tour among them. Figure 1 gives the relative CPlgresequence as well. For the smaller subsets, however, the
requirements of the simple SFC, a single random-start NWvo SFC-based tours outperformed the NN-based
solution, a single 20-generation GA run, and trying 1% ofresequences by a wide margin. In particularGAéSFC
the possible NN starting points before choosing of thoseur was better than the SFC and random-start NN tours for

tours. every subset size, and better than the best NN tour for
subsets of 400 cities or fewer. This domination grew
400 : stronger as the size of the subset in question decreased, as
8 —&— SFC shown in Figure 2. We conjecture that tlA/SFC
[e0)
< 300 advantage resuI'Fs from Fhe fact .that. NN tours are s'trongly
< ° é%neratio based on local distance information in the overall point set,
4 2001 n GA so that removing many of the points in the overall set also
§ removes the reason for the adjacencies that exist in the NN
3 —O—— single presequence. TheFC and GA/SFC presequences, on the
2 1007 NN other hand, are based on global positional information
© — O — Multiple about individual points, and remain more stable in quality
0 NN (1%) as points are removed from the set. If this is true, the
0 1000 2000 3000 4000 GA/SFC method should scale up nicely to extremely large,
Problem size (Number of asymmetrical point sets from which small subsets will be
Cities) visited in individual problem instances.

Figure 1. Relative CPU Requirements of Various Fast CONCLUSIONS

Heuristics. - . .
We also generated a series of random test problemgpaceﬂllmg curve heuristics provide an extrem_ely fast way
ranging in size from 100 to 500 cities, with citiestd generate acceptable tours for large Euclidean TSPs.

uniformly distributed over the unit square. Optimal toursThey also produce sequences which make good

presequences for repetitive ETSP environments in which
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Table 1. Improvement of SFC Tour by Genetic Algorithm.

Problem Optimal Pure NN Genetic Algorithm Search (#)
Solution SFC * Average Minimum Maximum CVv

318 city 42029 57513 54438 53766 53536 54266 0.003

532 city 87035 117316 111773 114037 113633 114779 0.004

(*) Averaged over 50 random starting cities
(#) 20 generations of population size 20

Table 2. Relative Performance of Heuristics for Random Problems.

Problem Pure NN Genetic Algorithm Search (#)
SFC (*) Average Minimum Maximum CV

100 city 966.3 959.1 916.0 915.7 918.7 0.001

200 city 1393.6 1362.4 1359.7 1355.2 1366.8 0.002

300 city 1646.9 1733.3 1627.4 1624.1 1633.5 0.002

400 city 1891.5 1899.9 1873.5 1866.7 1890.0 0.003

500 city 2195.1 21245 2141.7 2137.9 2146.0 0.001

(*) Averaged over 50 random starting cities
(#) 20 generations of population size 20

Table 3. Relative Presequence Performance of Heuristics.

Problem OPT Pure SFC GA/SFC  Single NN Best NN
M50 Avg 34879.00 39554.45 37381.30 51051.78 44958.45
Ccv 0.05 0.08 0.06 0.09 0.06
M100 Avg 44989.48 53327.51 49610.91 65880.03 57173.17
Cv 0.05 0.05 0.05 0.06 0.05
M200 Avg 56584.70 70209.49 65453.69 79167.50 70161.95
Cv 0.03 0.03 0.04 0.04 0.03
M300 Avg 63881.90 80681.51 76870.27 87126.63 77984.36
Cv 0.02 0.03 0.03 0.03 0.03
M400 Avg 68999.35 88341.79 84753.76 92725.80 83527.61
Cv 0.02 0.03 0.03 0.03 0.02
M500 Avg 72639.64 94042.93 90756.11 96742.11 87395.35

Ccv 0.02 0.02 0.03 0.02 0.02







