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Interference Alignment Improves
the Capacity of OFDM Systems

Yi Xu, Student Member, IEEE, Shiwen Mao, Senior Member, IEEE, and Xin Su, Senior Member, IEEE

Abstract—Maultiuser orthogonal frequency-division multiplex-
ing (OFDM) and multiple-output multiple-output (MIMO) have
been widely adopted to enhance the system throughput and
combat the detrimental effects of wireless channels. Interference
alignment has been proposed to exploit interference to enable
concurrent transmissions of multiple signals. In this paper, we
investigate how to combine these techniques to further enhance
the system throughput. We first reveal the unique characteristics
and challenges brought about by using interference alignment in
diagonal channels. We then derive a performance bound for the
multiuser (MIMO) OFDM interference alignment system under
practical constraints and show how to achieve this bound with a
decomposition approach. The superior performance of the pro-
posed scheme is validated with simulations.

Index Terms—Interference alignment, multiple-input multiple-
output (MIMO), multiuser OFDM, orthogonal frequency-division
multiplexing (OFDM).

I. INTRODUCTION

HE past decade has witnessed a drastic increase in wire-
less data traffic, largely due to the so-called “smartphone
revolution.” It is foreseeable that the capacity of existing
and future wireless networks will soon be greatly stressed.
Many advanced wireless communication technologies, such
as orthogonal frequency-division multiplexing (OFDM) and
multiple-input multiple-output (MIMO), are widely adopted to
enhance the system capacity, whereas a huge amount of wire-
less access networks/base stations (BSs) are deployed every
year to accommodate the compelling need for larger capacity.
Given the increasing wireless data volume and the more and
more crowded BS deployment, interference is apparently the
major factor that limits wireless network performance.
Traditionally, interference is considered harmful and often
treated as background noise. As the performance of point-to-
point transmission techniques is approaching Shannon capacity,
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there is now considerable interest in exploiting interference for
further capacity gains. It is shown that when interference is
large, it can be decoded and canceled from the mixed signal
(as in interference cancelation), whereas when interference is
comparable, interference alignment can be adopted to enable
concurrent transmissions. Although interference is harmful
in many cases, it could be beneficial for enhancing system
throughput as long as the interference can be aligned. This kind
of interference can be termed as beneficial interference.

Interference alignment was first proposed in [2], and the
feasibility condition was investigated in [3]. Since interference
alignment is expected to greatly enhance the system throughput,
many existing works focus on applying interference align-
ment to practical wireless networks. For instance, interference
alignment with limited feedback or incomplete channel state
information (CSI) were investigated in [4]-[6]. In a more
general scenario, multicell opportunistic interference alignment
was examined in [7]. Combined with cognitive radios, in [8],
a cognitive interference alignment scheme was presented to
suppress both cross- and cotier interferences in two-tier net-
works. Moreover, in [9] and [10], Xu and Mao investigated
the behaviors of primary users and secondary users under a
Stackelberg game theory framework, where distributed interfer-
ence alignment was adopted to enable spectrum leasing in the
cognitive radio network. There are also some existing studies
that aim to adopt interference alignment in more advanced
systems, such as heterogeneous networks [11] and multihop
mesh networks [12]. In [13], Gollakota et al. also considered
combining interference alignment and interference cancelation.
In [14], El-Hadidy et al. proposed to use multimode MIMO
antennas instead of the typical omnidirectional antennas with
interference alignment, whereas in [15], the impact of antenna
spatial correlation on the performance of interference alignment
systems was investigated.

Although many applications of interference alignment have
been investigated, few works have studied how to apply inter-
ference alignment to OFDM systems due to the difficulty of
analyzing throughput with a structured channel (e.g., diagonal
channel) [1]. Since in a large network, there are many users
but limited dimensionality, in [16], Shen et al. proposed the
concept of “best effort” interference alignment and adopted
an iterative algorithm for optimization. However, how to use
interference alignment to enhance the throughput of a practical
OFDM system was not fully considered. Another attempt can
be found in [17], where the precoder design was studied.
However, it only considered the case when the cyclic prefix was
insufficient. General precoding design specifically for OFDM
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systems was not discussed. In [18], Shi ez al. also considered the
problem of interference alignment in multicarrier interference
networks. However, the number of subcarriers considered was
small, typically three subcarriers. Hence, it is not clear if the
approach can be extended to the general case of a large number
of subcarriers. In a more recent work, in [19], Kafedziski and
Javornik proposed two schemes to adopt interference alignment
in multicell MIMO OFDM systems. In the first scheme, inter-
ference alignment was used to remove the intercell interference,
whereas zero-forcing precoding was used to suppress the intra-
cell interference. In the second scheme, interference alignment
was also used for intercell interference removal, whereas the
OFDMA access scheme was applied for intracell interference
cancelation. However, the fundamental performance bound of
multiuser MIMO OFDM systems with interference alignment
has not been discussed. Some other works tried to understand
the performance bounds of OFDM systems with interference
alignment, such as [20] and [21]. In [20], Zhang et al. de-
rived the necessary and sufficient conditions for the three-user
OFDM system with interference alignment in the time domain.
However, these conditions cannot be applied to a system with
more users or under other conditions. In [21], Ayach et al.
studied the feasibility of the MIMO-OFDM system with inter-
ference alignment over measured channels.

In this paper, we show how interference alignment works
in the OFDM system under practical constraints and is mainly
concerned about the theoretical bound when interference align-
ment is incorporated in the OFDM system. Specifically, we
consider the problem of incorporating interference alignment
in multiuser (MIMO) OFDM systems. We first examine the
fundamental characteristics and practical constraints on adopt-
ing interference alignment in a multiuser OFDM system. We
show that, for a K-user N-subcarrier OFDM system, K N/2
concurrent transmissions that are achievable for generic struc-
tureless channels [2] cannot be achieved for a practical multi-
user OFDM network with diagonal channels and a limited
number of subcarriers. We then investigate effective schemes
to exploit interference in multiuser OFDM systems. With an
integer programming problem formulation, we derive the max-
imum efficiency of the multiuser OFDM/interference alignment
system. We also show how to achieve the maximum efficiency
with a decomposition approach and derive the closed-form
precoding and decoding matrices. Finally, we extend the given
analysis to the multiple-antenna scenarios. All the proposed
schemes are evaluated with simulations, and their superior
performance is validated.

Notation: In this paper, a capital bold symbol such as H
denotes a matrix, a lowercase symbol with an arrow on top such
as U denotes a vector, and a lowercase letter such as v denotes a
scalar. [-]7' means transpose, and -] ! means inversion. H;; and
h;j are the channel gain matrix and channel gain from the ith
transmitter to the jth receiver, respectively. V;; is the precoding
matrix for transmitter 7; z"ff is the jth column of V;. U; denotes
the interference cancelation matrix for the ith receiver, whereas
Uf is the jth column of U;. Let h, v, and u denote the entries of
H, V, and U, respectively.

Note that with these notations, the entries of H,;; take slightly
different ordering from conventional ones. For instance, if

transmitter 1 and receiver 2 are both equipped with M antennas,
the channel gain is

hll h21 h]wl

h12 h22 hMQ

H; = D

hiae hoar -+ harwr

The rest of this paper is organized as follows. Section II
describes the background and preliminaries. Section III in-
vestigates how to adopt interference alignment in a multiuser
OFDM system. Section IV extends the analysis to the multiple-
antenna scenario. Simulation results are presented in Section V.
Section VI concludes this paper.

II. BACKGROUND AND PRELIMINARIES
A. OFDM

While higher data rates can be achieved by reducing symbol
duration, severe intersymbol interferences (ISIs) will be caused
over time-dispersive channels. OFDM is an effective approach
to allow transmissions at a high data rate and combat the
destructive effect of the channel. By dividing the channel into
narrow bands, in which the signal experiences flat fading,
OFDM can effectively mitigate ISI and maintain high-data-rate
transmissions. See [23] and the references therein for details.

B. MIMO

With the single-antenna transmission technique being well
developed, it is natural to extend to multiple-antenna sys-
tems. The MIMO transmission techniques have been rapidly
evolving since the last decades. Generally speaking, multiple
antennas or an antenna array can be used to attain the di-
versity gain, multiplexing gain, or antenna gain, and thereby
reduce the system error rate, enhance the system throughput, or
strengthen the signal-to-interference-and-noise ratio [24], [25].
Given M, transmitting antennas and M, receiving antennas,
the maximum multiplexing gain is known to be min{ My, Ms}.
Throughout this paper, we assume that CSI is perfectly known
at each transmitter and receiver as in prior works [2].

C. Interference Alignment

It is shown in [2] that in a K -user wireless network, with
(n+1)? +n? symbol extensions, in total, K /2 normalized
degrees of freedom (DoF) can be achieved using interference
alignment, where ¢ = (K —1)(K —2)—1, and n € N. In
single-antenna systems, the normalized DoF is 1. With interfer-
ence alignment, the system throughput is enhanced by a factor
of K/2 for K > 2. Note that there is no interference if there is
only one user occupying the time or frequency resource.

Observation 1: The system throughput could be improved if
alignable interference is introduced among users.

This observation is useful for OFDM systems, where the
channel gain matrix is diagonal. Since the gain of interference
alignment is proportional to K, we should have more users
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Fig. 1. Multiuser OFDM using interference alignment.

transmit at the same time slot or frequency band if the trans-
mitted vectors can be aligned. That is why we call this kind of
interference beneficial interference in this paper.

III. MULTIUSER ORTHOGONAL FREQUENCY DIVISION
MULTIPLEXING WITH INTERFERENCE ALIGNMENT

Here, we investigate the problem of interference alignment in
multiuser OFDM systems. The system model is shown in Fig. 1.
We first examine fundamental characteristics and practical con-
straints and then demonstrate how to exploit interference in
multiuser OFDM systems. We derive the maximum throughput
when interference alignment is adopted, as well as closed-
form precoding and decoding matrices to achieve the maximum
throughput.

A. Subcarriers Versus Antennas

In traditional interference alignment, deploying multiple
transmitting antennas allows us to precode data packets and
align them at the receiver. Deploying multiple receiving anten-
nas provides multidimensional signal space; therefore, interfer-
ence can be aligned into subsignal space that is orthogonal to
the desired signal. Therefore, deploying multiple antennas can
provide the needed freedom in the signal space.

In OFDM systems, we observe that subcarriers can function
in similar ways as antennas in MIMO/interference alignment
systems, since subcarriers could also provide multidimensional
signal space. To some extent, subcarriers can be regarded as a
counterpart of antennas. Hence, we could compress the inter-
ference at each receiver in no more than half of the subcarriers
and leave the other half of subcarriers free from interference.

However, note that there is a distinguishing difference be-
tween the two systems: There is no crosstalk among different
subcarriers in OFDM.

B. Precoding in OFDM

The main idea of interference alignment is to compress the
interference space to no more than half of the total received
signal space at each receiver, leaving the remaining part of
the space clean for desired signals [2]. This goal is achieved
through precoding at every transmitter and zero-forcing inter-
ference cancelation at every receiver.

In OFDM systems, data are transmitted over multiple carriers
between transmitters and receivers, as shown in Fig. 1. Since, in
OFDM systems, subcarriers can also provide multidimensional
signal space for the transmitter and the receiver as multiple
antennas, we could precode over multiple subcarriers to achieve
interference alignment for the OFDM system as multiple an-
tennas for the MIMO system. Suppose there are /N subcarriers.
Ignoring noise, if there is no precoding, the received signal for
each receiver ¢/ is an NV x 1 vector given by

y=Hr @

where 7 is the desired signal in the form of an NV x 1 vector,
and H is the NV x NN channel gain matrix between the transmit-
ter and the receiver. Since different subcarriers have different
frequencies, the channel gain matrix is diagonal if there is no
severe frequency shift. It can be seen from later discussions
that this property makes interference alignment in the OFDM
system quite different from the general channel case.

Going one step further, we can precode the data before trans-
mission. If d packets are to be transmitted in an N-subcarrier
OFDM system, an N X d precoding matrix 'V could be used.
The system equation is rewritten as follows:

7=HVZ. 3)

If weletd= N and V = Iy, where Iy is an N x N identity
matrix, (3) is reduced to (2).

In general, we could control what to be transmitted on the
subcarriers by adjusting the precoding matrix accordingly. For
a single-user single-antenna OFDM system with N subcarriers,
the maximum number of packets that can be transmitted is V.
Note that, here, N is normalized by the quadrature amplitude
modulation level. However, inspired by the idea of interference
alignment, we show that a throughput higher than N can be
achieved in the following sections.

C. Interference Alignment in a K-User OFDM System

As discussed, we consider the problem of interference align-
ment in multiuser OFDM systems. Basically, we aim to answer
the following questions.

1) What are the practical constraints for adopting interfer-
ence alignment in such systems?

2) What is the maximum throughput that can be achieved?

3) How is the maximum throughput (i.e., deriving closed-
form precoding and decoding matrices) achieved?

1) Dependence of Precoding and Decoding Vectors in
Diagonal Channels: Here, we show the difference in apply-
ing interference alignment between a diagonal channel and a
general channel, as well as the challenges to adopt interference
alignment in the former case.

It was shown in [3] that given M transmitting antennas and
M5 receiving antennas in a K-user interference channel, the
DoF for each user, which is denoted by d, must satisfy

d < (M;+ M3)/(K +1). 4
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For example, given two transmitting and receiving antennas
in a three-user interference channel, (4) indicates that each
user could transmit one packet simultaneously. With a generic
structureless channel, the throughput K'd = 3 can be achieved
as follows.

At each receiver, we align the signals from the other two
users. Recall the channel gain matrices as defined in (1) and
let the user 7 signal be 7;, i = 1,2, 3. It follows that

Hy, 7y = H31 73, Hiot = H3atiz, Hi301 = Hozta.  (5)

Solving (5), we have

o) =eig(Hy HyoHy{ Hy Hog Hys) (6)
Uy = H531H13?71 (N
i3 = Hyy Hyaty (8)

where eig(A) stands for the eigenvector of matrix A.

This scheme works well for generic structureless channels,
but not for the case of diagonal channels. For instance, if two
subcarriers (instead of two antennas) are used in OFDM, all the
channel gain matrices in (6)—(8) are diagonal. Since the product
of diagonal matrices is still diagonal, we have from (6) that

- 1 0

o) (0)
If @ = [1,0]7, we derive ¥ = [c1,0]7 from (7) and @3 =
[c2,0]T from (8), where ¢; and c, are scalars. To cancel the
interference at receiver 1, the cancelation vector t; must be
i1 = [0,c]T, where c is also a scalar. However, the desired
packet is also canceled since u; is orthogonal to v;. There-
fore, we cannot simultaneously transmit three packets in this
system.

The reason behind is that for a diagonal channel, its eigenvec-
tors have only one nonzero entry. If we align interferences at re-
ceiver r by letting H;,0; = --- = H;,.%;, for j # --- #Z 1 # 7,
the precoding vectors are dependent on each other. Conse-
quently, when interference is canceled at a receiver, the desired
packet will also be canceled.

2) Interference Alignment With Multiuser OFDM—
Performance Bound: It is shown in [2] that in a K-user
system with (n + 1)? + n? symbol extensions, in total, K/2
normalized DoF can be achieved using interference alignment,
where ¢ = (K — 1)(K —2) — 1, and n € N. In light of this
result, one may think that K'N/2 concurrent transmissions is
achievable in a K-user [N-subcarrier OFDM system. However,
we will show that this is unachievable for large K in practical
systems in the following.

It is worth noting that an assumption made in [2] is that the
symbol extensions can be infinitely large. This assumption may
not hold true in practical systems. Given a finite bandwidth,
the number of subcarriers is the bandwidth divided by the
subcarrier spacing. Typically, the value of subcarrier spacing
is 10-20 kHz. Then, even for a 100-MHz bandwidth, we can
have, at most, 10* subcarriers. For instance, in IEEE 802.16 m

TABLE I
SYSTEM EFFICIENCY

When K =5and ¢ =11

n | No. of subcarriers | No. of packets | Normalized DoF d

1 2,049 2,052 1.002

2 179,195 185,339 1.03
When K =4 and ¢ =5

n | No. of subcarriers | No. of packets | Normalized DoF d

1 33 35 1.06

2 275 339 1.23

3 1,267 1,753 1.38

4 4,149 6,197 1.49
When K =3and g =1

n | No. of subcarriers | No. of packets | Normalized DoF d

1 3 4 1.333

2 5 7 1.40

3 7 10 1.429

4 9 13 1.444

100 201 301 1.498

1000 2001 3001 1.4998

and 3GPP Long-Term Evolution (LTE), the maximum number
of inverse fast Fourier transform is 2048, and the maximum
number of effective subcarriers is 1200.

Therefore, the problem is to maximize system throughput
given a finite number of subcarriers, which is denoted by Ny, ax.-
It is shown in [2] that with (n 4 1)? + n? symbol extensions,
the total normalized DoF is [(n+ 1)?+ (K — 1)n?]/[(n +
1)? + n9]. Hence, we aim to maximize (n + 1)? + (K — 1)n?
and have the following formulation:

{mnf}g(} (n+1)?4 (K —1)n? )
st g=(K—1)(K-2)—1 (10)
(n+ 1?4+ n? < Npax,n € N (11)
K>3 KcN. (12)

The physical meaning of problem (9) is that we try to maximize
the unnormalized DoF given a finite number of subcarriers.
Note that all the variables are integers. Constraint (11) indicates
that for practical OFDM systems, the number of subcarriers
N = (n+1)9+n9 is upper bounded by Ny.x. Although
this integer programming problem is NP-hard in general, by
careful inspection, we can find the solution under practical
constraints.

In particular, we find that the feasible region is very small
for practical Np,.x values. Moreover, the objective value is
monotone with respect to the two variables n and K. In problem
(9), assuming K =5, we have ¢ = 11 from (10). For each
value of n, we can derive the number of subcarriers needed,
i.e., Nmax, from (11) for the problem to be feasible, as well as
the throughput of the system [i.e., the objective value of (9)].
The corresponding degree of freedom, i.e., d, is the ratio of
the throughput and the number of subcarriers required. These
numbers are presented in Table I.
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Table I shows that if there are X = 5 users, 2049 and 179 195
subcarriers are needed when n =1 and n = 2, respectively.
As discussed, a practical system usually does not have more
than 10* subcarriers. Hence, n can only be 1 in this case, with
efficiency dyax = 1.002. Therefore, interference alignment is
not useful in this case, since we can simply allow only one user
to transmit over one time slot or a particular frequency band to
getd = 1 (i.e., single-user OFDM).

If there are K = 6 transmitters, we have ¢ = 19. Even if
n = 1, the number of subcarriers needed is 524 289, which is
not feasible for practical systems. Since the number of sub-
carriers (n 4 1)(E-DE=2)-1 4 p(K-1)(K=2)-1 exponentially
grows with (K2 — 3K + 1), it can be readily concluded that
K cannot be more than 4 for interference alignment to be
beneficial in multiuser OFDM systems.

Since the objective value of (9) is a monotonically increasing
function of K, the maximum feasible value K = 4 is of partic-
ular interest. We have ¢ = 5 when K = 4. Table I also shows
that under this condition, the maximum efficiency for a practical
system iS dpyax = 1.38 for the practical case with, at most,
2000 subcarriers. When K =3, we have ¢ = 1. Objective
function (9) becomes 3n + 1, and constraint (11) becomes
2n 4+ 1 < Npyax. If the maximum number of subcarriers is
Nmax = 2001, the system achieves its maximum efficiency
dmax = 1.4998.

The above analysis can be summarized as follows.

Lemma 1: For a practical multiuser OFDM system with
less than 2002 subcarriers, the maximum efficiency is dpy,.x =
1.4998, which is achieved when there are K = 3 users using
N = 2001 subcarriers.

However, in later discussions, we will show that this conjec-
ture does not hold true.

3) Interference Alignment With Multiuser OFDM—
Realization: It is shown in [2] how to design the precoding
matrices to transmit 3n + 1 packets over 2n 4 1 symbol
extensions in a three-user interference channel (i.e., for a
three-user system, we have ¢ =1 and N = (n + 1)74+n? =
2n + 1). We will derive the precoding/decoding procedure for
interference alignment with multiuser OFDM and prove its
efficacy in this section.

The precoding matrices proposed in [2] for the case of three
users are as follows:

Vi=A,Vy,=HJH;3C.V; =H;;H ;B (13)
where
A = [WTWT?w, ..., T
B = [TWT?d,. .., T
C = [WTWT?d,. .., T" i (14)
T = Hy Hyy H3oHy HisH
w=[11,...,1]T.
Thus, the received signal at receiver 1 is
i1 = Hi1 V121 + Ha1 Va2 + Hi V2. (15)

In the general case, since the data streams are independent of
each other, the received mixed signal spans 3n + 1 dimensions
of the space. In interference alignment with a multiuser OFDM,
the received signal spans only 2n + 1 dimensions of space.
Solving these 2n + 1 equations will yield the desired packets.
However, the challenge is, if 2n + 1 is too large, we may
not be able to solve these equations efficiently (as can be
seen from later discussions). This problem can be addressed
with a decomposition approach as given in the following
theorem.

Theorem 1: For an N-subcarrier OFDM system, we can
divide the subcarriers into | N/(2n + 1) | groups, where n € N,
and precode and decode the groups separately to achieve the
interference alignment gain.

Proof: Recall that the channel gain matrix in OFDM is
diagonal. Generally, if every user tries to transmit d packets
over the N subcarriers, we have

hy 0 0 V11 V1d

0 ho 0 V21 V24
HV = . . . . .

0 0 hn UN1 UNd

The precoding vectors must satisfy the conditions given in
(13) and (14). Let the precoding matrix assume the following
form:

V., 0 0
0 V, 0

V= ) : (16)
0 0 v,

where g = N/(2n+ 1) is the number of groups, and V; is
the precoding matrix for group ¢ with dimensions (2n + 1) x
(n+1) or 2n+1) xn (i.e., user 1 sends (n+ 1) packets,
and each of the other users sends n packets over (2n + 1)
subcarriers). Without loss of generality, we assume that N
is dividable by 2n + 1. Rewriting H in the form of multiple
diagonal submatrices with the same dimensions, we have

H,V, 0 e 0
0 H,V, - 0
HV = ) ) . (I7)
0 0 H,V,

For instance, when N =6 and n =1, we have, for
transmitter 1

hl'Ull h1U12 0 0

h2U21 hQ’UQQ 0 0

havs1 hgvza 0 0
0 0 hyvsr havas
0 0 hsvsy hsvsa
0 0 hever hevez

HV = (18)
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If there are three users, we can let Hy1 Vo = H31 V3 at receiver

1 to get
hyvs” 0 0
WP 0 0
h21v§> 0 0
0 A . 0
0 AP .. 0
0 AP0 ... 0
N-2 N-2
0o
’ ’ " i
0 0 hyy v
Moo 0
2@ 0 0
hypos? 0 0
0 AulY 0
0 A 0
- 6 6
0 Ay g> 0
0 0 R 2) W2
0 0 h(N 1) (N 1)
0 0 h(zv) (N)
which indicates
K\ ()
RV = [RGFD, GHDL G — 14, N — 2. (19)
(z+2) (z+2) (i+2) (i+2)
21 31 U3

Since the given conditions can also be obtained by separately
encoding the N/(2n + 1) groups of subcarriers, we could
decompose the problem into a number of subproblems, i.e., one
for each group, and precode and decode the groups separately.

It remains to show how to decode the packets for this scheme.
Without loss of generality, we also assume K = 3. If this
scheme is adopted, each time, we sequentially take out 2n + 1
subcarriers. The received signal at receiver 1 is

1 =H11 V171 + H21 Va@s + H31 V37
=H;, V17 + Hy Hy Hi3C%s + Hy Hy  Hp B
=H;, V17 + HyyHy3 H 3Ca, + Hy Hy) Hi, TC
=H;1 V171 + HyHyd Hi3C (72 + 73)
= (Hi1 ViHy Vo) - (8172 + 75 ) . (20)
Taking the inverse of matrix (Hy;V1Hs;Vs) and discarding
the packets from transmitters 2 and 3, we can recover the de-

sired packets &1 . Note that we exploit the commutative property
of diagonal matrices in (20).

At receiver 2, the received signal is

Yo =Hi12 V121 + HpoVads + H3o Vs
= H12(1Z;’B):i’1 + HyoVoZs + leBfg

ORI
) 4 HyyVoiy + HyoB

- (1
=H12’LUI1 :
(n+1)

Ty

+ :vé")

= (Hy2VoH2wH;5,B)

: (mg,xgl),x?) -i-:Lgl), . T

T
Taking the inverse of matrix (Hoo VoH 0w H15B), we get Zs.

At receiver 3, the received signal is

y3 =Hi13V 121 + HosVads + H33Vsds
=H;3(CT"w)Z + H13CZs + H33 V33

A0 4 )

—H,5C +H T 02" + Hag Vs
2 4 4

= (H33V3H130H13T”u7)

(Eal 4 a0,y al a2

Taking the inverse of matrix (H33V3H;3CH 3T" W), we
can decode 3. After decoding each group separately, we then
combine the decoded data. The theorem is thus proved. |

Note that the proof of Theorem 1 also leads to an algorithm
to achieve interference alignment gains for any large NV € N.

4) Practical Issue of Large Channel Variance: Here, we
examine another practical problem of adopting interference
alignment for a multiuser OFDM.

A necessary condition to achieve interference alignment in
OFDM is that the channel gain is drawn from a continuous
distribution. As a result, if the variance of the channel is
large, some of the channel gains can be very small in certain
conditions, whereas some other channel gains can be very large.
When precoding over all the subcarriers, after taking the inverse
of the channel gain matrix, some entries of the precoding matrix
could be 10* times (or even more) larger than some others. The
result is that the power of one subcarrier could be 108 times
(or even more) larger than that of another subcarrier. Given
certain power constraints, the error performance of the system
will suffer from great degradation, which makes interference
alignment less useful.

In our proposed scheme, if the channel variance is large, there
is also a certain chance that some entries of T can be much
larger than the others, since T = Ho; H12 H32H23 H13H31 =
Ho H3oH 3 H y Hy Hy ' If we precode and decode over
large n, since the last columns of Vi, V5, and V3 are all
obtained by multiplying T", the situation could be further
exacerbated. The consequences are as follows.

(22)

1) Since some of the entries can be extremely small, the
decoding matrices can be close to singular. Thus, the
desired signal cannot be decoded.

2) Even if the decoding matrices are invertible, due to the
transmitter power constraint, the system error perfor-
mance could be rather poor.
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In fact, even if n = 1, there is still chance that some matrices
are not invertible. These are the reasons why we cannot precode
and decode for large V. This issue also demonstrates the impor-
tance of the proposed decomposition theorem (see Theorem 1).

Take V; for instance. The constraint is that the power on
one subcarrier cannot be 10 (e.g., a = 3) times larger than the
power on another subcarrier. If the constraint is violated, the
system is considered to be in the outage state. Let

T = diag{tl, tg, e ,t2n+1} (23)

where t; = BV RSB /(WORSIR)Y i =12, (2n+1).
t1,t9,...,tany1 can be regarded as independent and identi-
cally distributed random variables. Let ¢ denote the common
distribution of 1, %o, ..., t2p41. Define (1), ¢, ..
as the order statistics of tq,to,. ..,
t(2ny1) = max; t;.

Let y=t(2,+1)/t(1). From (13) and (14), we have v*" < 10%;
thus

s L2n+1)
ton+1 with t(l) = min; t;,

which means #(5,,41) cannot be 10%/(2") times larger than ¢(y).

On the other hand, since Yyax = 10%/2") we have

teansn 1) ton+t1
1—<Pr{t>(”t)}> <Pr{t(1)<("+)}<l. (25)
102 Y

It can be seen that Pr{t > (t(2n+1)/10“/2")} is a decreas-
ing function of n. With the power of 2n + 1, Pr{t(l) <
t(2n+1)/7} will quickly converge to 1. That means, with large
n, P(t(2n+1) > 7t1y) = 1. Therefore, with large n, constraint
(24) will not be satisfied.

Next, we show how large n could be for given constraint (24).
The joint probability density function (pdf) of ¢(1) and ¢(2,,11)
is found as follows:

B2Ft<1>t<2n+1> (z,9)
0xdy

ft(l)t(2n+1) (LE, y) = (26)

where Fy it (z,y) is the joint cumulative distribution
function of £(q) and £(2,,41). By the definition of partial deriva-
tive, we have

ft(l)t(2n+1) (‘T7 y)
0
{ lim [Ft(l)t(an) (r+Az,y) _Ft(l)t(2n+1) (z, y)}/Ax}

ay Ax—0
- Ax()l,lgl—)o [Ft(l)t(%ﬂ) (z + Az, y + Ay)
= Fritianin (@0 + 8Y) = i,
X (z + Aw, y)+Ft(1)t(2”+1)(x, y)] /(AzAy)
= i < < <
Ama%%gyﬂo [Pr{x Sty SeHAT eni) < y+Ay}
—Pr{x <ty <z +AZ ton41) < yH/(AxAy)
= lim Pri{e<tg <o+ Ae,
Az—0,Ay—0

y<tann Sy+Ay)/(Acdy}.  @7)

To calculate the probability of the last equality, for any x <y,
we can divide the x-axis into five disjoint intervals as: [} =

(—00,2), I = (z,z + Az), Iy = (z + Az,y), L1 = (y,y +
Ay), and I5 = (y + Ay, c0). For each t;, the probability that
it falls into each interval can be calculated as follows:

p1 =Pr{t; € 1} = Fi(x)

pe = Pr{t; € I} = Fi(x + Az) — Fy(x)

ps = Pr{t; € Is} = Fi(y) — Fi(x + Ax) (28)

pa =Pr{t; € i} = Fy(y + Ay) — Fi(y)

ps =Pr{t; € I} =1 — Fi(y + Ay).

To make (z <ty <z + Ax,y < tou41) <y + Ay) hap-
pen, the statistics {t1,ta, ..., t2,41} must have exactly 1 sam-
ple falling into interval I5, 1 falling into interval I, (2n — 1)
falling into interval I3, and 0 elsewhere, which is a multinomial
problem. Hence, we have

Pri{z <tq) <az+Az,y <tonp) <y+ Ay}

_ 27’l+1 0.1 (2n71)
0,1,(2n —1),1,0)1P2Ps

It follows that

pipd. (29)

ft(l)t(gn+1) ('T7 y)
B ) (2n+ 1)! Fy(x + Ax)
T Azs0.Ay-0 | (2n— 1)) Az
L Bly+Ay) — Fi(y)
Ay

— Ft<.’L')

x [Fy(y) — Fy(z + Az)]*"

(2n + 1)(2n) fi(2) fi(y) [Fi(y) — Fy(@)]"

(30)

Since #; = W) RIS /(WD ROIRY i = 1,2, 20+ 1,
and each h(l) is a random variable, the d1str1but10n of t; is
difficult to be explicitly found. Here, we continue our analy-
sis by approximating ¢; as a uniform distributed or Rayleigh
distributed random variable.

If ¢; is approximated as a uniform distributed random vari-
able and ¢; € (0, 1), we have

t
Pr {t(l) < <2+1>} 31)
v
1
:// (2n + 1)(2n)(y — x)** *dxdy. (32)
0
2n
1 —2\2n
:[1—<1—> 1>1—(1—10 %) (33)
v

where the last inequality is a direct result of (24). Taking the
derivative of (33), it can be found that P;q9e = Pr{t(l) <
t(2n+1)/’7} is an increasing function of n. For a = 3, if n = 1,
Poutage = 0.0622; if n = 2, P,ytage = 0.5431; and if n = 3,
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Fig. 2. Probability of system outage.

Poutage = 0.8978. For a system with many subcarriers, it indi-
cates that we can only precode over n = 1.

If ¢; is approximated as a Rayleigh distributed random vari-
able with pdf f(x | o) = (x/0?) exp(—(2?/20?)),z > 0, then

2 2
Ty e +y
ft(1>t(2n+1) (xa y) = (2n + 1)(271); exp (_M>

2 2 2n—1
< Y
X (exp <_M> — exp <_M>) .

There is no closed-form solution of Pr{t(;) < t(2,41)/7} in
this case. The numerical results are shown in Fig. 2. It can be
seen that the conclusion still holds, i.e., we can only precode
overn = l.

Recall that Lemma 1 shows dy,.x = 1.4998 when K = 3 and
n = 1000. Here, we can see that this maximum DoF cannot be
achieved under practical settings. Hence, we have the following
theorem.

Theorem 2: For a practical multiuser OFDM system with
less than 4149 subcarriers, the maximum DoF is dp,. = 1.33,
which is achieved when there is three-transmitter/receiver-pair
precoding over three subcarriers each time.

IV. MULTIUSER MULTIPLE-INPUT-MULTIPLE-OUTPUT
ORTHOGONAL FREQUENCY DIVISION MULTIPLEXING
WITH INTERFERENCE ALIGNMENT

In previous sections, we have considered applying interfer-
ence alignment to OFDM systems. Since a MIMO transmis-
sion technique can also be adopted to enhance the system
throughput, we consider incorporating interference alignment
to MIMO-OFDM systems in this section.

763

Suppose we have M antennas at both the transmitter and
receiver sides and N subcarriers in total. The signals received
at the ¢th receiver on subcarrier n can be represented as

Gi(n) = Hi(n)Vi(n)Z:(n) + > _H;i(n)V;(n)Z;(n) (34)
i

where H,;;(n), V;(n), and #;(n) are the channel matrix from
transmitter ¢ to receiver j, precoding matrix at transmitter ¢, and
data at transmitter ¢, respectively; all of them are at subcarrier
n. From (34), we can see that the signals received can be repre-
sented as a matrix, with each column being the signals received
from each subcarrier, i.e., Y; = [#;(1)5;(2),...,¥:(n)], or we
could vectorize this matrix so that we get the following simpler
form:

i =HiVid; + y H;; V. (35)
J#i

Since each antenna pair could operate on any subcarrier and

there is no crosstalk between subcarriers, the wireless channel

H,; between transmitter ¢ and receiver j is of the form in (36),

shown at the bottom of the page.

Theorem 3: For a MIMO-OFDM system with /N subcarriers
and M antennas at each transmitter and receiver side, we can
divide the subcarriers into | N/(2n + 1)] groups, where n € N,
and precode and decode the groups separately to achieve the
interference alignment gain.

Proof: In Theorem 1, we have actually established that
for a system of diagonal channels, we could separately precode
and decode each group of subcarriers. Now, consider the case
when all the devices are equipped with multiple antennas.
We can still divide the subcarriers into different groups and
then precode and decode them separately, since we are able
to distinguish the signals from different antennas and different
subcarriers. In other words, upon receiving a signal, the receiver
has knowledge of from which antenna and which subcarrier it
gets the signal. Hence, by properly adjusting the order of the
data transmitted, the channel is essentially of the form in (37),
shown at the bottom of the next page. We can readily identify
that (37) is actually in the block diagonal form with the ith
block corresponding to the channels associated with the ith
subcarrier. Within each block, we have standard MIMO chan-
nels. Letting V, with dimension M N x d, assume the form of
(16), by similar arguments as in Theorem 1, we could precode
and decode the groups separately to achieve the interference
alignment gain. |

Lemma 2: All the channel matrices and matrix T are
invertible.

Proof: As in (38), shown below, the inverse of a block
matrix can be found by calculating the inverse of each block.

1,1 L pNHLL . (M=1)N+1,1
hij (2)2 0 hij N(J)r2 2 hij (M—8N+2.2
Hij — 0 htj’ 0o --- 0 hij .. 0 hij o (36)
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Since, for each block, we have a standard MIMO channel
matrix and each of its entries is drawn from a continuous
random distribution, each block is invertible with probability 1.
Hence, each channel matrix is invertible. Since the product of
invertible matrices is still invertible, according to (14), matrix
T is invertible. Thus

B,o 0o\ ' [/B'o o0
0 By 0 =1 0 Bt 0 (38)
0 0 Bs 0 0 Bt

]

Theorem 4: For a MIMO-OFDM system with N subcarriers
and M antennas at each transmitter and receiver side, the
maximum gain is (4/3)M

Proof: According to Theorem 3, we could precode and
decode over groups of subcarrier. Moreover, according to our
previous results, we can only precode and decode over three
subcarriers. Hence, subcarrier-wise, the normalized DoF is 4/3.

We next show that (4/3) M is the maximum achievable DoF.
First, we notice that by dividing the subcarriers into groups of
three, taking H;; for instance, it is transformed from (39) to
(40), as shown below. With the establishment of Lemma 2, fol-
lowing the proof of Theorem 1, and replacing the scalars with
blocks, we readily have the maximum gain of (4/3)M. Thus

where
— [u—jTu—)*T2 = T(”‘"'l)M—lu‘j]
= [T™ ~TM+1 ., T+ MLy
= [TM- 145 w, o, T DM =245 (42)
T= H12 H32H31 H21H531H13
o= [11,...,1]T.
It can be observed that
A = [WT@,..., TV "iB] (43)
=[WTw,..., TM 2gCT+DM-1g] (44)

At receiver 1, the received signals can be written as
1 =H11 V171 + H21 VoZy + H3 Vs
=H V7 + H21H§31H13CfQ + H31H§21H12]353
=H,1 V171 + Hy Hy  Hi3Cis + Hy Hy) HioTCs

=H;; V7, + H21H§31H13C(52 + Z3)

o
=H 1 ViH2 Vy) - (ﬂ - ) . 45)
Rt o 0 a0 o T2t s
22 52
0 hiy 23 0 hiy %3 For signals at receiver 2, we have
Hu=1,1u o o a4 o o (39)
11 11 Y2 =H12 V12 + Hpa Vads + H3o Vs
0 h23 0 0 R3S O
0 0 Aff 0 0 A = Hyy (0T, ..., T 'B)Z; + HooVais + HyoBis
MIn2l 0 0 0 0 L
hll h%% 00 0 0 = (Hoo VoHio (W T4, . .., T 1%)H;,B)
0 0 A KT 0 O -
Hu=1"9 o sinit 0 o 40 o
0O 0 0 O hzz hgz Ty
0 0 0 0 h%ps :
x (M> (46)
- (M+1> D
We next show how to achieve this gain. We design Vi, Vo,
and V3 as follows: :
((n+1)M) (nM)
Vi =A,V, =H;H;3C,V; = H;JH,B (41) Ty 3
11 M,1
hij . hl] 0o --- 0 0
S0 0 0
pLM oMM 0 0
H;; = (37)
0 oo i 0 hf\;[(Nfl)+1,]LI(N71)+1 hﬁ;fN,M(N—l)-&-l
0 ... . 0 h].v.[(N—l')-i-l,MN hM]\},MN

)
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Similarly, for signals at receiver 3, we have

ys =H13V 121 + Ho3VaZs + H33VsZs

= H13(117T117, ey TM_QwCT(”Jrl)M_l'[E)fl
+Hi3C75 + Hy3 Vs
H33V3 T
H;3C

Hy; (u_J’Tu_L . ,TMiQ’U_}’)
H13T(("+1)M_1)1U

T3
l_gM) + x(21)

mg(n+1)M71) + xénM)

47
X xg) 47)

(M71)
Ty
xg(nJrl)IL[)

From (45)—(47), we can see that the desired signals are all
free from interferences.

We can also calculate the probability of system outage when
multiple antennas are deployed. Hence, we need to find the
probability of Pr{t) < (t(2n+1)a)/v)}- With similar argu-
ments, the joint pdf of (1) and ¢((2,,41)ar) can be found as

ft(l)t((2n+1)M) (1‘7 y)
= lim Pl <tq <z+Az
Az—0,Ay—0
Y < tentyan < ¥+ Ay)/(AzAy)

(2’[1 + I)M 2n+1)M -2
- (0 L @nt )M - 2,1,0) PR R @)

If ¢; is approximated as a uniform distributed variable in the
range of (0,1), the probability Pr{t(1) < (t((2n41)ar)/7)} can
be found as follows:

teomat
Pr{t(l)g (2 +1)M)}

~
= 2nM+M—-1)x(12nM+M — )2 MAM=2 1.
Yy Y
00
1 (2n+1)M-1
)
Y
>1- (1 _ 10‘%)””*1”‘4‘1.

If ¢; is approximated as a Rayleigh distributed variable, there
is no closed-form solution for probability Pr{t(l) < (f((2n+1)1v1)/
7)}. The joint pdf of ¢(1y and ¢((2,,4+1)as) can be derived as

Froyteaninyan (@ 9)

= ((2n+ D)M) ((2n+ )M — 1) %’ X exp (-

$2 y2 (2n+1)M-2
X |exp | — ﬁ —eXp | — ﬁ .

22 + 2
202

Probability of Outage

Fig. 3. Probability of system outage with multiple antennas for uniform
distribution.

S o o
IS ) ©

Probability of Outage
o
o

Fig. 4. Probability of system outage with multiple antennas for Rayleigh
distribution.

Figs. 3 and 4 show the probabilities of system outage for
uniform and Rayleigh distributions, respectively. Here, we also
set a = 3. Hence, the power on one subcarrier cannot be 103
times larger than that on any other subcarrier. We can see
that when n = 1 and M = 2, the system outage probabilities
are 0.8505 and 0.2758 for uniform and Rayleigh distributions,
respectively. For n = 1 and M = 3, the outage probabilities are
even higher, i.e., 0.9962 and 0.7937, respectively. For n =2
and M = 2, the outage probabilities are unacceptably as high
as 0.9981 and 0.9971, respectively. From the simulation results
to be presented in the following section, we will see that a high
outage probability is undesirable.

V. SIMULATION STUDY

Simulations are conducted to evaluate the performance of
the proposed schemes and verify the benefits brought about
by incorporating interference alignment in multiuser (MIMO)
OFDM systems. We consider the case of three users. The
number of subcarriers is 255. Each transmitter precodes over
(2n + 1) M subcarriers. Block-fading channels are used in the
simulations, where channel gains are piecewise constants for
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Fig. 6. System throughput comparison when the channel variance is large.

the duration of each time slot drawn from a certain distribution.
Binary phase-shift keying is used as the modulation scheme.
Hence, we transmit 1 bit on each subcarrier, and we measure
how many bits are successfully decoded at the receivers. This
way, we are essentially calculating the number of interference-
free channels in the system (we call it unnormalized DoF
hereafter).

Fig. 5 shows the system throughput when n = 5. We can see
that the system performance is generally unstable. Comparing
Fig. 5 with Figs. 6 and 7, we find that since n is too large, the
system performance is degraded. This confirms our result that
we could not precode over a large amount of subcarriers.

Figs. 6 and 7 show the performances of different schemes
when the channel is drawn from a uniform distribution on [0,1]
and [0.9, 1], respectively. Comparing these two figures, we
can see that when the channel variance is small, higher system
throughput can be achieved. This conforms to our discussions
about the precoding matrix in Section III-C4. It can also be
observed that the trends and comparative relationships are
similar in Figs. 5 and 6.

We can see in Fig. 7 that when n = 1, multiuser OFDM
with interference alignment can achieve an unnormalized DoF

700 ! ! ; ; ! ! !

400 @ ST ITTY QOO VY L

Unnormalized DoF

MU OFDM with 1A, ni=t MU OFDM with IA; n=2

' MU OFDM with IA, n=3

- . . . ; ; ; ;

20 30 40 50 60 70 80 90 100
E /N, (dB)
Fig. 7. System throughput comparison when the channel variance is small.

of 339.98. Compared with the highest throughput of single-
user OFDM of 255, the DoF has been improved by a factor
of approximately 1.33 by incorporating interference alignment.
When n = 2, we can see from both figures that the through-
put of multiuser OFDM with interference alignment has de-
graded when the signal-to-noise ratio (SNR) is in the range
of [0, 78] dB. That verifies our theorem that under certain
power constraint, we can only precode over three subcarriers.
Same conclusions also hold for n = 3 of multiuser OFDM with
interference alignment, which exhibits poorer performance in
the SNR range of [20, 100] dB.

For the case of multiuser MIMO OFDM with interference
alignment, when n = 1 with small channel variance, the highest
unnormalized DoF is 622.7, which is 2.44 times the unnormal-
ized DoF of the single-user OFDM system. The reason why it is
slightly less than 2.66 is also due to the big differences among
the elements of the precoding matrices. For n = 2 and M = 2,
we can see that the performance is worse than that of n = 1 and
M = 2. When the devices are equipped with three antennas,
we let n = 1 and precode over three subcarriers. The highest
unnormalized DoFs are 671.2 and 683.208 for large and small
channel variance cases, respectively, which are 2.63 and 2.68
times that of the single-user OFDM system. However, the max-
imum gain is supposed to be four times that of the single-user
OFDM system. The performance degradation is also due to the
big difference among the elements of the precoding matrices.

VI. CONCLUSION

In this paper, we have investigated the problem of how to
exploit interference in OFDM systems. We provided an analysis
and developed effective schemes in incorporating interference
alignment with multiuser (MIMO) OFDM to enhance sys-
tem throughput. With an integer programming formulation,
we derived the maximum efficiency for multiuser (MIMO)
OFDM/interference alignment systems and showed how to
achieve the maximum efficiency under practical constraints.
The performance of the proposed schemes was validated with
simulations. The proposed decomposition algorithm and the
main results in this paper may serve as guidance for practical
OFDM system design.
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