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ABSTRACT and a system-leveldesign configuration which can
collectively meet all design constraings)d at thesame

The redundancy allocatiorproblem involves the time, optimizesome objectivéunction, usuallysystem
selection of component@nd the appropriatievels of cost or reliability. There havebeen manysuccessful
redundancy to maximize reliability or minimizest of attempts to determine optimal design configurations for
a series-parallelsystem given design constraints. different formulations of the redundancy allocation
Different optimization approaches have bgesviously problem. However, many of these optimization
applied to the problem including dynamic techniques have included both explieihd implicit
programming, integer programming, and mixed integeassumptions which unnecessarily restrict the form of
and nonlinear programming. However these the possible design configurations.
approaches caanly solve sub-classes tfie problem.
This paper presents aeview of the different
optimization approachesnd presents a new approach,
a genetic algorithm (GA) whicban solve the general
class of the redundancy allocation problem. The GA i$
demonstrated otwo different problemsand compared
with the other techniques.
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INTRODUCTION

Determination of an optimal or near optimglstem

design isvery important toeconomically produce new
systems which meet and exceed customers’ k k
expectations for reliability, qualityand performance. ! 2
When developing anew system,there are detailed
engineering specifications which prescrib@nimum

levels of reliability, maximum weight, etc. The

redundancy allocation problem involves theFOr mam{ dhes_lgn prob_:egs, ftherarfﬂuglscrtete
simultaneous evaluatioand selection of components component  choices available for - easubsystem

M

B
g
43

FIGURE 1: SERIES-PARALLEL SYSTEM CONFIGURATION

! Corresponding author.



(i=1,...9) with known reliability, cost and weight where

characteristics. Figure 1 presents a typical example of m

a series-parallelsystem with k-out-of-n subsystem Xi = (X1, %2, -y Xm), M = Z X

reliabilities. For eactsubsystem, a minimum ofk; =1

components must be chosen, with replacement, from x; = number of th¢" availablecomponenused in

amongm available choices. Additionally, there is the subsysteni

option of adding mordevels of redundancy (k) to

improvethe system reliability as aalternative to using

a more reliableand more costly, component. then

becomes @ombinatorial problem to seletite optimal Dynamic Programming Formulations

combination of components and level of redundancy for

each of thes subsystems. Also, it is often beneficial toDP solutions to the redundancy allocatnoblem are

use amix of different componenttypes within a presented in BellmaandDreyfus[1], Fyffe, Hines and

subsystem’parallel structure, analogous to a knapsackee [2] and Nakagawaand Miyazaki [3]. TheFyffe,

problem, therebycreating a large number gossible Hines and Lee formulation uses alagrangian

solutions even for relatively small problems. multiplier (A\) within the objective function to reduce
the number of problem constraints to one, and

The redundancy allocation problem Heeen previously alternatively, the Nakagawend Miyazaki formulation

analyzed using dynamic programming (DP), integewses a surrogateonstraint tocombinethe constraints

programming (IP),and mixed integerand nonlinear into one. As one example, tipeoblem formulation of

programming (MINLP). Each of these techniques haghe Fyffe, Hines and Lee formulation is as follows.

DIFFERENT OPTIMIZATION APPROACHES

been demonstrated to be successful for spesifle-
classes ofhe problem. Thaise of a genetialgorithm

(GA) is a new approach to analyttés problem in the
generalcaseand it isdemonstrated in this paper. GAs
are a stochastic optimization technique, designed to

mimic theprocess of evolutiomwithin populations of a subject to
species. They have been useddtve diverse types of

research

industrial engineering and operations
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problems with largeand non-convex search areas, butrhe DP recursion formula is &sllows wherethe final

rarely have been used solve reliability optimization
problems.

The generalproblem formulation is agollows for a
problem to maximize reliability wher€ and W are
system level constraints oncost and weight, and
Ri(xilk), Ci(x)) andWi(x) represent the reliabilitycost
and weight of subsystemn For each subsysterthere
arem component choices. A formulation rainimize
cost, given constraints on reliabilitgnd weight, is
analogous but more difficult because of a mioighly
constrained search aremd the nonlineareliability
constraint.

S

max R (Xi | K) (1)
1=1
subject to C(x,)sC
1=1
W(x,)< W

1=1

solution is found aty(C) for the optimal value oX.

fi(d)= max

X4|Cy(xq)<at { R (Xl‘ kl)e_)\W(Xl)}

3)

max

HOE @%(xi‘me WD e -cix, ))@
Xi[2Gi ;)< @)

fori=2,...,s

To usethis DP algorithm, it i:iecessary to assume\a
value and then successively solvethe recursion
formulas starting with the functiof(a), () and

continuing on untilfs4(B). Then,f(C) is the optimal
solution forthat particularA. If 3 Wi(x) = W, then

this is the final solution. If nothenA is incrementally
changed, and theecursion formulas repeataditil the

equality holds and the final solution is found.

Each of the published DP formulation examples assume

all k to be oneand only maximizeover x; vectors of



the formx; = (0,...,0n;,0,...,0). This limits the search
space to subsystems where one tbe available
components is used exclusiveind theproblem is to
chose which one. This makesfor a more efficient
search but often prevents the true optimal solutiom
being foundandfor particularly constrained problems,
doesnot allow for the identification of anyfeasible
solutions.

Two problemswith DP formulations using Lagrangian
multipliers @A) are thedifficulty in accommodating
more than two constraints and the potentiafficiency
involved in searchingover A, particularly for highly
constrainedand infeasible solutions. The surrogate
constraints approach of Nakagawend Miyazaki
remedied many of these problems, their model was

inefficient compared to equivalent IP models, anda

would not always converge to a feasible final solution.
Integer Programming Formulations

IP formulations of thgroblem include those proposed
by Ghare and Taylor [4], Misrand Sharma [5]GGen et
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al [6] and Bulfin and Liu [7]. IP models require that th%quation 6 represents the logarithm safbsystemi

objectivefunction and constraints argeparable, either
directly or by transformation. Ghare andTaylor
presented a branch-and-bound technique for solving t
redundancy allocation problem when thereidy one
component choice for each subsystem,
demonstrated the technique several large problems.
Bulfin and Liu showedthat the IPmodels also work
well when there are multiple componenthoices

ang

reliability (with ki specified) with j identical
components in parallel minus the logarithm of
Qﬁbsystem' reliability with j - 1 identical components
in parallel. This definition ofs anda; provides for

e linearobjective function in (5) which maximizes
the logarithm of thesystem reliability (which then
maximizes the system reliability).

available for each subsystemiheir approactwas 10 Eqr |p problems with multiple component choices (but

combinethe constraints into one surrogate constraifithout mixing), theproblem is modeled similarly and
and then tosolvethe problem as a knapsack problem.o number of 0-1 decision variablesis A(M % (Nmax

Misra and Sharmaresent an efficienalgorithm for
solving the redundancy allocation problem as an IP.

The largemajority of the IP formulations (anotable
exception is Misra [8]) either assurieatk = 1 or only
use examples with = 1, and all of the IRormulations
prohibit the mixing of different(but functionally
similar) components within the same paralle
subsystenstructure. While problems with> 1 can be
accommodated by IP, it is doubtfthat IP would be
successful for anyon-trivial problem with multiple
component choiceand mixing ofcomponents as well
as k > 1. A typical IP formulationfollows for a
problem to maximize reliability of aystemwith only
one component choigeer subsystemk; > 1, and linear
cost and weight constraints r{; ¢ and w equal
component reliability, cosand weight, respectively).
Nmax 1S the maximum number allowed in parallel.

- k)). For many redundancy allocation problems, IP
models give very goodsolutions very efficiently,
particularly when compared to equivalent DP
formulations [7]. There aréwvo primary deficiencies
with the IP formulations. First, a formulation which
considers mixing of differentomponents within a
subsystem will cause @&ombinatorial explosion of
Hecision variables. Second, whére problem is to
minimize cost givenstringent constraints on reliability
and weight, it becomes venyifficult to identify any
feasible solutions.

Mixed Integer and Nonlinear Programming

When the redundancy allocatipnoblem is formulated
as a MINLP[9, 10, 11], it normally takes a different
form than thatpreviously discussed. In typical MINLP
formulations, component reliability is expressed as a



variable, cost is defined as a smooth function dBA methodologycan be characterized by tf@lowing
reliability and the constraints are nonlinear functions afperators.
several decision variableS.he objective istherefore to

determine the optimalevel of reliability and the » encoding of solutions

amount of redundancy. This is thestapproach for » selection of an initial population
new systendesigns when the constituechmponents » crossover breeding operator
are being designespecifically forthis new system and « mutation operator

the optimal reliabilitylevels represerte reliability to « culling of inferior solutions

be “designedn” to the new components or used as a

specified value for subcontractors or suppliers. Solution Encoding

There areseveral drawbacks with usin®INLP for  Each possible solution tathe redundancy allocation
many design problems.  Firsfor many designs, problem is a collection afi parts in paralleli < n; <
components must be selected from a discliste of Nmay) fOr each subsystem.The n, parts can behosen
available components, which have known reliability;, any combination from among thex available
costandweight. In these cases, determination of th@omponents. Them componentsare indexed in
optimal reliability level is usefubnly as a goal when descending order in accordance witteir reliability
selecting which components to use. Second, it is NG%., 1 representing the most reliable, etc.). The
always possible or practical to determine a gojytion encoding is @ Vectavith s X Nmay POSItions.
differentiable function for component cost as it relategn index ofm + 1 is assigned to a position where an
to reliability. additional componentvas not used (i.e.n < Nmay.

The subsystemrepresentations are thefaced adjacent

to each other to complete the vector representation.

GENETIC ALGORITHM IMPLEMENTATION
As an example, considersystemwith s= 3, my = 5,

A GA is a stochastic optimization technique patterneg, = 4, m, = 5 andn.., predetermined to be 5. The
after natural selection in biological evolution as yector

initially described by Holland [12]. The GA approach
is very flexible, can accommodate both discrete and w=(11666|22355|46666)
continuous functionsand caninvestigate a larger

search spacethan the corresponding DPand IP  represents a prospective solution wit¥o of the most
formulations by explicitly consideringhe option of rejiable components used iparallel for the first
mixing componentypeswithin a particularsubsystem subsystem; two othe £cond most reliabland one of
in conjunction withk > 1. Deficiencies witlthe GA  the thirdmost reliable component used parallel for
approach are that there aeveral search parametersne secondsubsystem:and one of the fourthmost

which must be found experimentally, solutionejiable component used for the third subsystem.
encoding, crossoveand mutation must bformulated

and the GA can not guarant@®nvergence to the |pitial Population
optimal, although it can be demonstratéldat it

consistently does converge. The initial populationwas determined by randomly
selecting p solution vectors. For each solutios,
An initial population of p solutions is randomly integersbetweenk; and nmay were randomly selected to
selected to formthe first generation of the GA. represent the number of parts in paralle) for a
Crossoverand mutationoperators arehen performed particular subsystem. Then, n parts were randomly
on the populationmembers to produce subsequenng uniformly selected fromamong them available
generations. An effective GA depends on components (with replacement). Thehosen

complementary crossovand mutatioroperators. The components werghen sequenced according tieir
crossover operator dictatdbe rate ofconvergence, rgjiability.

while the mutation operator prevents the algorithm
from prematurely converging. Each member of thgyyiective Function
population is evaluated in accordance with its “fitness”,

which is used as basis for selecting pasamitions and g ghjectivefunction §(A,vi)) was defined athe sum
for culling inferior solutions fronthe population. The 4t e searchobjective (cost orreliability) and a



dynamic penalty functionP(A,vi)) determined by the the algorithm will more readily findeasible solutions,

relative degree of infeasibility. It wasnportant to as desired, but will less likely convergettee optimal

search through thénfeasible region, particularly for solution.

highly constrained problemsbecausethe optimal

solution can most efficiently be reached via theCrossover Breeding Operator

infeasible regionand often, good feasible solutions are

a product of breeding between a feasilled an The reproductive process of crossover producksd

infeasible solution. solution vectors whichmaintain certainproperties of
both parents. As inaturalevolution, more fit parents

To provide an efficient searcthrough theinfeasible are morelikely to breed,and child vectorsare often

region but to assur¢hat the final best solution is Dbetter solutionsthan either parent individually. A

feasible, a dynamic penalty function was defined taniform crossover breeding operator was used to search

incrementally increase the penaltfor infeasible areas of the samplepace already demonstrated to

solutions as the search progresses. It is important mwoduce good solutions.

to increase the penaltgo rapidly or the GA willlikely

converge to a local optimawhen minimizingsystem For this GA, parents/ere selected based dre ordinal

cost, the objective function and penalty function are ranking of theirobjectivefunction. A uniform random

defined as follows. number, U, between land /p was selectecnd the
S . . .
FAV.)=S C(X. )+ PV ) solution with the ranking closest tf was selected as a
(A.vi) ; (X + PGV (7) parent. Two parents arehosen to produce each child

5_ . solution vector. The crossover operatoretained all
P(\,v,)= minm, (% _ identical genetic information from both parents and
Vi) 0 ¢ E) D R '|K) % then randomly selected, with equal probability, from
®) either of the two parents for components which

. > differed. Becauséhe solution encodingsere ordered
+§‘W mlnﬁ),w— ; W )ﬁz from most to least reliable, matches were common. For
B example, consider the chilebctor §) produced by the
two parent vectors/(, v,) as follows.

)\C:)\cl-i_é.%g'g\(ﬁ zlz

where

Ay =Nyt Q/QB\M V,=(XXB6XTXXT777) - identical components
v.=(2167732777) - random selection
v,=(1267723777) - final arrangement

g is the generation number amgl is the interval
whereby the penalty function increases. For thq\/lutation Operator
examples whiclfollow, g was found experimentally

to be effectivewhen equal to 40.That is,every 40  The mytation operator performs random perturbations
generations, the penalty omfeasible solutions is 5 selected solutions. A predetermined number of
mcr_eased, leading the search mwwardsthe feasible |, tations within a generation decided for each GA
region. trial. The mutationoperator isthen based on a

) o mutation rate, normally assigned a value of 0.05 - 0.30.
The Lagrangian multiplier parametemi Acz Awi s Eachvalue within the solutionvector ischanged with
Auz) and constants which need to be scaled based on Higpability equal tahe mutation rate. Kelected to be
important to scale these parametéhg GA isrobust probabilityand to arandomly chosen component, from
and not sensitive to small alterations of these constanignong them choices, with 50 % probability. Al
As the search progresses,andA,, are incrementally muytated solutionare maintained within the population
Increased,thel’eby fOI’CIng the solutions intofdesible for at least one generation_ThiS assureghat the
region. Thevalues ofAc; and Ay, are determined mutated solutions have the opportunitytieed with
empirically considering thseverity ofthe constraints. gther solutions.
The danger in increasing andA,, too rapidly isthat



Evolution components choices. Considerititat the mixing of
components is allowed, theege > 1.9 x 1D unique
A survival of the fittest strategwas employed. After solutions (withnymay= 8).
crossover breeding, thebest solutions from among the
previous generatiorand thenew child vectors were Six different cases ofthe seond example were
retained to form the next generation. Mutation waanalyzed by changing the reliabilitand weight
thenperformed after culling inferior solutions from theconstraints. Table Bescribesthe six differentcases
population. Thebest solutionwithin the population and theresults of the analysis. For thisoblem, the
was never chosen fanutation to assur¢hat it was GA produced 15children and 25 mutationgach
never altered via mutatioand toimprove the rate of generation and the mutation rates0.25. The results
convergence. The GA was then terminated after a showthat the GAconsistently convergel.e., 89%) to
preselected number of generations, normally 1,2G8e optimal solution. Additionally, the resuligeld
generations. minimum costswhich are between4.4% and14.2%
betterthan thatobtained from thereviously presented
IP [10,12,13,14] or DP [1,8] formulations of the
EXAMPLES problem.
The first example ishatposed by FyffeHinesand Lee Case 6 from Table 2 is a highly constrained problem.
[2] with 33 problem variations from Nakagawa andlhere areonly atotal of ninefeasible solutions (out of
Miyazaki [3]. Theproblem objective is tanaximize 1.9 x 10), all of which require the mixing of
reliability for a systenwith 14 subsystemsand three or components within asubsystem.The DP and IP
four component choices for eachThere is acost models, which do nogllow mixing of components,
constraint of 130and theweight constraint is varied would not be able to identify anyeasible solutions.
incrementally from 191 to 159 to form the 33The algorithmconverges with a percemffort ratio
variations. Ten different trialsere performed for each (PER) [5] of lesshan0.0021% of the searctpace for
variation of the problem. Consideringpmponent all cases. This compares to a PERanging from
mixing, the size of the seardpace is greatehan 7.6 0.013% to 10.41% fathe algorithmproposed by Misra
x 10°. For thisproblem, p was40, the GA had 18 and Sharma [5]. Ishould be notethat the Misra and
children and 22 mutationproduced each generationSharma algorithm guaranteesonvergence to the
and the mutation rate was 0.05. optimal solution while the GA can not guarantbat,
although it hadbeen demonstrated to consistemtach
The GA and IProduced feasiblénal solutionsfor all  the optimal solution.
33 problems whilethe DP model vyielded feasible
solutions for only 30 othe 33. The GAproduced a

solution with higher reliability than the DP or IP
models for 27 ofthe 33 problems. Imall instances
where therewas higher reliability, the improvement
was small (< 5%). However, in high reliability
applications, evenvery small improvements in
reliability are often difficult to obtain. In four of the
problem variations,the GA, DP and IP yielded
precisely the same solutionand in 2 of the 33
problems, the GAvroduced a solution which watose,
but at a lower reliability compared to the other models

The second example analyzed defined by the
component choices in Table 1.The objective is to
minimize cost given reliabilityand weight constraints
for a system designed with two subsystems.tkeffirst
subsystenk; is defined to be fourand for the second
subsystemk, is two. This problem is more difficult
from the previous problem in several respects. Firs
both subsystemarek-out-of-n redundancy with k > 1.
Second, for each subsysteithere are ten distinct

CONCLUSIONS

The redundancy allocation problem lpasviously been
solved using DP, IPand MINLP models. There are
distinct differencedbetween these variowptimization
approachesand different classes ofhe problem are
better suited to one particular modelThis paper
describeghe use of a GA to analyzhis problem. The
GA was tested on two problerasdcompared with the
corresponding results from D&hd IP. The GA was
demonstrated to be very flexible and few restrictions are
needed onthe form of potential solutions. In the
sample problems, the Ggroduced results consistently
betterthanalternative approaches; howevieecause of
the stochastic nature of the GA search, it can not
guarantee convergence to the optimal solution.

tThe natural extension of this work is to adapt the GA to

problems wherghe component reliabilitywalues are



governed by a probability density function. Constraintfl1] C. L. Hwang, F. ATillman, W. Kuo, “Reliability
would then bebased on a lower bound value &ystem optimization by generalized Lagrangian-function
reliability or cost. This represents a more realistic  and reduced-gradient methods”, IEEE
model ofthe designprocess. Also, it allows for the Transactions on Reliabilityvol R-28, 1979, pp
explicit consideration of risk-aversgystem designers 316-319.

and users. [12] J. Holland,Adaptation in Natural and Artificial
Systems1975; University of Michigan Press.
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TABLE 1: COMPONENT CHOICES FOR PROBLEM 2

Design Subsysten)(
Alternative 1 (k=4) 2 (k=2)

() R C wW R C w

1 0.981 95 52 0.931 137 83
2 0.933 86 94 0.917 132 96
3 0.730 80 32 0.885 127 94
4 0.720 75 92 0.857 122 93
5 0.708 61 41 0.836 100 95
6 0.699 45 33 0.811 59 63
7 0.655 40 98 0.612 54 65
8 0.622 36 96 0.432 41 49
9 0.604 31 83 0.389 36 33
10 0.352 26 66 0.339 30 51

TABLE 2: GA PERFORMANCE FOR DIFFERENT CASES OF PROBLEM 2

Problem Description GA Performance
Reliability | Weight Global Best Minimum | Average | Average| Numbelf Numbe
Case | Constraint| Constraint Minimum [P or DP* Cost Cost #gen | Optimal | Feasible

1 0.975 650 727 770 727 727.2% 988.65 18/20 20/2
2 0.975 600 736 770 736 736.9( 570.95 11/20 20/2
3 0.975 550 747 871 747 747.0( 662.30 20/20 20/2
4 0.95 600 656 711 656 656.0( 309.10 20/2p 20/
5 0.95 550 661 711 661 661.0( 268.00 20/2p 20/
6 0.95 500 661 none** 661 680.80 226.85 18/20 20/2

S ooooo

* This is the lowest minimum cost possible from the IP formulation adapted for k-out-of-n.
** Other algorithms do not produce any feasible solutions.



