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ABSTRACT with the objective function as thelower-bound on
system reliability(or systemtime to failure)and with
Previous research orthe redundancy allocation uncertainty in the component reliability estimates.
problem for series-parallesystemshas focused on
deterministic versions where component reliability iShere have been massyccessful attempts to determine
assumed to be an exact valu@his paperdiscusses optimal design configurations for different formulations
alternative formulations which allosystem reliability of the redundancy allocatioproblem [1-12]. The
and mean time tdailure to be treated as randommajority of optimization methods fahis problem use a
variables. Stochastic formulations allow for explicitdeterministic value (othe expected value) fosystem
consideration of risk aversiommnd thus, aremore reliability as a measure ofystem integrity or to
reflective of actual design problems. A genetidetermine compliance to a constraint. This implies that
algorithm isdeveloped for these problem formulationseither there is no variability associated with reliability
and is demonstrated on an illustrative problem. estimation, othat systemdesignersaand users are risk-
neutral, whichthey are not. Theavailability of
methods, such as those describedhis paper, which
KEYWORDS specifically address variability irsystem reliability
estimationand theassociatedisk-returntrade-offs are
Redundancy Allocation Problem, Genetic Algorithmsbeneficialand more realistic. They provide valuable
Combinatorial Optimization. insights tosystemdesigners who need to recognize the
implications of variability withinsystemdesigns and
reject outdated notions of usingpnservative“safety
INTRODUCTION factors” as a means to compensate for variability.

Determination of an optimal or near optimal design is

very important toeconomically produce new systems PROBLEM FORMULATION

which meetand exceed customers’ expectations for

reliability, quality and performance. Whedeveloping A primary deficiencywith existing formulations of the
a new system,there are detailed engineeringredundancy allocation problem ithat component
specifications which prescribeninimum levels of reliability valuesare assumed to be constant. It is
reliability, maximum weight, etc. The redundancyeither assumedhat these valuesare notsubject to
allocation problem involves the simultaneous variation (i.e., deterministic) or thenalyses are
evaluationand selection of componen@nd asystem- conducted onthe basis of the expected value of
level design configuration whicban collectively meet reliability at both the componerdand system level.
all design constraintgnd at thesame time, optimize Neither scenario is reasonable for most actual design
some objective function, usually system cost or problems. Reliability of a compone(and system) is
reliability. In this paper, thgroblem is formulated inherently probabilistic, angystemdesignerandusers



will invariably be risk-averseand wish to conduct m
analysesand trade-offs with an associated degree of k < Z X S Mg U
confidence (1 «), not the expected value. =1
Xij O (0, 1, 2, )
For this formulation of the redundancy allocation
problem, there arem discrete component choiceswhere,
available for eachsubsystem i€l,...s). The m
components have fixed costjX and weight () Ry o(x|t) =100x (1 -a)% : lower bound orsystem

values. Component reliability (or time-to-failure) is a reliability (for a fixed t and specified)
random variableand is described by a probability T, = 100x (1 - a)% : lower bound on systemean
density functionf;(r) (or f;(t)). System reliability is a time to failure (for a specified)

function of the design configurationand the ¢ = mission time

corresponding component reliabilitiesd istherefore, y = gojution vector =x,xs, ..., %)

also a random va_rlable. Figure 1 presenttypical x; = solution vector foi" subsystem =X(1,X12,---,X,ni)

example of a series-parallelystem with k-out-of-n _ th . :
Xj = number of thg™ available component used in

subsystemreliabilities.  For eachsubsystemi, a .
minimum of k; components must be chosen from subsystem .
among them available choices (with replacement).CzSyStem cost constraint
Additionally, theproblem involveghe consideration of W= system weight const_ramt
adding mordevels of redundancy (k) to improve the Ci(x;) = cost for subsystein
system reliability as aralternative to using a more V(i) = weightfor subsystein
reliable,andmore costly, component. thenbecomes
a combinatorial problem to selecthe optimal
combination of components and levels of redundancy.

An optimization routine requires the calculation of the
lower bound on system reliability fozach solution
vector,x, encountered. An interesting resulthst, for
non-trivial problems, thelower bound on system
reliability depends only othe mean and theariance

of the component reliabilities, and is independent of the
specific distributior{13]. Pictorially, a lower bound on
system reliability is presented in Figure 2.
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Figure 1: Series-parallel system configuration.

Problem formulations with probabilistic component
reliability valuesanddeterministic weighaindcost, are

as follows: 0 0.3 0.6 0.9
max Ry.q(x | t) (or Tiu(X)) R
S
subject to Z C(x)<C Figure 2: (1 - a) Lower bound on system reliability.
=1
Is A lower bound on system reliabilityan becomputed
Z\Ni(xi )SW for a specified confidence (1) using thefollowing
=1 equations [13]. Thisbound is for series-parallel

configurations with k = 1. Since it usése central



limit theorem, results areery accurate for s > 8, and [14]. The GA approach isvery flexible, can
still quite accurate for smaller numbers of subsystems.accommodate both discreéend continuous functions,

and caninvestigate a larger searapacethan many
R, (X|t’) =exp x)-z0(X)) corresponding formulations of thiproblem. The

previous work othe authors relaxed the restrictithrat
only identical components be placed in parallel within
a given subsystem, allowing a heterogenemis of
components [12]. Deficiencies withe GA approach
are that there argeveral search parameters which must
be found experimentallyand the GA cannot guarantee
u(x) =2In E( Rys)—%ln(( =4 Fg’ys))2 + Va( ay;) convergence tdhe optimal solution, although it has
been consistently demonstratétat it provides good
o(x)= \/In((E( Rys))2 + Va( Iiys)) -2In E R) solutions to reliability design problems [12, 13].

where,

Z, = standard normal statistic (N(0,1)) for specifeed

The GA developed for this general problem is described
O in [12] and isbriefly as follows. Aninitial population
| (1- pii)g of solutions is randomly selected to forthe first
1= generation of the GA. Crossover and mutation
n O n ﬁD operators arethen performed on the population
2 +(1-p )2)—|_|(1—g )2+EL—|_F1—Q JOH members to produce subsequent generatioEsch
5! U = DH member of the population is evaluatedaocordance

n

S i

E(Rys) =

ORO

1=1

Ch
Va(R) =

S
=1)A

ﬁ with its “fitness” (objectivefunction plus a penalty for
—Sa—ln_rl—p)ﬂ violated constraints), which is used as basis for
AN H 0 selecting parentsolutions and for culling inferior
solutions from the population. Arffective GA
depends on complementary crossowsrd mutation
operators. Therossover operator influencése rate
and success of convergence to optimality, while the
mutation operator prevents the algorithrftom
prematurely converging. Problem specifiariants of

Of par:tlculattr N teées; arﬁ? aLy;es of fusensk ,t)/lrolftl_lels, the following operators were developed for this problem
as characterize y thehoice of a. ultiple < qescribed in [12];

comparisons have been conducted to deterhumethe
optimal solution varies as tteonfidence (1a) and the
amount of variability increases. Changes in the user
risk patterns often lead to entirely new optimal
solutions even withthe same constraint set and
component choices. Designers wéimilar constraints
and available partsmay have significantly different
solutions depending on thmherent risk associated
with a particular design problem. For example, it is
entirely logical for an electronic devieehich monitors
critical human conditions to be designed quite . . .
differently than adevice without serious repercussionsThe lustrativeproblem solvedhad arelatively small
of failure (i.e., less risk). search space bmw_as usef_ul to demonstrathe_: effects

of different user risk profiles. Componettioices and
associated component reliability, varianamst and
weight (indicated as R, V, C, W, respectively) are
presented in Table 1. Thgystem costand weight
constraint are 30 and 58spectivelyand theproblem
Wwas solved for am of 0.5, corresponding to a risk-
neutral analystandfor ana of 0.01 for a risk-averse
analyst.

p;j = mean reliability of componentn subsystem
oijz = variance of the reliabilityfor componentj in

subsysten

¢ encoding of solutions
selection of an initial population
e crossover breeding operator
e mutation operator
e culling of inferior solutions.

ILLUSTRATIVE PROBLEM

GENETIC ALGORITHM

A genetic algorithm (GAwas developed to solhis
class of problems [12]. A GA is a stochasti
optimization technique patterned after natwelection
in biological evolution as initially described by Holland



Table 1: Component selections for illustrative problem.

subs ystem 1 subs ystem 2 subs ystem 3
J R \ CcC W R \ C W R \ C W
1] 94 .003 7 4 97 .001 6 5 96 .002 7 6
2] 91 .001 6 6 .86 .004 3 7 .89 .022 6 8
3] .89 .004 6 8 .70 .052 2 4 .72 .003 4 5
41 .75 .016 3 7 .66 .014 2 7 .71 .015 3 4
5| .72 .013 3 8 .65 170 2 6 .67 130 2 4

R, = .98106
E(R) = .98157
C(x) = 30,W(x) = 49

Ry = .93584
ER) =.97506
C(x) = 30,W(x) =53

Figure 3: Solutions for illustrative problem.

The GA was run ten independent times for emdbvel hasbeen solved for = 0.10, 0.01 and 0.001. This

using a population size of 40 for 1500 generations. Fproblem was useful to thoroughly téle robustness of

each generation, 22 childrewere createdthrough the developedalgorithmsfor differentrisk profiles and

crossoverand 18 mutantaere createthrough random degree of constraints.The complete resultan be

component changesThis resulted in a total of 60,000 found in [13].

(non-unique) solutions considered for eamzhlevel.

The two bestconfigurations are presented in Figure 3. CONCLUSIONS

The results are interesting Beveral respects. Most

notably, the results arevery different. Components By relaxing two unrealistic restrictions of the

which were attractive irthe risk-neutralcaseare not redundancy allocation problem, solutioesan fulfill

attractive in the risk-averse cas&econd;he relative functional and performance requirements atinimal

amounts of redundancy fdhe particularsubsystems cost(or maximum reliability). The first assumption of

and the expected system reliability are also different. homogeneity amongubsystem componentsed been
relaxed in previous work byhe authors [12], and

To fully examine thepower ofthe approach, it haalso resulted in configurations which could explaiixing

been applied tahe standard tesproblem of Fyffe, of components to provide lower cost solutions without

Hines and Lee [2] with 33 problem variations from sacrificing adherence to reliabilitgnd otherdesign

Nakagawaand Miyazaki [3]. Considering component constraints.

mixing (morethanone componentype is allowed per

subsystem)the size of the seardpace is greatdhan The second assumption of deterministic reliability, and

7.6 x 10®. There is acostconstraint of 130and the its companion assumption of risk neutrality in all

weight constraint is varied incrementally from 191 talesign situations, were relaxed in this paper.

159 to form the 33 variations. Each of the@8blems Component reliability was expressed asrandom



variable specified by mean and standard deviation. TIlEl] C. Hwang, F.Tillman and W.Kuo, “Reliability
resultingsystem levemean and standardeviation of

reliability could
configuration.
optimization forsystem reliability over any percentile

of the distribution, as showfor 0.5 and 0.01 in the [12]

then be calculated for each
Theseystem levelcalculations allow

example presented herein. It was shown thatlloee

of optimization objectivean substantially influence the
This matching of

final

appropriate
configuration is a major advancement in solution

design configuration.

reliability objective with  optimal

approaches to the redundancy allocation problem.
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